Preliminary Info

These are notes taken from Math 520 (Commutative and Homological Algebra) at the
University of Illinois Chicago in Fall 2022. The class is taught by Professor Wenliang
Zhang, and these notes are TeXed by Vignesh Jagathese (me!). There are still some minor
errors in these notes, and by reading these and benefiting from them, all I ask in return is
that you forward any errors to me.

These notes would serve as a great companion to my Fall 2019 notes from Karen
Smith’s Commutative Algebra course at the University of Michigan. That course leaned
far more into geometric topics, with notes consisting primarily of exercises. Conversely,
this course leaned more into homological algebra, and the notes have far more exposi-
tion. Hopefully between these two sets of notes, one can get a complete picture of the
introductory concepts in commutative algebra.
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1.1 Some Preliminaries

Homeworks are due on Fridays at 11:59PM on Gradescope. They will be assigned every
other week. Also, as convention, all rings will be commutative and with (multiplicative)
identity. We assert that 1 # 0.

1.2 Maximal Ideals

We say that an ideal I C R is prime if ab € I = eithera € [ or b € I. Equivalently, I is
prime <= R/I is an integral domain.

We say that an ideal I C R is maximal if no proper ideal of R strictly contains it.
Equivalently, m C R is a maximal ideal <= R/m is a field. It's a pretty elementary fact
that all maximal ideals are prime.

Theorem 1.2.1. Every commutative ring admits a maximal ideal.

Proof. This proof will use a Zorn’s Lemma trick that will be used regularly today. We first
set a partial order on the set of ideals of R, ordering by inclusion. Every ascending chain
under this partial ordering has an upper bound (namely, the union of all elements in the
chain, which is also an ideal), so by Zorn’s lemma there must exist a maximal element.
Thus, R must have a maximal ideal. O

While a ring must necessarily have a maximal ideal, there can be any number of them.
We say a ring R is local if it has a unique maximal ideal, and semi-local if it has finitely
many maximal ideals.

1.2.1 Examples of local rings:
(1) Any field.

(2) For k a field, k[[x]], which is the ring of formal power series. This is a local ring with
unique maximal ideal (x). We'll prove this using a helpful criterion in a bit.



(3) For P a prime ideal, Rp, or R localized at the complement of P. PRp is the unique
maximal ideal.

Note that a (finite) product of local rings is semi-local. For a more concrete example,
consider Z/6Z. This has two maximal ideals (2) and (3), so it is semi-local (one notes
that, by the Chinese Remainder Theorem, we can write Z/6Z = Z /27 x Z/3Z, i.e. a
product of fields, i.e. a product of local rings). Here is a criterion we can use to determine
whether or not a ring is local.

Theorem 1.2.2. Suppose m C R is a proper ideal.
(1) If z is a unit Yz € R\m, then R is local with unique maximal ideal m.

(2) If m is a maximal ideal and 1+ z is unit Vz € m, then R is local with unique maximal ideal
m.

Proof. (2) will be left as an exercise, so we just prove (1). We want to check that every
proper ideal is contained in m. Well, if there is an ideal I ¢ m, then there is an element
that lies in I but does not lie in m. All elements not in m are unit, so this element (that is
contained in I) is a unit. any ideal that contains a unit cannot be proper (s € [ = s~ !s €
I = 1 € I), so we have arrived at a contradiction. [

Theorem 1.2.3. k[[x]] is a local ring with unique maximal ideal (x).

Proof. Choose f = Y a;xi,g = Y bix' € k[[x]]. We want to show that fg = 1 <=
agand by # 0. Well, if f¢ = 1, then higher order terms cancel, and we are left with
apbp = 1. This means that neither ag, by = 0, as fields are integral domains. Conversely,
suppose that ag # 0. We’d like to construct ¢ = Y"b;x' such that fg = 1. Well, set by = %
The degree 1 term of fg is agb; + a1by, and if fg = 1, then it ought to be the case that
agpby + a1bg = 0. Well, ag, a; are fixed, and by = al—o, so we can solve this equation for b;

and get by = a; Y(—aybg). A similar process can be done for b; for i > 1. N

1.3 Localization

S C Ris said to be multiplicative if 1 € Sand a,b € S = ab € S.

Theorem 1.3.1. S C R is a multiplicative subset, I C R an ideal. Suppose that INS = .
(1) Among all proper ideals disjoint from S, there exists a maximal element.
(2) This maximal element is a prime ideal.

Proof. We consider the set of all proper ideals disjoint from S, denoted . As I € %, it
is nonempty. Partially order X with respect to inclusion, and for any ascending chain of
ideals in X, we know that the union of the ideals forms an upper bound. Thus by Zorn’s
lemma, there exists a maximal element. It is now sufficient to prove the second part of
the theorem; that this maximal element (denoted P) is in fact a prime ideal.



Choose ab € P. For sake of contradiction, suppose that a,b ¢ P. This implies that
P C P+ (a),P+ (b), suggesting by maximality that P + (a), P+ (b) € X. Thus, S has
nontrivial intersection with these two ideals. Chooses; € (P+ (a))NS,s2 € (P+ (b)) NS.
As sq,sp € S, 515, € S since S is multiplicative. Furthermore,

s15p € (P+(a))(P+ (b)) C P+ (ab) =P
Thus s1s» € PN S, a contradiction,as P € soPNS = @. O

What follows is that, for any proper ideal I C R disjoint from S, S~!1 is a proper ideal
of S7!R, though we’ll touch more on localization (in earnest) later.

1.4 Radical Ideals

Given I C R, welet /T := {r € R| 3n € N such that 7" € I} denote the radical of I. It's
easy to see that V1 is also an ideal. If I = /I, we call I radical. Tt's an elementary fact
that all primes are radical.

For one specific case of a radical ideal, consider the radical of the 0 ideal, denoted V0.
These are precisely the nilpotent elements of R, so v/0 is the nilradical of R.

Theorem 1.4.1.
Vo= () P

PeSpec(R)

Proof. First, choose x € /0. Therefore, x" = 0 for some 1, suggesting that x" € P VP €
Spec(R). Well, as P is prime, x" € P = x € P, 50 X € (pespec(r) P-

Conversely, suppose that x lie in every prime ideal, but for the sake of contradiction,
that x ¢ /0. Let X denote the set of ideals I such that x* ¢ I Vn > 1. As (0) € %, it
is nonempty. We now continue with the Zorn’s lemma trick again. Partially order ideals
with respect to inclusion, and construct a maximal element | € X. We claim that | is
prime.

Choose ab € J. If a,b ¢ ], then ] C J+ (a),] + (b), and by maximality | + (a),] +
(b) ¢ X. Therefore, 3n,m € N such that x" € J+ (a),x™ € ]+ (b), implying that
X"t e (J4 (a))(J+ (b)) C J+ (ab) = J. Thus, x"*™ € J, which is a contradiction. ~ [J
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As a generalization of a result from last class,

Theorem 2.0.1. Let [ C R be an ideal.

Vi= (| P

ICP,PeSpec(R)

The proof of this is identical to the proof of the analogous result for the nilradical.

2.1 Prime Avoidance

Theorem 2.1.1. Assume Py, ..., P, € Spec(R), and I C Ranideal. If I C \Ji_, P;, then I C P;
for some i.

Proof. We prove this inductively. The n = 1 case is clear, so we assume the result is true
for n — 1 and prove it for n.

We prove this via contrapositive. If I ¢ P; for any i, we want to show that it cannot be
contained in the union Ui_; P;. By induction, I ¢ UJ;4; P; for any 1 < j < n. Now choose
xj € I'such that x; & U;x; P;. If x; ¢ P; we are done, so let’s assume that x; € P;. Now
define x := 2;7:1 [Tixj xi. Every element of the summation is in I, so x € I. Conversely, P;

is prime, so x ¢ P; for any j. It follows that I ¢ (J;_; P;. O

2.2 Nakayama Style Statements

We now define an analogous construction to the Nilradical for maximal ideals. Let [ (R) :=
NimeMaxspec(r) M denote the Jacobson Radical of R.

Lemma2.2.1. x € J(R) <= 1—xyisunitVy € R

Proof. We prove the forward case first. If 1 — xy is not unit for some y € R, then1 — xy is
contained in a maximal ideal, say m.

xeJR)=xem=xyem= (1—xy)+xycm=1cm

9



So m = R, a contradiction. Conversely, suppose that x ¢ m for some fixed maximal ideal
m. This implies that m C m + (x), suggesting that (by maximality of m) m + (x) = R.
It follows that 1 € m + (x), so 3z € m,y € Rsuch thatz+xy = 1,ie. z =1— xy. By
hypothesis, 1 — xy is unit, so z ¢ m, a contradiction. O

Theorem 2.2.2. Assume M is a finitely generated R-module, and ¢ € Endgr(M). If (M) C
IM, then @ satisfies a polynomial ¢" + a, 19"~ + - - - + ag, where a; € I.

Proof. Choose a minimal set of generators (z1,...,z,) = M. ¢(z;) € IM, so ¢(z;) =
21

Y_a;izj, where a;; € I. Now consider the matrix A = [5;;¢ — a;;]. It follows that A l : } =0,
Zn

as all the rows vanish. If we multiply both sides by A', we get that
Z1

diag(det(A),...,det(A))- | : | =0
Zn

Implying that det(A)z; = 0 V1 < j < n. As det(A) kills all generators of the module,
it kills the module itself. Therefore, det(A)M = 0, so det(A) = 0. Well, 0 = det(A) =
[1(¢ — aj;), so ¢ satisfies a degree n monic polynomial with coefficients in I. O

This so called “determinant trick” is integral to proving Nakayama’s Lemma.

Lemma 2.2.3. (Nakayama’s Lemma) Suppose that | C J(R) and M is a finitely generated
R-module. Then, [ M = M = M = 0.

Proof. Replace ¢ as above with the identity map, and I as above with J. It follows that
(14a;-14---+a,)M = 0. Letting a; + - - - +a, = x € ], it follows that (1 + x)M = 0.
Asx € J(R), 1+ xis unit, so it follows that M = 0. O

2.2.1 More Commonly Used Forms of Nakayama’s Lemma

Notice that if (R, m) is local, then J(R) = m. The following version of Nakayama’s
Lemma follows:

Lemma 2.2.4. For (R, m) a local ring and M a finitely generated R-module, M = mM = M =
0.

Lemma 2.2.5. For (R, m) a local ring and M a finitely generated R-module, If N C M such that
N4+mM =M, then N = M.

These yield the following corollary:

Lemma 2.2.6. If M is a finitely generated R module, then ¢ € Endg (M) being surjective implies
that it is also injective.

Proof. View M as an R[x]-module where x - m = ¢(m) Vm € M (and extend this action
over the algebra). As ¢ is surjective, xM = M, implying that (1 + xy)M = 0. Thus, if
p(m) =0,then0 = (1+xy)m =m+y-¢(m) =m,som = 0. Thus, ¢ is injective. O
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NOTE: Homework 1 assigned, due Friday 9/9 at 11:59PM.

3.1 More Applications of Nakayama’s Lemma

Theorem 3.1.1. (R, m) a local ring. Suppose that M is a finitely generated R-module. If M is a
projective module, then M must be free.

Proof. Pick a minimal set of generators of M = (z1,...,z,). Define ¢ : R®" — M such
that ¢(e;) = z;. This map, by construction, is surjective. As M is projective, this surjection
splits. Thus, 3 a map ¢ : M — R%" such that R®" = (M) & ker(¢). This gives us the
diagram

MR M

If p(Yrie;) =0, then Y_r;z; = 0. If r; & m, then r; is unit. Here,

zi=1; (1121 — ... Thzp) € Y Rz
j#i

This violates minimality of (zq,...,z,), so we can suppose that r1,...,r, € m. Thus,
ker(¢) € mR®" = myp(M) @ mker(p). But where does ker(¢p) lie? Well, ker(¢) N
P(M) = 0. Thus, ker(¢) C mker(¢) C ker(¢), so ker(¢) = mker(¢). Since ker(¢)
is a quotient of R®", which is finitely generated, it is clear that ker(¢) must also be finitely
generated. Thus, by Nakayama’s Lemma, ker(¢) = 0 so ¢ is an isomorphism. O

Do note that this result is true even when M is not finitely generated, though the proof
is significantly more technical.

3.2 The Zariski Topology

Let’s recall some things about the Zariski Topology (and not spend too much time ver-
ifying things). There exists a functor between the category of rings and the category of

11



topological spaces. This functor, Spec(—) sends R to the set of its prime ideals, imbued
with the Zariski Topology. To define the topology, we declare that subsets of Spec(R) = X
of the form V(I) := {P € Spec(R) | I C P} are the closed sets, for any ideal I C R. To
verify that this is a topology, however, does require some work.

e o =V(R).

e V(0) = Spec(R).

* NV(ly) = V(X Ix) (for arbitrary intersections/summations)
. VNUV()) = V(IN]) = V({I)).

So this is indeed a topology, and this functor is well defined on objects. On morphisms,
for a ring homomorphism ¢ : R — S, Spec(¢) : Spec(S) — Spec(R) is map sending
Q — ¢ 1(Q). It's easy to verify that 91 (Q) is a prime ideal (just choose ab € ¢~1(Q),
pull back, factor, then push forward). It’s also easy to verify that this is continuous under
the Zariski Topology.

3.2.1 Nullstellensatz

We have an inclusion reversing bijection
{Closed sets in Spec(R)} «— {Radical Ideals I}
Such that V(I) <— I and Z — (\pcz P. Similarly, we have
{Irreducible, Closed sets in Spec(R)} <— {Prime Ideals I'}

Utilizing the same mappings as above. Proving that these are bijections is a bit tedious,
but doable and relatively straightforward.

3.3 Localization

Say W C R is a multiplicative set. Define a relation on R x W such that
(r,wy) ~ (12, wy) <= Jw € W such that wriw, = wrypry

Define r
RxW/N::W’lR:{—]rER,wGW}
w

there is a natural ring map R — W~!R mapping r 1 Typically we either localize at
the complement of a prime ideal, or at all nonzero elements of the ring. The former yields
Rp, a local ring, and the latter yields the field of fractions of R. We can also localize at

W = {1,r,7%,...},and we see that W"IR = R [%} = R,.

As an example, suppose we were to localize Z/6Z at (the complement of) (3). This
yields Z /37, a field.

More generally, one can define localization via a universal property. For any mor-
phism ¢ : R — S of rings, if ¢(w) is unitin S Vw € W, W~!R is the unique object making
the following diagram commute:
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Lemma 3.3.1. W~1(—) is an exact functor on R-modules. In particular,as WM = M @r W™IR,
we can conclude that W—R is a flat R-module.

Theorem 3.3.2. There is a one-to-one correspondence between Spec(W ' R) and {P € Spec(R) | PN
W = @}. In particular, Spec(Rqg) <+ {P € Spec(R) | P C Q}, suggesting that Rp is indeed
local, with maximal ideal PRp. Also, Spec(Rs) <+ {P € Spec(R) | f ¢ P} = Spec(R)\V(f),
suggesting that Spec(Ry) is a (basic) open set in Spec(R), and sets of this type form a basis for

the topology of Spec(R).

A property & on a ring (resp. module) is a local property if R (resp. M) has & <=
Rp (resp. Mp) has & for every prime ideal P. For example, being 0 is a local property, i.e.
M =0 <= Mp=0VYP € Spec(R) <= M,, = 0Vm € MaxSpec(R). To prove this, it
is sufficient to verify that M,, = 0 Vm € MaxSpec(R) = M = 0. Assume that M # 0 and
choose z € M nonzero. Consider Rz C M, a nonzero subset of M. Well, f : R - Rzis a
surjection sending 1 — z, implying that Rz = R/ ker(f). ker(f) is a proper ideal of R, so
it is contained in a maximal ideal m. (Rz),, C M,, = 0, so (Rz),, is zero. However, this
suggests that (R/])n # 0, a contradiction. Flatness is also an example of a local property,
but we'll leave the proof of that for later.
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4.1 Local Properties

Last time we showed that being zero is a local property. Here are some consequences of
this.

Lemma 4.1.1. Following from zero being a local property,
(a) Injectivity (and surjectivity) are local properties.
(b) Being flat is a local property.

Proof. (a) follows immediately from the fact that ker(¢) and coker(¢) being zero are local
properties. As injectivity is locally preserved, it follows that flatness is locally preserved,
as a module M is flat <= — ® M preserves injections. O

Suppose that & is a property for rings or for modules. The #-locus for a module M is
= {P € Spec(R) | Mp has &#}. We'd usually like these to be open, as those localizations
that are not having &7 can then be cut out by a closed set.

As an example, Say n > 1 is an integer, and M is a finitely generated R-mod. Let
2 be that M is generated by at most n-elements. Then the -locus is U, := {P €
Spec(R) | Mp is generated by < n elements over Rp}. We claim that U, is open.

Proof. Pick any p € U,. We want to find an open neighborhood U > p such that U C
U,. Say %'E_Z generate Mp. Then, zi,...,z, generate Mp, as Sll € Rp. Now define
@ : R¥" — M such that ¢(e;) = z;. So we have an exact sequence:

R 25 M > C = coker(¢p) —— 0

If we localize at P, then ¢p is surjective (i.e. this sequence is locally exact at any P).
However, Supp(C) As C is a quotient of a finitely generated module, it too is finitely
generated. Thus, from homework we know that Supp(C) is a closed set, so its comple-
ment is open. Thus, P lives in an open neighborhood within the complement U, which is
an open neighborhood of P. VQ € U, Co = 0. Thus, ¢g is surjective, so Q € U,. Thus
P e U C Uy, for U open, so Uy, is open. O

14



Note that such a statement fails when M is not finitely generated. Consider R = Z,
M = &pprimeZ/pZ. In this case, M(O) = 0, but Mp = Z/pZ # 0 for any prime P.
Thus, Suppg (M) = {(p) | p prime}. We claim that this is not closed. If it were closed, the
Suppr(M) = V(I) for some I. As Z is a PID, I = (n), so if this I were to exist, then p
would need to divide n for all p,implying that n must be zero, but 0 is not in the support!
A contradiction.

Now take ¢ : R — S a ring homomorphism. Then Spec(¢)(Q) = ¢ '(Q). One can
then ask, For P € Spec(R), What is Spec(¢) ' (P)? (This is called the fiber over P). Well,
suppose that Spec(9)(Q) = P. Then PS C Q, so Q produces a prime S/ PS. Furthermore,
if r € R\P, then ¢(r) € Q, so (R\P) N Q = &. These two conditions are both necessary
and sufficient. As P is prime, the complement is multiplicative, so its image under ¢ is
multiplicative. As Q is disjoint from this multiplicative set, It follows that (¢(R\P))1Q
is still prime in (@(R\P))~!S.

Therefore, Q € Spec(¢) }(P) <= Q € Spec(¢(R\P)~1'S/PS). Thus,

Spec(¢)1(P) = Spec(¢(R\P)"'S/PS) = Spec(Rp @ S/PS) = Spec(Rp ®r R/P ®g S)
Rp®R/P = K(P), so it follows that

Spec(¢)(P) = Spec(K(P) ®S)
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5.1 Some Review

We started by reviewing the isomorphism WM = W~IR®g M, by showing that the
R-module map 7 % ® m is an isomorphism. We also reviewed that tensor products
commute with localization.

However, it is not always true that Hom commutes with localization. For instance,
Homz(Q,Z) = 0so for W = Z* W~ 1Hom(Q, Z) = 0, but Homy_1,(W™1Q, W~1Z) =
Homg(Q, Q) = Q. Itis true, however, that

Lemma 5.1.1. If M is finitely presented, then
W~ Homg(M, N) = Homy_1x (WM, W™IN)

Proof. Obviously true when M = R, and (slightly less obviously) true for M = R". Take
a finite presentation for M and apply the left hand side as a functor (with input being M)
to it, then apply the right hand side as a functor to the another copy of the presentation.
Both are contravariant and right exact, so we get two new short exact sequences. As the
tirst two elements of the short exact sequence are isomorphic, the last one is isomorphic,
which is precisely the desired result. (the more general result is that, when M is finitely
presented, Hom commutes with flat base change. We are just base changing by W~!R,
which is flat) ]

I didn’t write down these proofs in detail since this is entirely review of past material.

It's worth asking when finitely presented and finitely generated mean different things.
Finitely presented modules are always finitely generated, but not the converse (for in-
stance, consider R = k[xy,...] and M = k = R/(xy,...). This is finitely generated, but
the kernel of the surjective generator assigning morphism is (x1, ..., ), which is infinitely
generated).
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6.1 Minimal Primes

It’s worth noting that R always admits minimal prime ideals. This follows from the fact
that the intersection of a descending chain of prime ideals is prime.

Take P O P, O ... a descending chain, and let P = (" P;. Assume thatab € P. If
a,b € P, there exists ¢, m such thata ¢ Py,b ¢ Py,. Let n = max({, m). thena,b ¢ P,, but
since ab € P,ab € P,n, a contradiction.

6.2 Chain Conditions

We spent a bit of time discussing ACC and DCC for modules. Over Z,
* Z satisfies ACC but not DCC
» 7 /27 satisties ACC and DCC
e 7, satisfies neither ACC nor DCC
o 7,/Z satisfies DCC but not ACC

In general we have that
Theorem 6.2.1. M admits a composition series <= M satisfies ACC and DCC.

Proof. Suppose that M satisties ACC and DCC. Consider the set of all proper submodules
of M. ACC says that all ascending chains are bounded, so the union of proper submod-
ules is proper. Zorn’s Lemma implies that there exists a maximal element M; such that
M/ M; is simple (if the quotient were not simple, it woiuld violate maximality). It fol-
lows that M O M;. Apply this process to construct M, and so on. As M satisfies DCC,
M D M; O Mj; stabilizes, so we have a composition series.

The forward case is left as an exercise. O

Theorem 6.2.2. (Hilbert Basis Theorem) R is Noetherian <= R|x] is Noetherian <=
R|[[x]] is Noetherian.

17
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7.1 Noetherian and Artinian Rings

Theorem 7.1.1. Every Artinian ring R is Noetherian.

Proof. First, we check that there are finitely many maximal ideals. If there were infinitely
many, then my; D mymy D mymaymaz O ... is a descending chain of maximal ideals. As R
is Artinian, this chain halts; i.e. [[,,en ™0 = Hf\il m; for some N. Thus, my ... my C my41.
Then dJi such that 1 < i < N such that m; C mpy4q by primality, and by maximality,
m; = my+1. It follows that there are only finitely many maximal ideals.

Thus, set I = J(R) = ﬂfil m; = Hfil m; (this follows from the fact that [ + ] =
R = IN] = IJ, and the hypothesis holds for the m; by maximality). We claim that 3t
such that I' = 0. We can construct a descending chain I O I?> D ..., suggesting that
3t such that I! = I**1. Consider | = (0 : I'). If we show that | = R, then we are
done. Well, (J : I) = ((0: I') : I),and as ((J : I) : K) = (J : IK), it follows that
((0:1):1)=(: ') =(0:1') = J. As (J : I) = ], it follows that if ] # R, we can
apply the minimal chain condition to construct a minimal element among all ideals that
properly contain J. Call this minimal element ]’ and choose an element x € ['backslash].
By minimality, | + (x) = J'. J' # xI + ] (if so, by Nakayama ['/] = 0so ] = [, a
contradiction). Thus, xI+] = J,soxI C ], and thus x € (J : I) = ], which is a
contradiction.

Thus, we have that I' = m{m} ... m!, = 0. We’d like to use this to construct a compo-
sition series (which implies Noetherianity).

R2Omy Dmymy D ...

This is a finite descending chain ending at 0. Each step is adding another maximal
ideal product, i.e. it looks like H 2 Hm;. Well, H/Hm; is an R/m;-module, and thus a
vector space. To refine the sequence above into a composition series, it is enough to verify
that this is finitely generated, as we can saturate the gaps in the chain with a composition
series of generators. Well, H is an ideal in R that satisfies DCC, so H/ Hm; satisties DCC.
Thus, the module must be finitely generated. O

This proof also highlights the structure theorem for Artinian Rings.
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Lemma 7.1.2. Every Artinian ring is a finite product of Artinian local rings.

7.2 Zero Divisors

We call a prime ideal P is an associated prime of an R-module M if P = Anng(m) for
some m € M. Equivalently, 3 a morphism of R-modules R/P — M. If rm = 0 for m # 0,
then r is a zero divisor on M. Otherwise, r is called M-regular. The set of associated
primes of M is denoted by Assg(M).

Theorem 7.2.1. Assume R is noetherian, and M # 0.

(1) The set {Anng(m) | m € M} admits maximal elements, each of which is an associated
prime.

(2) Zero divisors on M (i.e. those r € R such that rm = 0 for some m € M) are precisely the
set UPeAssR(M) P.

Proof. (1) implies (2), so it is sufficient to check that (1) is true. ACC plus the standard
Zorn’s Lemma trick implies that we have maximal elements in the set above. Say P =
Anng(m) is a maximal element. Assume thatab € P buta ¢ P. It is sufficient to check
thatb € P. Asabm = 0,b(am) = 0.a ¢ P,soam # 0,s0 b € Anng(am). Everything that
kills m must kill am, so it follows that P = Anng(m) C Anng(am). By maximality, there
must be equality, so b € P = Anng(m). O
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2nd Homework due in two weeks, on September 23rd at 11:59PM.

8.1 More on Associated Primes

Recall that P € Spec(R) is called an associated prime if R/P — M (i.e P = Anng(m)
for some m € M). For example, consider R = k[x,y] and M = R/(x?,xy). Then (x,y) is
an associated prime of M, as (x,y) = Anng(x). Similarly, (x) is an associated prime, as
(x) = Anng(y).

Theorem 8.1.1. Suppose that R is Noetherian and M is an R-mod. Let W be a multiplicative
set. Then Assy-1gr (W™ IM) = Assg(M) N Spec(W~IR) (here we identify Spec(W~'R) as a
subset of Spec(R))

Proof. Choose P € Assg(M) such that P is disjoint with W C R. Thus, P = Anng(m)
for some m € M. It is sufficient to check that P = Assy;1z(m/1). It's clear that P C
Assyy-1g(m/1). Now choose r/w € WIR such that r/w - m/1 = 0. Then Ju € W such
that urm = 0in M. Thus, ur € P = Anng(m). Asu € Wand PNW = &, u € P,sor € P
by primality. it follows that P D Assy;-1z(m/1), so we have equality.

Now let’s go the other way. Choose Q € Assyy-1zx(W~IM). Thus Q = Annyy_1x(m/w)
Anny_1x(m). Say P = QN R (i.e. Q = PW~IR). As R is Noetherian, P = (g1,...,8t)-

For each g;, Ju; € W such that u;g;m = 0. Set u = []'_;u;. Then P = Anng(um), so
P € Assg(M). As P = QN R and Q is disjoint from W, then P is disjoint from W. It
follows that P € Assg(M) N Spec(W~1R). O

Lemma 8.1.2. R is Noethrian, M an R-module,and P € Spec(R). Then, P € Assg(M) <=
PRp € ASSRP(MP).

Theorem 8.1.3. Let 0 - L — M — N — 0 be a short exact sequence of R-modules. Then
Assg(M) C Assr(L) U Assg(N) and Assg(L) C Assg(M).

Note that the first inclusion can necessarily be strict. For example, consider R =
k[x],L = (x),M = R,N = R/(x) = K. Assg(R) = {(0)}, but Assg(N) = {(x)} and
Assg(L) = {(0)}, so Assg(M) # Assr(L) U Assg(N).
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Theorem 8.1.4. (Prime Filtration) Suppose that R is Noetherian and M is nonzero and finitely
generated. Then 3 a finite filtration of M

0=MyCM G- CMy=M
Where M; 1/ M; = R/ P; for P; € Spec(R).

Proof. M is nonzero, so choose an associated prime Py. We know that R/Py — M, so
set R/Py = M;. Consider M/ My; if it is zero we're done. If not, then choose P; to be
an associated prime of M/M;j. Then R/P; — M/M;. Now choose M, C M such that
M,/ M = R/ P;. Repeat this process until it halts (it indeed must halt due to Noetherian-
ity). ]

Theorem 8.1.5. Suppose that R is Noetherian and M is nonzero and finitely generated as an
R-module. Then,

(a) Assg(M) C Suppg(M)
(b) Assr(M) is finite.
(c) The set of minimal associated primes are precisely the minimal primes in the support.

Note that part (b) shows that the inclusion in part (a) is usually strict. It’s pretty rare
that a module has finite support.

Proof. (a) If P € Assg(M), we have an injection R/P — M. Localizing both sides at
P, (R/P)p — Mp is still an injection, but (R/P)p is a field, so Mp # 0. Thus,

P € Suppy(M).
(b) Consider the prime filtration of M
0=MyCM C---CM=M
Where M; 1/ M; = R/ P; for P; € Spec(R). This implies that Assg (M) C {Py,...,P,_1}-

(c) From part (a), it is sufficient to check that minimal primes in the support is an as-
sociated prime (minimality in Assg(M) follows). Say P € Suppg (M) is a minimal
element. This, Assg,(Mp) is nonempty. But then

Assg,(Mp) = Assg(M) N Spec(Rp) C Suppg(M) NSpec(Rp)

By minimality of P in the support, this intersection is just {P}. It follows that P &
Assg,(Mp),so P € Assg(M).
O

This yields the following corollary:

Lemma 8.1.6. If R is Noetherian, then R admits finitely many minimal primes. Equivalently,
every ideal of R has only finitely many minimal primes.



It follows from this that we can write Spec(R) = U, V(P;), where P; are the min-
imal primes. Furthermore, for M nonzero and finitely generated, Suppg (M) is a finite
union of irreducible closed subsets of Spec(R). The minimal elements of the support (or
equivalently, the associated primes) are called the isolated associated primes of M. The
non-minimal elements are called the embedded primes. For example, for R = k[x, y] and
M = R/ (x?,xy), Assg(M) = {(x), (x,y)} where (x) is isolated and (x, ) is embedded.

Suppose that Q is a proper ideal in R. We say that Q is primary if ab € Q implies
that either a € Q or b € v/Q. For example, in Z, the prime ideals are (p) for each prime
number, but the associated primes are of the form (p") for p prime and n € IN. As
we’ll see later, rings have a primary decomposition; over Z this corresponds to taking the
prime factorization of the ideal’s generator (e.g. () = (p1'...puw") = (p1}) NN (pa))
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9.1 More on Primary Ideals

Suppose R is a commutative ring. A proper ideal Q C Ris primaryifab € Q = a € Qor
b € v/Q. We discussed the examples (p") C Z. Here are some (relatively) easy to prove
lemmas about primary ideals.

Lemma 9.1.1. Q is primary if and only if in R/ Q, every zero divisor is nilpotent.
Lemma 9.1.2. If Q is primary, then \/Q must be prime.

Lemma 9.1.3. Suppose f : R — S is a ring homomorphism. If Q is primary in S, then f~1(Q)
in R.

Theorem 9.1.4. Let R be a commutative ring and Q C R. If \/Q is maximal, then Q is primary.
Proof. Say ab € Qand b ¢ \/Q = m. We want to show thata € Q. Asb & m,m+ (b) =R
by maximality of m. 3t € m,x € Rsuchthatt+bx =1. Ast € m = /Q, t" € Q for some

n. Then,
1=1"=(t+bx)"=t"+5b(...)

Soa=a-1=at"+ab(...) € Q.at" € Qast" € Q,and ab(...) € Qasab € Q. It follows
that their sum, g, is in Q. ]

Lemma 9.1.5. If m is a maximal ideal, then m" is a primary ideal for any n € IN.

This result does not hold for any old maximal ideal. To see this, let R = Q[x, y, z]/ (xy —
z?),and P = (x,z). R/P = Q[y] which is an integral domain, so P is prime. However,
P2 = (x?,xz,2%). Asz?> = xyin R, P? = (x?,xz,xy). It follows that x ¢ P2, but xy € P?,
s0 if P2 were primary, then y ought to be contained in VP2 = P, however, this is not the
case. Thus, P is prime but P? is not primary.

9.2 Towards Primary Decomposition

Our goal os to show that primary decompositions exist for Noetherian rings, i.e. every
ideal is a finite intersection of primary ideals.
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9.2.1 Irreducible Ideals

Anideal I is said to be Irreducibleif | = [y NI = I; = I or I, = I. For example, all prime
ideals are irreducible.

Theorem 9.2.1. Every proper ideal in a Noetherian ring R is a finite intersection of irreducible
ideals.

Proof. Let X be the set of proper ideals that cannot be a finite intersection of irreducible
ideals. If ¥ # @, then ACC tells us there exists a maximal element [. I € %, so [ is not
irreducible. Thus, 31,1, C I such that I = I N L. It follows that I C I;,I C I, so
by maximality of I, I;,I, ¢ . Thus, I; and I, can be written as a finite intersection of
irreducible ideals. If that is true, so can the intersection Iy N . However, I = [ N I, so
we have a contradiction as we chose [ € X. O

9.2.2 Primary Decomposition
Theorem 9.2.2. Assume that R is Noetherian. Then, every irreducible ideal is primary.

Proof. Assume [ is irreducible and ab € I. Suppose that a ¢ I. We want to show that
b € V1. Thus, we need to show that b" € I. Consider the following chain

(I:b)C(I:p*) C...

Via ACC, there exists t such that (I : b*) = (I : b*T!) = .... We claim that I = (I +
b') N (I + (a)). Ttis clear that I C (I +b") N (I + (a)), so it is sufficient to check that
I D (I4+b)N(I+ (a)). Choose x = f+bly = g+az € (I+b")N(I+ (a)), where
f,g € I. Then bx = bf + by = bg + baz. ba, f,g € I,s0 by = bg — bf + baz € L.
Therefore, y € (I : b'*1) = (I : b'). Thus, b'y € I. therefore, f € I and b'y € I,
sox = f+bly € I. Tt follows that I C (I +b") N (I + (a)). Since I is irreducible and
I # I+ (a) (as we chose a ¢ I), it follows that I = I + (b*), so bt € I,s0 b € /T. It follows
that I is primary. O

Beware! Primary does not imply irreducible in general. Consider Q[x,y] and Q =
(x?, xy,y?) is primary. as it is (x,y)?, the power of a maximal ideal. However, Q is not
irreducible, as Q = (x%,y) N (x,y?). The above theorems, though, do tell us that primary
decompositions exist over Noetherian rings.

Lemma 9.2.3. P is a prime ideal, and Qy, ..., Q¢ are all P-primary (i.e. forall1 <i <'t, Q; are
primary and \/Q; = P). Then, N!_, Q; is also P-primary.

This can be used to remove redundancies in a primary decomposition. If two elements
of a primary decomposition have the same radical, then we can just replace those two
elements with their intersection.

Proof.

t
i=

t t
Q=vVQ=(P=P
i=1 i=1

1



It is sufficient to check that the intersection is primary. Choose ab € N'_; Q;, but a ¢

le Q;. Then Ji such thata ¢ Q; butab € Q;. Thismeans thatb € \/Q; =P = \/ﬂf-:l Qi;.
It follows that ﬂle Q; is primary. ]

A primary decomposition I = Q1 N - - - N Q; is minimal (equivalently, irredundant) if:
* /Q;j are all distinct primes.
* NixQ; Z Qi
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10.1 Uniqueness of Prime Decomposition
I =Q1N---NQtis aminimal primary decomposition if

(1) VQi # /Qjfori#j

(2) Njxi Qj £ Qi for any i.

It’s worth noting that a primary decomposition is not always truly unique. For instance,
consider I = (x?,xy) = (x) N (x%,y) = (x) N (x,y)? in Q[x, y]. However, we can construct
two uniqueness theorems to show that primary decompositions can be unique in certain
senses.

Lemma 10.1.1. If Q is P-primary and x € R, then
(1) xe Q= (Q:x) =R
(2) x ¢ Q= (Q: x) is P-primary.
3) x¢P=(Q:x)=Q.
Proof. Exercise. O

Theorem 10.1.2. (First Uniqueness Theorem) Suppose I = (\ Q; is a minimal primary decom-
position, where P; = +/Q;. Then the P;’s are precisely the prime ideals which occur in the set

{v/{I:x)|x€eR}
Proof.

(1:x) = (NQi:x) =N(Qi: )
Taking a radical on both sides yields

Vi) =y(Qizx)= ] P

x€Q;
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By the previous lemma (and the fact that this intersection is necessarily finite). If this is
prime, then /(I : x) = P; for some i by prime avoidance. By minimality, Njzi Qi Z Q;
for any i, so Jx; € Mjzi Qi such that x; ¢ Q;. Then, /(I : x;) = P; by the previous lemma.
Thus, all ideals of the form /(I : x) look like P;, and we can always find an x; such that
/(I : x;) = P;. The result follows. O

Lemma 10.1.3. Suppose W C R is a multiplicative set, and Q C R is a primary ideal.
(1) WNP#@=W1Q=W"IR
2) WNP=a = W 1Qis WP primary,and W 'QNR = Q.

Combining (1) and (2) from this lemma, this gives us a 1-to-1 correspondence between
primary ideals in W~!R and primary ideals disjoint from W via the maps Q" — Q' N R
and W1Q « Q.

Now suppose that R is Noetherian, so any ideal I will have a minimal primary de-
composition 7, Q; satisfying the above results. We can rearrange the intersection such
that /Qy,...,/Qr are the isolated (minimal) primes, with associated minimal primes
Py,..., P Set W = R\ Ule P;. This is a multiplicative set, so we can localize by W. Then
W~ = N_, W-1Q;, via the previous lemma. This gives rise to the second uniquness
theorem:

Theorem 10.1.4. (2nd Uniqueness Theorem) When R is Noetherian and I = (i_; Q; is a
minimal prime decomposition with {\/Q1,...,/Q:} the set of isolated primes, then Q1 N - -- N
Q; is independent of the choice of the decomposition.

the upshot of this is that, when determining a primary decomposition, the minimal
primes will always be the same. It is only up to us, then, to determine the embedded
primes that will build the primary decomposition.

10.2 Symbolic Powers

Let R be a Noetherian ring and P € Spec(R). We define the nth symbolic power P(") to
be P(") := P"Rp N R. Equivalently, P") := {r € R | 3s ¢ P such that sr € P"}.

Lemma 10.2.1. Take R, P as above.
(1) P") is the P-primary component of P".
2) Pm) < P when m > n.
(3) P+ js the P-primary component of P(™) p(%)

P? is not always the same as P(?), though it usually is a subset. For example, consider
R = Q[x,y,z]/(xy — z?). Choose P = (x,z). Then, P> = (x?,xz,2%) = (x? xz,xy), so
x ¢ P2 However, y ¢ P but yx = z> € P?,s0 x € P(?). This shows that P2 C P(?) (i.e.



there are cases where we have strict containment).

For another example, consider R = C[xi]']lgi,]‘gg,, which corresponds to the space of
3 x 3 matrices, isomorphic to C°. Let P be the prime ideal generated by the determinants

of the 2 x 2 minors. We claim that, similarly to the first example, P2 C P(2). Set § =
det(x;j). It is clear that deg(é) = 3, s0 6 ¢ P? for degree reasons, as P? has generators

entirely of degree 4. x1; ¢ P for similar degree reasons, but we claim that x116 € P2, so
5 € P@). Let X be the matrix {xij}1<ij<3 with the 2nd and 3rd rows scaled by x1;. It
follows that det(X) = x%,8, which can be written as x1; det(M) for M a 2 x 2 matrix with
2 x 2 minors. Dividing both sides by x11, it follows that x110 = det(M) € P?,s06 € P,
and P2 C P(

Theorem 10.2.2. (Zariski-Nagata) Suppose that R = k[x1, ..., %] = k[[x1, ..., Xn]], where k
is a perfect field, and P is a prime ideal. Then,

pm — {f eR| (] -9y)f € P, where Y a; <n—1}
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11.1 More on Symbolic Powers

For P € Spec(R), P(") := P"Rp N R is the P-primary component of P". Symbolic powers
are a major area of active research, with a variety of unsolved conjectures:

Theorem 11.1.1. (Eisenbud-Mazur) Let R = C[[x1,...x,]]|, P € Spec(R), and m = (x1,...,Xn).

Then, P@ < mp.

This is unsolved, so don’t think about it too hard. One can also define a symbolic
power of an arbitrary ideal I as follows:

M= () TI"'RpNR
PeAss(R/1)

11.2 Dimension Theory

For R Noetherian, we say the dimension of R is the length of the longest ascending chain
of prime ideals. Here are some examples:

e If R is Artinian, then it is a product of Artinian local rings. Prime ideals are all
maximal, so dim(R) = 0.

e If Ris a PID, then every non-zero prime ideal is maximal, so dim(R) = 1.

Do note that krull dimension of a Noetherian ring need not be finite. For instance, there is
a famous example by Nagata illustrating this. Take an ascending chain of positive integers
1 < ap < a3 < .... For each a;, take 4; variables x; , ..., Xi,.- Define m = (xj,..., xiai).
Define S = K[x;;] for all (infinitely many x;j). Set W = S\ U;—; m;. WS is Noetherian,
though it is hard to show. Notice that m; are precisely the maximal ideals in W~1S. For
each m;, there is a chain of prime ideals (x;,) € (x;,x;,) € --- € m, solen(m;) = a; — 1.
As there are infinitely many maximal ideals, there is no “longest” ascending chain, as one
can always choose a; large enough to surpass any supposed bound. Thus, dim(W~1S) =

oo, but W15 is Noetherian.
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This means that we can only apply dimension theory to a certain sub-class of rings;
even Noetherian rings can break it! We'll start by proving results over rings of finite type
over a field, and compute dimension via Noether Normalization. Then, we’ll generalize
to local rings, which are finite dimensional provided that the unique maximal ideal is
finitely generated. Then we’ll talk about Hilbert functions to discuss a theory of dimen-
sion, then compare it to the krull case and see that they give the same answer.

11.2.1 Integral Extensions

Suppose that R C S are rings. We call S a ring extension of R. We say that S is integral if
any s € S satisfies a monic equation in R[t] (more generally, if there is an element s € S
that satisfies such an equation, we say that s is integral over R).

Lemma 11.2.1. If R is a UFD and F is the field of fractions of R, then ¢ € F is integral over
R <= ceR

Proof. For the reverse direction, if ¢ € R it clearly satisfies the monic equation t — ¢ € R]t].
It suffices to verify the forward direction. Given any ¢ = § € F, require that ged(a, b) = 1.
Suppose it satisfies the monic polynomial

(B n (@) e aro

Clearing denominators, we get that
a"+ b4+ =0

If this were to equal zero, then for the terms to cancel out b|a", suggesting that b|a. As
ged(a,b) = 1, it follows that b = 1,50 § = a € R. O

We say that an integral domain R is integrally closed (or normal) if an element in the
fraction field of R is integral over R <= is it contained in R to begin with.

Lemma 11.2.2. Consider R = Q[x,y]/(x* — y3). This is not integrally closed.

3
Proof. Notice that ¥ satisfies the polynomial T3 —x=0,as (;) =X =0y O

Theorem 11.2.3. Suppose R C S is a ring extension. Then,

(1) s € Sisintegral over R <= JR C C C S such that C is a finitely generated R-module,
ands € C.

(2) Set R to be the collection of all s € S integral over R. Then, R is a subring of S.

Proof. (1) Let’s check the forward direction first. Suppose that s satisfies s” + r1s" ! +
-+ + 1, = 0. Now consider the subring of S generated by R and s (i.e. take the
polynomial ring R[T] and consider the ring map R[T| — S such that T — s). We
claim that the image of this morphism, denoted R|[s], is the desired subring.



Notice that T" 4+ r{T"~1 + - - . 4 r,, is contained in the kernel, as s satisfies the poly-
R[T]
Tr4r T tory)

nomial. this implies that ( — R[s], so R[s] is a finitely generated

R-module.

For the reverse direction, assume there is a C such that R C C C S such that C is
a finitely generated R-module and s € C. We want to show that s satisfies a monic
polynomial R[t]. Pick some finite set of generators C = (cy,...,cn). s¢; = Y 1iic;
defines a matrix of the generators. Thus,(sIyx, — [rij]) [c1--en ] = 0. As this kills all
generators, it follows that det(slxn — [r;;]) = 0, but this is a monic polynomial with
variable s and coefficients in R, so we can conclude that s is integral over R.

(2) It suffices to check that R is closed under algebraic operations, i.e. we must verify
that s155,51 £ 5p € R. As s is integral over R, then R([s1] is a finitely generated R-
module. s; is integral over R, so it is integral over R[s1]. This implies that R[sj, s;]
is finitely generated over R[s1], so it is finitely generated over R. It follows that
any algebraic combination of s1, s, will be integral over R, so by (1), each algebraic

combination of sy, ..., s are in this subring, so we are integral over R.
O

R is called the integral closure of R in S.
Lemma 11.2.4. Suppose that W is a multiplicative set in R.
(1) If R C S is an integral extension, then W—1R C W15 is too.

(2) If R is the integral closure of R in S, then W~ 1R is the integral closure of W—'R c W~18.

Snfl
w"

Proof. (1) Givenany%EW_lS,sES:>S”+rls+~~~—|—rn:0,5051—11,,—1—1*1

5]—’; = 0. Therefore,
S\" 1y s\l r
(_> _|__1<_> _|_..._|__”n:0
w w \w w

Each coefficient is in W—1R, so we can conclude.

(2) For the forward direction, W™ IR is in the integral closure of W~IR c W1S. Take
= to be integral over W-IR. Fors € S,w € W,

n n—1
DRETaEE
w wy \w Wy
Multiplying by (wwyws ... wy,)", we get
wq...WyS n—l—rlwn_l,,,wnsn_l +...=0
1
Redefining coefficients we see that
(W1 ... wps)" + 1wl w4 =0

(wy ... wps)" + 7y (wy ... wys)" L4 7, =0



So wwy, ..., wys is integral over R. Therefore,

S Wy ... WyS 1=
Z =" cw IR
W wWy... WyW
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12.1 Integral Extensions

Last time, we proved that for an integral extension R — S and ideal | C S and multiplica-
tiveset W C R, W !R — W~1Sand R/(J N R) — S/] are still integral.

Lemma 12.1.1. R C S is an integral extension and S is an integral domain. Then R is a field
<= Sisafield.

Lemma 12.1.2. For the forward case, Vs # 0in S, s + rs" oy, = 0 forr, # 0. It
follows that s(s"~' +r1s" 2+ .- +7r,1) = —ry # 0. As R is a field, —r, has an inverse.
Thus s(s" ' +ris" 2+ 471, 1)(—r,') = 1, s0 s is invertible. It follows that S is a field.

Conversely, Vr # 0 in R C S, r has an inverse r1es rlis integral over R, so it
satisfies the polynomial (r~1)" +r1(r"))"~1 + ... + 1, = 0. Multiplying by r"~', we have that
r i+ =0,50r = —(r1+---+ 7" ER

Lemma 12.1.3. Suppose that R C S is an integral extension.
(1) If n C S is a maximal ideal, then so is n N R over R.
(2) For every maximal ideal m C R, there is a maximal ideal n C S such that n N\ R = m.

Proof. For m = n N R. R/m — S/n is an integral extension, and since S/n is a field, the
previous result says that R/m is a field, so m is maximal. This proves (1).

For (2), it suffices to show that mS is proper. If it were not proper, then 1 = ) m;s; for
m; € m,s; € S. Considering the subring C = R[sy, ..., sy], since each s; is integral over R,
C is a finitely generated R-module and mC = C. Thus, 3r € R such that r = 1 mod m,
andrc = 0. Thus,1 € C=r =0,s01 € m, a contradiction. O

Theorem 12.1.4. Suppose that R C S is an integral extension, and P € Spec(R).
(1) (Lying Over) 3Q € Spec(S) such that QN R = P.

(2) (Incomparability) If Q1, Q2 € Spec(S) and Q1 N R = Qy N R, then neither is contained
in the other.
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Proof. As R C S is integral, Rp C (R\P)~!S is integral, where P is the unique maximal
ideal of Rp. It follows that 3(R\P)~'Q € Spec((R\P)~'S) such that (R\P)"'QNRp =
PRp by the previous lemma. It follows from this that QN R = P.

For the incomparability theorem, In Rp C (R\P)~!S, each (R\P)~!Q lying over PRp
is a maximal ideal. Under the map Rp/PRp < (R\P)~1S/(R\P)~1Q, this is still integral,
and as (R\P)~!S/(R\P)~'Q s an integral domain and Rp/PRp is a field, it follows that
(R\P)~1S/(R\P)~1Q is a field, so (R\P)~'Q is maximal. Thus, we don’t have contain-
ment in the localization, so we don’t have containment in general. O

Theorem 12.1.5. (Going Up Theorem) R C S is an integral extension. Suppose Py C P, C ...
is a chain of prime ideals in R. Then 3 a chain of prime ideals in S of the form Q; C Q C ...
such that Q; N R = P; forall i € N.

Proof. By inducting on the length of the chain {P;}, it suffices to prove the case where we
have the chain P; C P,. By lying over, 3Q; € Spec(S) such that Q"R = P;. R/P; —
S/Qq is an integral extension, and P,/P; is a prime ideal in R/P;. Lying over implies
that 3Q,/Q1 € Spec(S/Qq) such that (Q2/Q1) NR/P; = P,/P;, and so the claim is
proven. O

Theorem 12.1.6. R C S is an integral extension of Noetherian rings. Then, dim(R) = dim(S).

Proof. Given any chain Qp C Q1 C ... of prime ideals in S, the chain (Qo N R) € (Q1 N
R) C ... in R. It follows that dim(S) < dim(R), as any chain can be dropped down.

The Going Up Theorem allows us to lift any chain, so dim(S) > dim(R). It follows that
dim(S) = dim(R). O

Assume that R is of finite type over a field (i.e. R = k[xy,...,x,]/]. Noether Nor-
malization tells us that there are vy, ...,y € R that are algebraically independent over k,
and R is integral over k[y;, ...y ]. It follows that we only really need to study the krull
dimension of polynomial rings in d variables.

Lemma 12.1.7. Suppose k is a field, and f € k[x1, ..., x,], where deg(f) > 0. Then, Elyl,.. L Yn-1 €

k[x1,...,xu] such that kly1,...,yn—1,%0) = k[x1,..., %4, and f = cxt + Yt g, for
Qi €kly1,...,yp—1]and c # 0.

Proof. Let’s write

= anx“
For x, = x{'...x3" (for simplicity). Consider £ = {(ay,...,ay) | cx # 0}. It’s clear that
12| < . Va, B € Z, consider (a7 — B1)t + (az — Bo)t> + -+ + (a1 + Bu_ )" 1+ (ay —
Bn) = 0. There are finitely many such equations, so only finitely many solutions ¢ to these
equations.

Pick a large enough integer ¢ such that LisNOTa solutlon to any equation of the form
above, for any a,8 € X. Sety; = x; — x,. So, x; = y; +x4. Thus, k[y1,...,yn_1,%1] =
k[x1,...,xn] as desired. Furthermore,f = Zc,x (Hl 1 Ly + xf ) ) xy", soset m = max{aq +
O aplP+ - a1 0 ay ) O
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13.1 More Towards Noether Normalization

Lemma 13.1.1. Suppose R = k[x1, ..., xy] for k any field, and choose f € R such that deg(f) >
0. Then thereare y1, . ..,Y,—1 and y, = f such that:

(1) y1,...,Yyn are algebraically independent.
(2) Ris integral over k[yy,...,yn] = A

3) (f)NA= (yn)

Proof. By lastclass’slemma, therearey, ..., y,—1suchthatklyy, ..., y,—1, Xn] = k[x1,..., xs]
and f = cx! + {lower degree terms}. Then yi,...,y,_1,x, are algebraically indepen-
dent. Replacing x, with f, we see that yy,...,y,_1, f = y, are still algebraically indepen-
dent.It follows immediately from this construction that R is integral over k[y1,...,y,] =
A.

For part 3, assume that ¢ € k[y,...,yn] and ¢ € (f) N A. this implies that g =
hf € A for h € R. We'd like to show that f divides ¢ in A. R is integral over A, so
there is an equation i +a;h!~! +...a; = 0, where every a; € A. This implies that
(W) +arf(hf)! =1 +...a;f = 0. This is an equation with variables still in A. As A is
a polynomial ring over a field, A is a UFD. f divides a; f(hf)""! +...a;f", so it divides
(hf)! = ¢!, s0 f|g, as A is a UFD. It follows that (f) N A C (y,), and equality is clear. [

Theorem 13.1.2. R = k[x1,...,xy] for k a field. Choose a proper ideal I C R Then there are
Yi,.--,Yn € Rand t where 0 < t < n such that:

(1) Ris integral over A = kly1, ..., Yn]
(2) y1,...,Yyn are algebraically independent over k.
(3) INA= (Yts1,---,Yn)-

This is a strengthening of the previous result; whereas the previous lemma shows this
is true for I principal, this shows the result holds for any proper ideal I.
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Proof. If I = (0), the result is clear. Thus, let’s induct on n (the number of variables).
If n = 1, k[x1] is a PID so all ideals are principal. Then we can conclude by the pre-
vious lemma. We now move to the inductive step. Pick any non-constant polynomial
f € I. Then, the previous lemma says there are z4,...,z,_1,z, = f such that the R =
k[z1,...,2u), z1,...,2x] are algebraically independent, and (f) Nkzy,...,z] = (z4), all
via the previous lemma.

Now consider the ideal I Nk|zy,...,z,-1] ink[z1,...,2,-1]. The inductive hypothesis
tells us that we can find new variables vy, ..., y,-1 € k[z1,...,z,_1] such thatk[zy, ..., 2, 1]
over k[y1,...,Yn—1], the y; are algebraically independent, and

Imk[zll- . -/anl] ﬂk[yll . -/]/n—l] = (yi’+11- . -/yl’lfl)

Setting vy, = f = z,, then we are done, as we have all the y-vars we need. Part (1) and
(2) are immediate, as we are taking an integral extension of an integral extension, which
is still an integral extension (and similarly for algebraic independence). For part (3), it
is clear that (y;4+1,...,yn) C IN A. We just need to show D. Choose ¢ € IN A. Then
§ =Ly fory* =TT, y;". Write g = &1+ ¥ng2- §1 € kly1, ..., yn-1], 50§ — g —yng2 €
INkly1, - Yn-1] = Wr+1,-- - Yn-1)- & Yng2 € 1. Thus, § € (Yi41,-- -, Yn)- O

Theorem 13.1.3. dim(k[xq,...,x,]) = n.

Proof.
0C (x1) C (x1,%2) €+ G (x1,--,Xn)

This is an ascending chain of prime ideals. Thus, dim(k[xy,...,x,]) < n. For the other
direction, suppose that we have an ascending chain 0 = Py C P; € .... Apply the
previous theorem to P; C R. There are yy, ...,y such that k[xq,...,x,] is integral over
k[yi,...,yn] = A, y1,...,yn are algebraically independent, and Py N A = (Y¢41,...,Yn).
k[x1,...,xn]/ Py is integral over A/PLNA = k[y1,...,yt]. As Py # 0, PPN A # 0 by the
incomparability theorem. It follows that t+ < n. This tells us that trdeg(Frac(R/P;)) =
t = trdeg(k(y1,...,y:)) < n, it follows that the transcendence degree strictly decreases
along the sequence R/P;, R/ P, . ... As the maximum such degree is less tan 7, it follows
that dim(k[x1, ..., x,]) < n, so we have equality. O
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14.1 Finally Proving Noether Normalization

Theorem 14.1.1. (Noether Normalization) Suppose R is a finitely generated k-algebra (k any
field) and I C R; Then there are yy, ...,y € R such that:

(1) yy,...,y4 are algebraically independent over k.
(2) R is integral over k[yy, ...,y = A.
(3) INA = (Yss1,...,Y4q) for some t.

Proof. R is a quotient of a polynomial ring, defined via the quotient ¢ : k[xq,...,xy] = R
that maps x; to each generator of R as a k-algebra. Applying the previous theorem to
ker(¢) C k[xq,...,xn] to find z1,...,zN in k[xq, ..., x,] such that they are algebraically
independent, R is integral over k[z1,...,zN], and ker(¢) Nk(z1,...,z4] = (z421,...,n). It
follows that ¢(z1), ..., ¢(z;) are algebraically independent over k. Now consider k[z1, . .., z4].
Apply the theorem now to ¢ 1 (I) Nk[zy,...,z,] as an ideal inside k[z1, . . ., z4]. This gives
us wy,...,wy € k[zi,...,z4] such that they are algebraically independent, R is integral
over k[wy, ..., wy], and ¢ (1) Nklwy, ..., wg] = (wii1,...,wg). Sety; = ¢(w;). O

14.2 Going Down

Assume that R < S is a ring extension. We say the Going Down Theorem holds if for
any pair P; D P, in Spec(R) and Q; € Spec(S) such that Q1 N R = P;. Then there is a
Q> € Spec(S) such that Q1 2 Qp and Q, N R = P,. Going Down holds when:

* R C S where S (and therefore R) is an integral domain, R is integrally closed, and S
is integral over R. (This situation holds for an integral domain R that’s of finite type
over k, i.e. it holds for R over its Noether Normalization).

e If Sis a flat R-algebra.

We won't prove that this holds in the first case here (the proof is highly technical and,
relatively speaking, a sort of black box). The second case is reasonably straightforward to
prove and has put to homework.

37



14.3 Graded Rings

We spent some time after discussing Going Down reviewing facts about graded rings.
On that note, for R any ring and I C R a nontrivial, proper ideal. Then R(I) = R[It] :=
@, >0 I" (where I’ = R) is called the Rees Algebra (or, blow-up algebra) of R. It also has
a grading with respect to which copy of I you are in. To keep track of degree, we adjoin a
formal variable t to I and look at the algebra generated by that, determining degree of a
term by computing it’s t-degree, hence the use of the notation R[It]. For any R-module M,
an analogous construction M[It] := @,,>¢ I"M is naturally a graded module over R[I¢].

For another example of a graded ring, with R, I as before, we can define gr,(R) =
@0 " /1" to the the graded ring associated to I. We can similarly define the graded
gr;(R)-module gr;(M) = @, ["M/I" "1 M.

Theorem 14.3.1. (Artin-Rees Lemma) Suppose R is Noetherian and I C R.Suppose that M is
a finitely generated R-module, and N C M. Then 3¢ € N such that Vn > ¢, (I"M) NN =
["¢(I°MNN).

Proof. R is Noetherian, so I is finitely generated. the result is trivial for I = 0, R, so sup-
pose I is non-trivial and proper. Let I = (g1,...,91). R[It] = R[g1t,...,gmt] is then a
finitely generated algebra over R, so it is Noetherian via the Hilbert Basis Theorem. M is
finitely generated, so say that M = Zle R - z;. One can check that M[It] = Zle R[It] - z;.
This is clearly Noetherian, so all submodules of M[I{] are finitely generated. It follows
that, as @,>0 ["M N N is a graded submodule of M[It], @,~¢ "M N N is finitely gen-
erated by ay, ..., as. Without loss of generality, suppose that these generators are homo-
geneous (otherwise, let our generating set comprise of their homogeneous components).
Let deg(a;) = d;, and set c = max;(d;).

Then Vn > ¢, each element in I"M N N (the degree n piece of @, o I"M N N) has the
form ) h;n;. Via degree concerns, it follows that deg(h;) = n —d;, so h; € ["—% . This
implies that

I"MNN C Y I"%(I“MnNN)

Since ¢ > d;,
Y I"U(IMAN) C I (I°MNN) = Y " %(I“MNN) C I"“(I'MNN)
Thus, "M NN C I"¢(I°M N N). To go the other way,
I"S(I'MNN) CTI"“I'M=I"MC I"NCN

Giving us "M NN D I"¢(I°M N N), so we have equality. O
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15.1 More on Graded Rings

Lemma 15.1.1. Let R = @, c Ry be a graded ring. Then, the following are equivalent:
(1) R is Noetherian.
(2) Rqis Noetherian and R, = @~ Ry, is a finitely generated ideal of R.
(3) Ry is Noetherian and R is a finitely generated Ro-algebra.

Lemma 15.1.2. Let R = @,,cn Ry be a graded ring, and let M = @ M,, is a graded Noetherian
R-module. Then, My, is a finitely generated Ro-module.

Proof. Y/, define M~y := @,>¢ M. This is a graded submodule of M, and each M-,
is finitely generated, so M, = M>y/Ms>,_1 is finitely generated. Well, M>,/M>,_; is
annihilated by R, so it is an Ry module. O

Lemma 15.1.3. If Ry is Artinian and M = @ M, is Noetherian, then {r,(M,) < .
Proof. Follow proof of last lemma. O

Theorem 15.1.4. (Graded Nakayama Lemma) Let R = @R, M = @ M,, where M is a
finitely generated R-module. If R, - M = M, then M = 0.

Proof. Say M is finitely generated by zi,...,z; (We can assume that these are homoge-
neous). Set 6 = min; deg(z;). Then if s < J, then Ms; = 0 and M; # 0.

MsCM=R.:M=Rso-PM, S P M,
n>o n>o6+1

A contradiction. n
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15.2 Hilbert Series

Let R = @ R, where Ry is Artinian, and let M = @ M, be a finitely generated graded
R-module. Define the Hilbert Series, denoted P(M, t) as follows:

P(M )= Y Ly, (M)t"
n=0

Do note that if M has negative degree pieces, then there are only finitely many such
pieces. Thus, we can shift the degrees up so that there are no terms of negative degree.
Alternatively, you can just ignore the negative degree components, but remember to add
the (finite) quantity fg,(M<g) to the series. For example, R = k[xo,..., x5, M = R.
Ry = k, which is a field, so Artinian. Then

(R (Ry) — dimy(Ry,) = (n +Z ) 1)

This is polynomial in n, with degree d — 1. It follows that /g,(R<,) is a polynomial of
degree d, and in particular,

P(M,t) =

(1—1)¢

In general Hilbert series tend to look like this.

Theorem 15.2.1. Suppose R = @,,>0 Ry, is Noetherian and Rq is Artinian, and M = @ My, is
a finitely generated graded R-module.Then P(M, t) is a rational function of the form

P(M,t) = —n;_ﬂt)— 0

where f(t) € Z[t] and d; = deg(x;) where R is generated by x1, . .., X, over Ry.
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16.1 More on Hilbert Polynomials

Let’s compute some more examples. Consider R = k[x,y,z] and M = R/ (xy — z?) fork a
field. We want to compute dim(M,,).

e M; = span(x,y,z),sodim(M;) = 3.
e M, = span(x?, xy, y?, xz,2%), but xy = z2. Thus, dim(M,) = 5.

e M, = span(x”,x”_ly, .. .,xy”_l,y”,x”_lz, x”_zyz, .. .,xy”_Zz,y”_lz),so dim(M,,) =
n+1l+n=2n-+1.

Thus,
o p = 2 1 1+t
P(M,t):n;)(Zn—l—l)t _n;)z(wrl)t —n;)t B A gl ey
16.2 Depth

Theorem 16.2.1. (R, m) is a local ring, and M is a finitely generated R-module. Then,

g”mR — @ mn/mn-H
n>0
It follows that .
P(gr, (M), t) =) _ dimy (m" M /m" 1 M) "
n=0

is a rational function of the form f(t)/(1 — t)?. We assume that (1 — t) does not divide
f(t) if d > 0, making d canonically defined in terms of M. We call d(M) = d the depth of
M. Recall that the depth of a module is (as of now) only defined for a finitely generated
module over a local ring.
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We call xp(n) = €(M/m"'M) the Samuel Function of M. We see that when f(t) =
:_oait', we have

xm(n) = ((M/m" M) = Y dimy(m'M/m' T M) = ag (d;_n) bt <d+2 - S)
i=0

It follows that x /(1) is always of degree d and has the same leading coefficient as dimy (m" M /m" 1 M).

Lemma 16.2.2. Assume that
O—-L—-M-—N-—=0

Is an exact sequence of finitely generated R-modules, where R is Noetherian and local. Then,
d(M) = max(d(L),d(N)).

Proof. We may assume that N = M/L,so N/m"N=M/(L+ m"M). Well,
M))

(L+
xm(n) =4(M/m"M) =¢(M/(L+m"M))+¢((L+m"M/m"N))
Letting /((L +m"M/m"N)) =: ¢(n), we see that xp(n) = xn(n) + ¢(n).
{

)
L/ (LN m"M))

xn(n) = L(N/m"N) = £(M/

p(n) =L(L+m"M/m"N)) =

We want to compare ¢(n) with xp(n) = ¢(L/m"L). Since all functions here have positive
values, adding them together causes no cancellation of terms. Thus, d(M) = max(d(N), deg(¢)).
It is thus sufficient to check that deg(¢) = d(L). Applying the Artin-Rees Lemma to L,

we see that dc such that Vn > ¢,

m'MNL=m"“(mMNL) Cm" ‘L

Thus, x1(n) > ¢(n) > x1(n —¢), so it follows that these must have the same degree. [

16.2.1 Relationship with Krull Dimension

Suppose that R is Noetherian and M is finitely generated. Recall that Suppz(M) =
V(Anng(M)) = Spec(R/ Anng(M)). The krull dimension of M, denoted dim(M), is
dim (Supp(M)) = dim(R/ Anng(M)).

Lemma 16.2.3. d(M) = dim(M).

This does not necessarily hold for general M. For instance, consider the case where
R=2Z,M = @, prime Z/ pZ. Then Suppr(M) = {(p)}, so dim(Suppy(M)) = 0. How-
ever, Anng(M) = 0, so dim(M) = dim(R/ Anng(M)) = dim(Z) = 1.
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17.1 More on Depth

Suppose (R, m) is Noetherian and local, and M is a finitely generated R-module. We’d

shown that, if P(gr, (M).t) = %, then xp(n) is a polynomial in n of degree d. We've

also shown that d = dim(M).

Now define (M) to be the smallest n such that there are xy,...,x, € m such that
((M/ Y x;M) < oo. This is equivalent to checking that (x1,...,x,) + Anng(M) is m-
primary. For example, let R = k[[x,y]] and let M = R/ (x?, xy). Suppose 6(M) < 0. Then
(y) 2 (y?) 2 ... is an infinite descending chain, so M is not finite length. So 6(M) > 0.
Suppose that §(M) = 1. Then M/yM = k[[x]]/(x?), so £(M/yM) = 2, and in particular,
the length is finite. It follows that (M) = 1.

Theorem 17.1.1. (R, m) is Noetherian and local, with M a finitely generated R-module. Then
dim(M) = 6(M) = d(M).

Proof. We'd like to show dim(M) > 6(M) > d(M) > dim(M) to conclude:

e d(M) > dim(M):
First, we check that this is true for R, i.e. d(R) > dim(R). As we know d(R) is
finite, we can induct on it. If d(R) = 0, then P(R,t) = f(t) € Z[t]. It follows that
m"/m"*t1 = 0 for n > 0. It follows that m" = m"*1m - m", so by Nakayama, m" = 0.
It follows immediately from this that R is O-dimensional.

We now move to the inductive step. Assume d(R) > 0. We can assume that
dim(R) > 0. Consider Py C P} € --- C P, for t = dim(R). This is a saturated
chain of prime ideals. Pick x € P;\P;. Set A = R/ (Py + (x)). This gives us the short
exact sequence

0 —— R/Py —— R/P, y A > 0
It follows that d(A) < d(R/Py) < d(R), so the degree of the polynomial associated
with A is lower than the degree of the polynomial associated with R/Py. Thus,
d(A) < d(R/Py) < d(R). By the inductive hypothesis, d(A) > dim(A), and in A,
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every prime ideal corresponds to a prime ideal in R containing Py + (x). Given any
chain of prime ideals in A, we can thus consider its preimage in R by just adding a
Py to the left. Thus, dim(A) < dim(R) — 1. Taking the chain Py C Py € --- C Py in
R that we started with, then P; C - -- C P is a saturated chain of prime ideals in A,
where P; = P;/(Py + (x)). Thus, dim(A) > t — 1 = dim(R) — 1. Thus,

dim(R) =1 =dim(A) < d(A) <d(R) -1
Adding 1 to both sides, we get d(R) > dim(R) as desired.

Using this, we want to convince ourselves that such an inequality holds for any
finitely generated R-module M, not just R itself. For M, take a prime filtration

0C MG CM

Such that M;,1/M; = R/P;. Now recall thatif 0 - L - M — N — Oisa
short exact sequence, we proved that Supp(M) = Supp(L) U Supp(N). It follows
that dim(M) = max(dim(L), dim(N). Considering now the short exact sequence
0 — M; = M;11 - Mjy1/M; — 0, As M;1/M; = R/P, it follows that d(M) =
max;(d(R/P;)) > max;(dim(R/P;)) = dim(M).

(M) > d(M):

Induct on §(M) again. if (M) = 0, then /(M) < oo, so xu is bounded by ¢(M),
and in particular, it is constant, so d(M) = 0.

For the inductive step, now suppose that (M) = s > 0. Then we can choose
X1,...,Xs € msuch that /(M/ Y x;M) < oo. Set M; = M/(x;M + - -- + x;M). As
¢(Ms) < oo, it follows that (M) = 0.

x1M + m" Tt M

My /m" M) = ((M/ (M +m" T IM)) = 0(M/m" M) — ¢ ( : Y )

Proven via the taking the short exact sequence

O%xlmntm”“M_> M . M )
Thus,
n+1 xym +m" MY n+1 x M
((M/m M)—E( Y =4(M/m"T M) — ¢ MO m M
Now consider 6 : M — aq]\dfwl%’ defined by sending z — x1z. This implies that
XlM
M/ ker(0) =
/ ker(6) xyMNmn+iM

The key insight now is that xyM C x;M (obviously) and x;M C ml M, so it
follows that m"M C ker(6), so

le
le N mn+1M

M/m"M — M/ ker(8) =



Therefore,

M le M1 M M
— )=l —— >l —— ) -/
g(m”M) g(xlﬂm”HM) g(m”HMl) - (m”HM) (m”M>
Which is > xm(n) — xm(n —1). It follows from this calculation that d(M;)

d(M) — 1 Repeating this process, we get that d(M;) = d(M) — S. Since 6(M;)
d(M;) = 0,s0d(M) < S = 46(M). We'll do the last step next time.

0,

O
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18.1 Finishing The Proof of Dimensional Equivalence

All that was left to show was that dim(M) > §(M). We can induct on dim(M), which is
known to be finite, as it at most d(M). If dim(M) = 0, then Supp(M) = {m}, implying
that V(m) = V(Anng(m)), so m"™ C Anng(m) for some n, and m"M == 0. Thus, M has a
composition series M 2 mM 2 m?>M 2 --- 2 0. It follows that /g (M) < oo, s0 §(M) = 0.

For the inductive step, we now assume that dim(M) > 0, so dim(R/ Anng(M) > 0.
We can now consider all minimal prime ideals of Anng(M), denoted Py, ..., P;, such that
dim(R/P;) = dim(R/ Anng(M) for any i. m is different from P;, dots, P;, so by prime
avoidance, m ¢ |J P; (if not, Ji such that m C P;, so m = P; by maximality, a contradiction).
Pick x € m such thatx ¢ Py,..., P, and set My = M/xM.

dim(M;) = dim(Supp(M;)) = dim(V(Anng(M)) + (x)) = dim(R/ (Anng (M) + x))

This has dimension 1 less than the dimension of M, as we are avoiding the minimal
primes of maximal chains, implying that all maximal chains will shorten by 1. It follows
that

d(M/xM) < dim(M) —1

So by the inductive hypothesis, dim(M/xM) > §(M/xM). We claim that §(M/xM) +
1 > §(M). This is because if

KR(Ml/((xl,. . .,xs)Ml) < 00

then clearly
lr(M/((x1,...,%s,x)M) < 00

Thus,
(M) <é6(Mp)+1<dim(M;)+1 < dim(M)

From this and yesterday’s work, we can conclude that

d(M) = §(M) = dim(M)
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18.2 Height

Let R be a Noetherian ring and P € Spec(R). The Height of P is the supremum of the
length of all strictly decreasing chains of prime ideals starting from P. In general, the
height of an arbitrary ideal I is min(ht(P)|I C P). In a Noetherian ring, this is a finite
number, and is denoted by ht(P). From this, we get a very clear result:

Lemma 18.2.1. ht(P) = dim(Rp)
Which we will use to prove the following:

Theorem 18.2.2. (Krull) Suppose R is Noetherian and I = (ay,...,a,) C RIf P is a minimal
prime of I, then ht(P) < r.

Proof. Localize at P. We just need to check that dim(Rp) < r. In Rpj PRp is the only
ideal containing IRp, so v/IRp = PRp, so because PRp is maximal, we can conclude that
IRp is PRp-primary. This implies that {g,(Rp/IRp) < 00,50 6(Rp) < r. this implies that
dim(Rp) < r as desired. O

Note that this bound can be strict. For example, consider R = k[x,y] and I = (x2, xy).
We know P = (x) to be a minimal prime of I. Our theorem tells us that ht(P) < 2, but in
this case, ht(P) = 1.

Theorem 18.2.3. Suppose R is Noetherian, and P € Spec(R) has height h. Then P is a
minimal prime of an h-generated ideal (ay,...,ay), and for any r,...,rs € P, The height of
P/(ri,...,7rs)) = h —s. More specifically,

ht(P/(Eljl,. . .,El]'l.)) =h—i
i.e. when killing a subset of the minimal prime generators, the inequality is sharp.

Proof. dim(Rp) = h,s06(Rp) = h.Find a},...,a; € PRpsuchthatlr,(Rp/(a},...,a;)) <
0. Thus, \/(a’l, ...,a,)Rp = PRp. We can write a} = Z—Z’ fora; € P,s; ¢ P. It follows that P
is minimal over (ajy, ..., a,). If not (say 3Q strictly in between them and prime), then

PRp D QRp C \/(a’l,...,a;)Rp — PRp

A contradiction. Thus the first part is proved. For teh second part, set R=R/(r,...,7s)
and P = P/(ry,...,rs). Sethtg(P) = t. Then by the first part, 3c1,...,¢ € P such that P
is minimal over (c1,...,¢f). Pick ¢1,...,¢; € P such that ¢; is a preimage of ¢; under the
canonical projection R — R/(r1,...,s). Thus, P is minimal over (ry,...,7s,¢1,...,Ct), SO

ht(P) <s+t,sot=ht(P) > h—s.

In the specific case where the ideal P = R/ (ay, ..., a;) is minimal over (a;;,...,a,) in

R =R/(ay,...,a;), ht(P) < h —i. Combining this with the previous result gives us that
ht(P) = h —i. O
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19.1 Dimension Theory when R is a field.

We've discussed dimension theory for rings that are of finite type over a field and for
local rings. What if these cases both held at once? Do the two theories hold? This overlap
occurs precisely when Ry = k is a field, and with some work, we’ll show that these do in
fact agree.

Theorem 19.1.1. Suppose R = @,,>( Ry, is a Noetherian graded ring.
(1) If ] is a homogeneous ideal and P is a minimal prime of |, then P is homogeneous.

(2) If P is prime of height h and homogeneous, then there is a descending chain of homogeneous
prime ideals starting from P such that

P=P2P 2 2P

Lemma 19.1.2. Let k be a field, and set R = k[x1,...,x4]/], where ] is a homogeneous ideal.
R is certainly of finite type over k. Let m = (x1,...,x,) and A = R,,. Over A, the dimension
theory viewing A as a ring of finite type over k is identity to the dimension theory viewing A as a
local ring. More explicitly,

(1) dimy(Ry) = xa(n) — xa(n —1)
(2) dim(R) = ht(m) = dim(A) = deg, (xa(n) — xa(n—1)) +1
(3) If (R, m) is a Noetherian graded ring, then dim(R) = dim(gr,,(R)).

Proof. These proofs are ommitted due to their relative length and lack of insight. O

19.2 Regular Local Rings
Suppose (R, m) is a Noetherian local ring where M is a finitely generated R-module where

dim(M) =d. If x1,...,x; € m satisfies {r(M/(x1 4+ -+ - + x4)M) < oo, then x1, ..., x  are
a system of parameters of M. (If M = R, we just call these a system of parameters).
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As M /mM is a finite dimensional R/m-vector space, it follows that /g (M/mM) < oo.
Thus we can always pick a set of generators of m, denoted z1, ..., z;. Then {(M/ Y z;M) <
oand d < t. t < dimg/,,(m/m?). Thus, d < dimg,,,(m/m?). If d = dimg,,,(m/m?),
then (R, m) is a regular local ring (we call this regular because, as it turns out, this crite-
rion is equivalent to saying that m is generated by a regular sequence). m can indeed be
generated by dim(R) elements in m.

19.2.1 Examples
e R =k[[x,y]] is regular, as m = (x,y) is generated by 2 elements and dim(R) = 2.

o Let A = k[x.y]/(x%,xy). dim(A) = 1, but dim 4 ,,,(m/m?) = 2, so this ring is NOT
regular.

Now say that (R.m) is a Noetherian local (though not necessarily complete) ring, and
X1,...,X; are a system of parameters. Then dim(R/(xy,...,x;) = d —i. (< is always
true, you only get = because this is a system of parameters). However, it is possi-
ble that ht(xy,...,x;) < i. As an example, let R = kl[[x,y,z]|/(xy,xz). This is a lo-
cal ring of dimension 2. y,x + z is a system of parameters, and indeed R/ (y,x +z) =
k[[x,z]]/ (xz,x + z) =k][[x]] / (x?). However, ht((y)) = 0.
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20.1 Systems of Parameters over Regular Local Rings

Let (R, m) be a local ring and M an R-module such that dim(M) = d. If xq,...,x; € m
satisfies (g (M/ Y x;M) < oo, then x is a system of parameters.

Lemma 20.1.1. Suppose (R, m) is local and Noetherian. Then there exists a system of parameters
X1,...,X5 € msuch that ¥ subsets S C {x1,...,x4}, ht((x; € S)) =#S

Proof. As R is Noetherian, there are finitely many minimal primes. We may assume
dim(R) > 0, so m is NOT a minimal prime. Thus by prime avoidance, m is not con-
tained in the union if all minimal primes. Pick x; € m such that x is not contained in the
union of all the minimal primes. Since R is Noetherian, (x;) has finitely many minimal
primes. Via prime avoidance again, choose x, € m such that x is not contained in the
minimal primes of R and the minimal primes of x;. Repeating this process yields our
system of parameters. [

(R, m) is Noetherian and local. Recall that for such R, R is regular if m can be gen-
erated by dim(R) elements (that is, ht(m) = dimg,,(m/m?)). Pick any minimal set of
generators x1,...,x; of m, for d = dim(R). Then, R/(x;) is clearly still regular and of
dimension d — 1 by minimality.

Theorem 20.1.2. Let (R.m) be a Noetherian regular local ring for d = dim(R). Then the
following are equivalent:

(1) xy,...,x;is asubset of a minimal set of generators of m.
(2) The image of x1,...,x; € m/m? are linearly independent over R /m.
(3) R/(x1,...,x;) isa d — i dimensional reqular local ring.

Proof. (1) = (2) by Nakayama'’s lemma, (x1,...,%;) is a minimal set of generators of
m <= their images in m/ m? are a basis. It follows that any subset of elements of a
basis are linearly independent. We now check that (2) = (3). We can extend x3, ..., x; to
X1,...,Xi,Xi11,... X4 to get a minimal set of generators of m. Well, m = (x1,...,x4), so in
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R/(x1,...,xi), m = (Xi41,...,%z). It follows from regularity that R/(xy,...,x;)isad —i
dimensional regular local ring. To conclude we check that (3) = (1). If R/ (xq,...,x;)
is regular loca,, then its maximal ideal m/(x, ..., x;) can be generated by d — i elements.
Set x;,j :=y;. Thenm = (x1,...,x,). O

Theorem 20.1.3. If (R, m) is a regular local ring, then R is an integral domain.

To prove this theorem, we need a more general form of prime avoidance. It turns out,
if  have a set of ideals {I;} where at most 2 are NOT primes, then if I C {J;j then I C I;.
(The prove this, we just change the base case slightly but otherwise replicate the previous
prime avoidance proof). We now prove the above theorem:

Proof. Induct on dim(R). If d = 0, then m = 0 so R is a field, which is integral. Ford =1,
m is not minimal, so pick a minimal prime P. Vy € P,y € P C m = (x). This implies that
y = ax. m # p implies that x ¢ P, so by primalitya € P. Vy € P,y € xP,soP C xP C P,
so P = xP. By Nakayama’s lemma, P = 0, so in particular, 0 is the unique minimal prime.

Now we move onto the inductive case d > 2. Say {Py, ..., P;} are the minimal primes
of R. By (generalized) prime avoidance, m is not contained in the union of m2,Py,..., D
Choose x € m,x & m?,Py,...,P. It's image in m/ m? is thus nonzero. Therefore, R/ (x)
is a regular local ring by the previous theorem, and is of dimension d — 1. Thus by the
inductive step, we know that R/ (x) is an integral domain, so (x) is a prime ideal. There-
fore, (x) contains some minimal prime P;. Vy € P;, y € (x), soy = ax for some a. We now
proceed similarly to how we did in thed = 1 case. x ¢ Pjsoa € P;. ThusVy € P;, y € xP;,
so P; C xP; C Pj, so P; = xP;. Thus, P =0. l

Theorem 20.1.4. Assume (R,m, k) (for k = R/m) is a Noetherian local ring, and let d =
dim(R). Then R is reqular <= gr, (R) = k[x1,...,x,].

Proof. For the forward case, we assume R is regular. Then d = dimy (m/ mz), SO
gt,,(R) = Pm"/m" Tt =kem/m*em?*/m> & ...
n=0

Define the map
¢ k[x1,...,x4] = gr,,(R)
such that ¢(x;) = ¢F € m/m?. This map is clearly surjective, so

gr, (R)=klxy,...,x4]/ ker(¢)

If ker(¢) contains any nontrivial polynomial f, then

kixi,...,x4]/(f) = k[x1,...,x4]/ ker(¢) = gr, (R)

Well, this shows that dim gr, (R) < d — 1, but dimgr, (R) = dim R = d, a contradiction.
Thus, this ker(¢) = 0, we have an isomorphism.

For the reverse case, if gr, (R) 2k[xy,...,x4], then m/m? = @, kx; by a grading ar-
gument. Thus, dimy(n/m?) = d. Thus by Nakayama’s lemma, m can be generated by d
elements, so R is regular. ]



From here, we hit a bit of a roadblock. We’d like to show that the localization of a
regular ring at a prime ideal is regular, but this was an open problem for quite some time.
Serre eventually proved this using heavy homological algebra machinery. Starting from
next class, we’ll be focusing more towards homological algebra with the focus towards
proving this, and maybe later, Cohen Structure Theorem.
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21.1 Regular Sequences

A regular sequence r1,...,r, € R over an R-module M is defined recursively r, is not a
zero divisor in M/ (r1,...,ri_1M. We'd hope that regular sequences "behave” as formal
variables in some sense. If (R, m) is local or R = @ R, is graded and r4, ..., 1, is a regular
sequence of positive degree terms (i.e. for I = (r1,...,74), Nyen [ = 0), then we’d like
to show that any permutation of fi, ..., r, is a regular sequence.

Suppose gr;(R) is generated by 7%, ..., r}; € I/1? over R/I. Defineamap ¢ : R[x1,...,x,] —
gr;(R) such that x; — r}. This is a degree preserving ring homomorphism.

Theorem 21.1.1. The following are equivalent:
(1) (R/I)[x1,...,x4) 2gr;(R), ie. I[x1,...,x,] = ker(g)

(2) Given any homogeneous polynomial F € R(xy,...,x,] of degree d, If F € 19t then the
coefficients of F are in 1.

Sequences of the form rq,...,r, (being coefficients of F as in (2)) are called quasi-
regular.

Theorem 21.1.2. Suppose R is a commutative ring and r1, . . ., 1y, is a sequence of elements in R.
(1) Ifry,...,ryis a regular sequence, then it is a quasi-regular sequence.

(2) When (R, m) is a local graded ring and r1, . . ., r, are homogeneous of positive degree, Then
r1,...,rn being quasi-regular implies that it is indeed reqular.

Proofs of these were left as an exercise for the reader due to how technical they are,
and general lack of insightful ideas proof wise. It’s certainly good practice, though. It
follows from these theorems that

Lemma 21.1.3. ry,...,1, is a reqular sequence <= gr;(R)=(R/I)[x1,...,x,] for I =
(r1,...,7n). The second description is indexing independent, so it follows that any permutation
of a regular sequence is still a regular sequence.
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22.1 Flatness

Lemma 22.1.1. A nontrivial flat module over a local ring is faithfully flat. Thus, flat local mor-
phisms of local rings are faithfully flat morphisms.

Proof. First, suppose that M is a nonzero flat R-module and (R,m) is a local ring. By
Nakayama’s Lemma, mM # M. Let N be any nontrivial R-module, and choose x € N
nonzero. If I = Anng(x), it follows that Rx = R/ I, and since IM C mM # M, M/IM =
M®grR/I # 0. There is a natural injection Rx = R/I < N, and as M is flat, it follows
that R/I @ M — N ®g M is still an injection. R/I®r M # 0, so N ®r M contains a
nontrivial submodule, and is thus itself nontrivial. It follows from this that M is faithfully
flat. l

22.2 Back to Regular Sequences

Theorem 22.2.1. Suppose that r1,...,1, is a sequence in R. Let |; = (r1,...,r;). This sequence
is reqular if and only if J; : riyq = J; Vi. Similarly, if r1, ...,y is reqular, then J! : riyq = J! for
some t € IN.

If we're given a sequence, it would be nice to have an easy to way to check whether it
is regular. You can use the above theorem but this is tedious; fortunately there is a better
way. If x is regular in R, then r — xr is injective, so 0 — R — R is exact, where R — R is
this multiplication map. In particular, 0 -+ R — R — 0, is cyclic, i.e. is exact in positive
degree.

Now say that x, y is a regular sequence in R. This gives us the sequence

7] %]

0 » R » R&R » R » R/(x,y) —— 0

This is a mapping 0 — {degree 2} — {degree 1} — {degree 0} — 0. Now assume that
[xy][5] = 0. This means that ax + by = 0. In R/(x), y is regular, so b = 0in R/ (x). Thus

b = bix,s0a+ by = 0. It follows that [;] = [bly] = b1 [Y].

byx X
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23.1 Koszul Complexes

Suppose that (A.,d4) and (B.,d%) are complexes of R-modules. We can define the tensor
product of complexes as follows:

(A. KR B.)n = @ Ai XR B]
i+j=n
Defining (Ae @R Be)e. For the differential maps, we have
dA®B — @ (df ©1dp, +(—1)"""1da, @ d7)
i+j=n

We'll use this notion of a tensor product of complexes to define the Koszul Complex.

Now suppose that R is a commutative ring and M is an R-module. let xy,...,x;, be a
sequence of elements in R. Define k(x;) := 0 —+ R — R — 0 where R — R is defined by
r — x;r. This is naturally a complex, so we can define

k(x) := é k(x;)
i=1

to be the Koszul Complex of x = (x1,...,x,), with k(x, M) := k
corresponding complex for the R-module M. Let k(xy,...,x;) = k(

k(x) = k(n)).

Theorem 23.1.1. There is an exact sequence of complexes:

(x) ®r M being the
j) for simplicity (so

0 —— k(x1,...,xy,1) — k(x1,...,x5) — k(x1,...,x,1)[-1] —— 0

Where A[—1], = A,,—1. This induces a long exact sequence of homology of these complexes:

(-1)1x,

. —— Hj(k(n—1)) —— H;(k(n)) —— H;_1(k(n — 1)) ——"H;
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With the connecting homomorphism defined as above. Finally, we have that x, = H;(k(n)) = 0.

Proof. Most of the proof here follows from looking at one complex. Notice that, by con-
struction, k(n — 1) ® k(x,,) = k(n). It follows that

k(n); = (k(n —1);®R) @ (k(n —1);_1 ®R)
k(n)j—1 = (k(n —1);-1®R) @ (k(n —1);_2 ® R)
Where
k(n—l)]‘®R k(i’l—l)]'_1®R
Y
(=1) 1,
k(Tl—l)]’_1®R k(n—l)]'_2®R

This defines the differential

d(aj,ai-1) = (d(a;) + (=1)aj_1,dj1(aj—1))
Yielding the sequences:

0 —— k(n—1); —— k(n—1);@k(n — 1),y — k(n—1)j_; —— 0

b [ -

0 —— k(n—1)j1 —— k(n—1); 1 @k(n—1); 5 — k(n—1); 3 — 0

From this we see that the top and bottom sequences are exact, and by exactness of the
initial maps we know that this is indeed a commutative diagram. This morphism of short
exact sequences of complexes induces a long exact sequence in homology like we are af-
ter. A diagram chase shows that H; 1(k(n — 1)) — H;_1((k(n — 1)) in the long exact

sequence is precisely the map multiplying by (—1)/x,. It is now sufficient to check that
xnHj(k(n)) = 0Vj.

Say [aj,a;_1] € Hi(k(n)). Thus, 0 = d[aj,aj_1] = (d;(a;) + (=1)xua;_1,dj_1(aj+1)),
so each individual coordinate is 0. Thus, dj(a;) = (—=1)/"'xua;_1 and dj_1 = (aj_1) = 0.
Thus, )

xn(aj,ﬂj—l) = (xnaj, xnﬂ]’—l) =d(0, (—1)]_1‘1]')
It follows from this that x,(aj,a;_1) = 0 € H;(k(n)). O

Notice that k(x1) ® k(x2) = k(x2) ® k(x1). Thus, the ordering x1, ..., x, is not partic-
ularly important, i.e. the ordering of the tensor is irrelevant to the construction of k(n).

Therefore, x;, killing all homology groups implies that any x; can kill all homology groups.
It follows that x;H;(k(n)) = 0 Vi, j.



There are some homology groups that we understand regardless of the sequence. No-
tice that

ixl]
H,(k(n)) =ker | R 2 L R@---@R ={reR|x;-r=0=1,...,n}
_\/_/
rank=n
or over modules,
iX1]
Hu(k(x, M)) =ker | M — =" s M@ oM | ={meM|x;m=0vi=1,...n}
—_———
rank=n
We can also compute the Oth homology.
[ixln-:txn]
Hy(k(n)) = coker | R®--- @R —— R | =R/(x1,...,xp)
rank=n

Similarly one can conclude that H°(k(x, M)) = M/ (x1,...,x,)M. Notice that from our
construction of the k(x;), k(x); is a free R-module of rank (7) Say that the basis is of the

form {ea1/~--ﬂj 11<a;<--- < aj < n}. On the bases, the differential acts as follows:

dj(eal,...,a]-) - Z(_l)j_letﬁ,...,b/l\i,...,aj

From this we can prove the following theorem:

Theorem 23.1.2. Suppose x1, ...,x, € Risasequence. Then if x1,. .., xy is a regular sequence,
then Hj(k(n)) = 0Vj > 0. Furthermore, if (R, m) is Noetherian and local (or, R is IN-graded,
Noetherian, and each x; is homogeneous of positive degree) and Hy(k(n)) = 0, then x1,...,xy is
a regular sequence.

Proof. We prove the first part first, and check this by inducting on n. Forn =1,0 - R —
R — 01is our sequence, and Hj(k(1)) = ker(x : R — R) = 0. We now move on to the
inductive step. We get a long exact sequence

s Hyk(n— 1)) —— Hi(k(n)) —— Ho(k(n—1) 5,

If j > 2, then Hj(k(m)) = 0Vj > 2,m < n. Thus,

Hi 1(k(n—1)) — ...



(—1)

- —— Hy(k(n = 1)) —— Hj(k(n)) — Hj_(k(n —1)) ——"Hj_1(k(n —1)) — ...

—— ~~ -
=0 =0

So the remaining terms are 0 by exactness. If j = 1, then our sequence is of the form
0 —— Hy(k(n)) —— R/(x1, .- Xno1) —2 R/(x1,. .., %p_1)

Because x, is regular on R/(xq,...,x,_1), it follows that H;(k(n)) = 0. We now move
on to the second part Using the same sequence as above and setting Hy (k(n)) = 0, that
implies that x, is regular on R/ (x1,...,x,_1). Via our long exact sequence,

Hi(k(n—1)) IEEIN Hi(k(n —1)) —— Hi(k(n)) —— Ho(k(n —1)) —— ...
=0
We know via exactness that x,Hj(k(n —1)) = Hy(k(n —1)). As Hy(k(n — 1)) is finitely
generated, and R has one of the hypotheses specified above, we can use Nakayama'’s
Lemma to conclude that Hy(k(n — 1)) = 0. Inducting on n, we see that xq,...,x, is a

regular sequence. u
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24.1 More on Koszul Complexes

Let x1,...,x, be a sequence in R, used to construct the Koszul Complex k(x). Recall that
we have an initial morphism 0 — R — R®" in the complex defined by the alternating
map r — (x17, —xor, ..., £x,_17, Fx,r). It follows that H,(k(n)) ={r € R |x;r = 0 Vi}.
We also proved that Hy(k(n)) = R/(x1,...,xn), and that Hy(k(n)) characterizes regular
sequences.

Let I C R be an ideal, and M an R-module such that M # IM. We say the depth of
M in I is the length of a maximal M-sequence in I. Denote this as §(I, M). This definition
leads us to asking a couple questions. Is the maximal M-sequence finite? Are all maximal
length sequences of equal length?

Theorem 24.1.1. (Depth Sensitivity) Suppose R is Noetherian, I = (y1,...,Yn). M is a
nonzero finitely generated module and M # IM. If t = max(i | H;(y, M) # 0), then any
maximal M sequence in I has length n — t.

In particular, if yy, . . ., y, is an M-sequence, then H;(k(y, M)) = 0Vi > 1, and Hy(k(y, M)) =
M/IM #0,s0t =0.n—0=mn,and vy, ..., Y, is a maximal M-sequence, so the result is
true in this case.

Proof. Pick a maximal M-sequence x1,...,xs € I. This is maximal in the sense that every
element in [ is a zero divisor in M/ (xy, ..., xs) M. We prove the result by inducting on s.

For the base case, suppose s = 0. In this case, there are no regular elements, so all
elements of I are zero divisors on M. But, we know that the set of zero divisors on M
is precisely the union of all the associated primes. By prime avoidance, I C P, for P
some associated prime in particular. Let P = Anng(z) for some z € M. Thus, y;z = 0
Vi=1,...,n. Thus,z € H,(k(y,M)) ={m € M | y;m = 0Vi}, so Hy(k(y, M)) # 0. Thus,
no homology terms vanish and the case holds for s = 0.

Recall that y; - H;(k(y, M)) = 0 Vi, j, so since x; € I, x1 - H;(k(y, M)) = 0 for any i. It

follows that the map H;(k(y, M)) —— H;(k(y, M)) has full kernel, so H;(k(y, My) —»
H;(k(y, M)) by exactness. Thus H;,1(k(y, M)) # 0, so fori > t,
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. —— Hip(k(y,M)) —— Hia(k(y, M1)) — Hi(k(y, M)) — H;(k(y,M)) — ...
=0 \_:0

:>H](k(y,M1)) =0 Vj>t+1
Thus, t +1 = sup(i | H;j(k(y, M;1)) # 0). By induction, any max Mj-sequence in I has
lengthn —t—1,so0s—1=n—t—-1,s0s =n—t. ]

This has the following useful corollary:

Lemma 24.1.2. Say I = (y1,...,Yn), R is Noetherian, M is a nonzero finitely generated module
with M # IM. Then y, ..., Yy is an M-sequence if and only if 5(I, M) = n.

Theorem 24.1.3. Suppose that R is Noetherian, I C R is a nontrivial ideal, and M is a finitely
generated R-module such that M # IM. For n > 0, the following are equivalent:

(1) For any finitely generated R-module N such that Supp(N) C V(I), Ext, (N, M) = 0 for
i< n.

(2) Exth(R/I,M) =0 fori < n.

(3) For SOME finitely generated R-module N such that Supp(N) C V(I), Extk (N, M) = 0
fori < n.

(4) There exists an M-sequence of length n in I.

Proof. (1) = (2) = (3) is clear. We'd like to show that (3) = (4) = (1). Let’s first check
that (3) = (4). By (3), Homg(N, M) = 0 for N chosen as above, as Hom = Ext%. First,
we want to show that I contains an M-regular element. If it doesn’t, then like before I is
contained in the union of all associated primes of M, so by prime avoidance it is contained
entirely in 1, denoted P. It follows that R/P — M by construction, so x(P) — Mp.
Thus, Homg, (x(P),M) # 0. P € V(I) = Supp(N), implying that Np # 0, an thus
Np ®Rp K(P) 75 0.

Thus 3 a surjection Np ® x(P) — x(P), where Np ® «(P) is a finite dimensional «(P)
vector space. Thus we have the sequence of maps

Np —— Np ®g, k(P) —— x(P) —— Mp
So Homg, (Np, Mp) # 0. Since N is finitely generated and R is Noetherian,
Home(Np, Mp) = HOl’l’lR(N, M)p

so it follows that Homg (N, M) # 0, a contradiction. This logic also holds for n = 1. Now
assume thatn > 1, and set M;1 = M/rM, for some M-regular r € I. This gives us a short
exact sequence

. — Exth(N,M) —"— Exth(N,M) —— Exti(N,M;) — ...



Giving us a long exact sequence on Ext
. —— BExth (N, M) —2= Exti(N, M) —— Exti(N,M;) — ...

It follows that Ext%(N, M;) =0fori <n—1,and thatry,...,r, € I isregular.

To conclude we check that (4) = (1). Assume that x1,...,x, € I are an M-sequence.
Set Mj = M/x1M. As Supp(N) = V(Anng(N)) C V(I), it follows that I C y/Anng(N),
implying that x{ € Anng(N). For n = 1, x{ is both injective and zero on Homg(N, M),
so Homg(N,M) = 0. For n > 2, x,...,x, is a regular M;-sequence, so by induction
Ext' (N, M;) = 0Vi < n — 1. Taking a long exact sequence in Ext, we get that

— iExt;';l(zxr, M)

/ )

Exth (N, M) —— Exth(N, M) —— Exti(N, M;)

e —

Exty {(N,M) ———— ...

It follows that 0 —— Exti (N, M) SN Exti (N, M) is exact fori < n. As x! is both
injective and zero on Exti (N, M), it follows that Exty (N, M) = 0. O



25
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25.1 Bounding Depth

We had last showed that for R Noetherian, I C R a nontrivial ideal, M a finitely generated
R-module such that M # IM, and n > 0, the following are equivalent:

(1) For any finitely generated R-module N such that Supp(N) C V(I), Exty (N, M) = 0
fori < n.

(2) Exti(R/I,M) = 0fori < n.

(3) For SOME finitely generated R-module N such that Supp(N) C V(I), Extk (N, M) =
0fori < n.

(4) There exists an M-sequence of length n in I.
With these hypotheses, we’d like to verify the following corollary:
Lemma 25.1.1. 6(I, M) = inf(i | Ext4(R/I, M) # 0)

Proof. Letn = §(I, M). (4) <= (1) from the previous theorem shows us that Ext, (R /I, M) =
0 Vi < n. It remains to prove that, for i = n, Extz(R/I, M) # 0. As we have a depth of

n, there exists a maximal M-sequence x1,...,x, € I. Set M; = M/(x1,...,x;)M. Because

this is an M-sequence, we have a short exact sequence

0 —— My_1 —" My_1 — My —— 0
Giving us a long exact sequence on Ext:

0 —— Homg(R/I,M,_1) LN Hompg(R/I,M,,—1) —— Hompg(R/I, M)

Exth(R/I,M,_1) —=— Exth(R/I,M,_1) ——— ...

But, the last map is 0, as x,, - R/I = 0. It follows that we can put a zero at the end of the
sequence. Furthermore, since x, € I is M,,_j-regular, Hom(R/I, M, _1) = 0. Thus we
have
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0 —— Homg(R/I,M,_1) LN Hompg(R/I,M,,—1) —— Hompg(R/I, M)

/

Xn

Extk(R/I, M, _1) > 0

It follows that Homg (R /1, M;,) = Extk(R/I, M,,_1). We can repeat this argument to get
the chain of isomorphisms

Homg (R/I, My,) = Extk(R/I, M,,_1) ZExt4(R/I, M,_,) =... 2 Ext}(R/1, M)

Thus we are reduced to proving that Homg (R /I, M) # 0. Well, suppose that Homg (R/I, M) =
0. By (4), this implies that there is an M,-regular element in x,,; € I. It follows
that x1,...,x4,x,41 € I is an M-sequence, but this is a contradiction, as we’ve chosen
X1,...,Xn to be a maximal M-sequence. It follows that Homg(R/I, M) # 0. O

25.2 Introduction to Cohen Macaulay Rings

The above results suggest that we can bound depth in a concrete way.

Theorem 25.2.1. Suppose (R, m) is a Noetherian local ring, and M and N are ﬁnitely generated,
non-zero R-modules. Assume that §(m, M) = n and dim(N) = J. Then Extz(M,N) = 0 for
alli < n—46.

Proof. We induct on é. If § = 0, then Supp(N) = {m}. Then Exti(N,M) = 0 =
Exti(R/m, M) = 0 for i < n = n — , via the previous theorem. Since 1 is precisely our
depth and M # mM, It follows that Exty (N, M) = 0 for any i < .

Now onto the inductive step. Assume that § > 0. Consider the prime filtration of N:

N=No2N; 2 2N 20=Nipq

Where N;/Nj 1 = R/P; for P; € Spec(R). It follows that N; = R/ P;. This gives us a short
exact sequence

0 > N > N.qy —— N;_1/Nt —— 0
R/Pt R/Pt—l

If Extk (R/P;, M) = 0 and Exty(R/P,_1, M) = 0, then Exti(N;_1, M) = 0 for any i. (this
is seen by taking the long exact sequence in homology). One can also make this argument
for

0—— Ni»_l E— Nt—2 E— Nt—Z/Nt—l — 0

| |

R/Pr R/Pt»



Thus we can conclude that, if Ext, (R/P, M) = 0 then Exty (N, M) = 0 fori < n — 6. We
are thus reduced to proving that Ext'(R/P,M) = 0 for i < n — 4. and dim(R/P) = 4.
Well, since 6 > 0, P C m, so choose x € m such that x ¢ P. Consider the short exact
sequence

0 » R/P —— R/P —— R/(P+(x)) —— 0

Killing x lowers dimension by at least 1, and as killing an element can lower dimemsion
by at most 1, it follows that dim(R/ (P + (x)) = dim(R/P) — 1 = ¢ — 1. This allows us to
use our inductive hypothesis to show that Ext, (R/(P + (x)),M) =0Vi<n— (6 —1) =
n—9+ 1. Apply Hompg (—, M) to this short exact sequence. This is contravariant and flips
the arrows. This then determines a long exact sequence in Ext,

s Bxth(R/ (P4 (x)), M) —w Exti(R/P, M)
Exty {(R/(P+ (x)), M) ———— ...
When i < n — 4, this reduces to the sequence
0 —— Exth(R/P,M) —*% Exth(R/P,M) — 0

Thus, x Exty(R/P, M) = Exty(R/P, M), so by Nakayama'’s lemma, Exty(R/P, M) = 0
Vi<n-—é. O

This implies the following corollary:

Lemma 25.2.2. (R, m) is a Noetherian local ring, and M is a nonzero finitely generated R-
module. Let P € Assg(M). Then §(m, M) < dim(R/P) < max(dim(R),dim(M)).

Proof. P € Assg(M) <= R/P — M = Hompg(R/P, M) # 0. The theorem then implies
thatn = 6(m, M) < 6 = dim(R/P). O

If the upper bound is achieved, we have a special name for this ring. More specifically,
if (R, m) is Noetherian and local, with M being a nonzero finitely generated R-module,
then M is a Cohen-Macaulay R-module if 6(M) = dim(M). Similarly, if R is a Cohen-
Macaulay module over itself (i.e. dim(R) = §(R)), it is a Cohen Macaulay ring.

25.2.1 Examples
 All Artinian modules are Cohen Macaulay, as dim(M) = 6(M) = 0.

¢ Regular local rings are Cohen Macaulay, as a minimal set of generators of the maxi-
mal ideal are a regular sequence, and by construction, there are dim(R) many gen-
erators. It follows that 6(R) = dim(R).

e NON-EXAMPLE: Consider R = k[[x,y,u,v]]/((x,y) N (u,v)). This is a dimension
2 ring. Consider the short exact sequence



. o k[[eyu]) k[[x,y,u,0]] . kllxyu0]]
0 > R 7 (xy) © (u,0) " (xyup)

(e

Taking a long exact sequence in Ext of this short exact sequence, we see that suffi-
ciently many terms vanish to get the following exact sequence:

0 Homp (Hlouesll Miwnsl) gyt (Ml g) o

(x/y/ulv) / (xryrurv) (x,y,u,v) 4

Implying that these are isomorphic. Well,

Klxy,u,0)] kixyuwol) - o Kllx,v, u,v]] )
O#H"m’{( G o) (yuo) ) = vl \ "z y,u0) N

so we have nonvanishing Ext. Hence R is not Cohen-Macaulay.
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26.1 More on Cohen-Macaulay Modules

Recall that if (R, m) is a Noetherian local ring, then a finitely generated R-module M is
CM if 6(m, M) = dim(M). For simplicity, if we are over a local ring we say that 6(M) =
5(m, M).

Theorem 26.1.1. (R, m) is a Noetherian local ring, and M is a finitely generated R-module.
(1) If M is CM, then for each P € Ass(M), then dim(R/P) = dim(M) = 5(M).

(2) Assume x1,...,x, € M is an M-sequence and set M' = M/ (x1,...,x,)M. Then, M is
CM <= M'isCM.

(3) If M is CM, then every localization Mp is CM over Rp. Furthermore, if Mp # 0, then
Orp(Mp) = 6(P, M).

Proof. We prove (1) first. Let P be an associated prime.

dim(M) = dim(R/ Anng(M))
= sup (dim(R/P) | P € Assg(M))
> inf (dim(R/P) | P € Assg(M))
> 6(M)

Since dim(M) = §(M), these are all equal, so dim(R/P;) = dim(R/P,) for any two as-
sociated primes P;. It follows that the sup of these dimensions is just this number, so
dim(M) = dim(R/P).

To prove (2), we use the homework problem to conclude that dim(M') = dim(M) —r
and 6(M') = 6(M) — r. Thus, it is clear that if the two quantities are equal for M, they are
equal for M’, and vice versa. It follows that M is CM <= M’ is.

Finally we prove (3). If x, ..., x, € Pisan M-sequence, it follows that xy,...,x, € PRp
is an Mp sequence. Thus, 6(Mp) > 6(P, M) = dim(Mp). We still need to check that this
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is, in fact, an equality. To check this, we induct on §(P, M). When (P, M) = 0;j then P
consists of zero divisors on M. Thus, P C Ugecassy(m) Q S0 be prime avoidance there
exists a Q € Assg(M) such that P C Q. As dim(R/P) = dim(M), it follows that P itself
is an associated prime. Furthermore, P is a minimal element in Supp(M), as the minimal
elements of the support are precisely those that are minimal associated primes. By mini-
mality, if we localize at P, all associated primes are minimal, so the minimal elements in
the support are precisely the associated primes. Thus, Suppg ,(Mp) = {PRp}. It follows
that dimg,(Mp) = 0, so we have equality in the 6(P, M) = 0 case.

We now assume that 5(P, M) > 0. Now choose x € P to be M-regular, and let M’ =
M/xM. The dimension and depth both drop by 1 here, via the homework problem.
By part (2), M’ is CM, as we are killing a regular element. By induction, dim(M}) =
5(P,M') = (P, M) — 1. From homework, killing a regular element drops the dimension
by 1, so dim(M}p) = dim(Mp) — 1, so it follows that dim(Mp) —1 = §(P,M) — 1, so
dim(Mp) = 6(P, M). The result follows. O

26.1.1 More Examples

Using the theorem above, we can construct more (non) examples of CM modules.

* Suppose R = k[[x,y,z]], M = R/(x?, xy). M is NOT CM, since M has an embedded
prime (x,y).

e R = k[[x,y,2]], M = R/(xy,xz). M is NOT CM, since there are two associated
primes P; = (x) and P, = (y,z), where dim(R/P;) = 2 # 1 = dim(R/P,). R/P.
Thus both of these cannot equal dim(M), so M is not CM.

It’s worth noting that the equi-dimensionality in (1) from the previous theorem is neces-
sary, but not sufficient. For an example of this claim, consider the last non-example from
the previous day’s lecture. We have equi-dimensionality, but that module was not CM.

(3) tells us how to define Cohen-Macaulay for non-local rings. If, for a Noetherian ring
R, Rp is Cohen-Macaulay for every P € Spec(R), then R is Cohen-Macaulay. (3) tells us
that this definition is compatible with the definition given for Noetherian local rings, as
being CM is preserved under localization in that case.

Theorem 26.1.2. Suppose that (R, m) is CM and local. Choose a sequence X1, ..., x, € m. Then
the following conditions are equivalent:

(1) x1,...,x, 1s an R-sequence (so, it is regular).
(2) ht(xy,...,x;) =iforany1 <i<r.
(3) ht(xy,...,x) =r.

(4) x1,...,x, can be extended to a system of parameters.



This provides a nice way of checking whether rings are CM. If we choose one system
of parameters of R and check that it is a regular sequence, then we can conclude via this
theorem that R is CM.

Proof. We first check that (1) = (2). We have already seen that ht(xy,...,x;) < i. Since
X1,...,X;isregular, x; ¢ P VP € Ass(R). Thus, x; is not contained in any minimal prime.
Thus. x1 has positive height, so ht(x;) = 1. Similarly for x,, x, is not contained in any
minimal prime of (x7), so ht(xy,xp) = 2. Continuing this process, (2) follows.

(3) is simply a special case of (2), so we can move on to checking that (3) = (4). If
dim(R) = r, then we are done. Now let’s assume that dim(R) > r. Well, that means that
m is NOT a minimal prime of (x1,...,x;), as m has strictly larger height. Now, we make
a similar argument to before. Pick x,,1 € m, but not contained in any minimal prime of
(x1,...,xr) (this is possible by prime avoidance). If we add x,; into the sequence, it’s
easy to see that height(x1,...,x,+1) = r+ 1. This process continuous until we increase
up to dim(R), where m would be a minimal prime, giving us an extension of (x, ..., x,)
determining a system of parameters.

To conclude, we check that (4) = (1). It is sufficient to show that every system of
parameters is a regular sequence, as part of a regular sequence is still a regular sequence.
Say x1,...,x4 is a system of parameters. x; is not contained in any minimal prime, and
since R is CM, the minimal primes are just associated primes. It follows that x; is not con-
tained in any associated primes. Thus, x; is NOT a zero divisor, so x; is a regular element
in R.

Thus we can set R = R/(x1). Ris CM, so R’ is CM by a previous lemma. xi,...,x4
is a system of parameters, so the projection of xy, ..., x; is a system of parameters in R’
under the map R — R/(x1). By induction, x, ..., x; is a regular sequence, so it follows
that adding a regular element to it retains regularity. Thus ,x, ..., x; is a regular sequence
in R. O

Here is an immediate consequence of this result:

Lemma 26.1.3. If (R, m) is Noetherian and local, then R is CM. <= every system of parameters
of R is a reqular sequence, <= one system of parameters of R is a reqular sequence.
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27.1 Revisiting a Counter-Example

Following the Theorem from last class, we deduced the corollary that a Noetherian local
ring is Cohen Macaulay <= any system of parameters is an R-sequence. It follows then

that every system of parameters must be an R-sequence. Recall the example from a couple
lxyuwol] _ _Kxyuoll
(x,y)N(u,0) (xu,xv,yu,yv)"
such that it avoids all the minimal primes.

For instance, let x + u be the first element. This is nonzero, because if x +u = 0,x =
—u, 80 u € (x,y), which is a contradiction. We can thus take an alleged system of param-
eters x + u,y + v. We’d like to verify that this is indeed such a system. By the corollary
above, it is both necessary and sufficient that this is a regular sequence for R to be CM.
First, observe that \/(x +u,y +v) = m C R. It follows that R/ (x + u,y + v) has finite
length. It follows that 6(R) < 2, so dim(R) = 6(R) < 2. Now, consider the surjec-
tion R — R/(u,v)=k[x,y]. It follows that R surjects to a ring of dimension 2. Thus,

dim(R) > 2. It follows that dim(R) = 2, so x + 1,y + v is a system of parameters.

(xy,];c[zgfl/,zl,;;gc]—l-u) :
In this ring, uv = v(x + 1) — xv, so uv = 0 in this ring. Similarly, u(y +v) = uy + uv =0,
but u # 0in R/ (x + u). It follows that y + v is a zero divisor in R/ (x + u), so it follows
that x + u,y + v is NOT a regular sequence, so R is NOT CM. This conclusion matches
the conclusion we made previously, but we have come to this conclusion by using more

elementary methods.

classes ago, where R = We can pick the first regular element

However, observe that this is NOT a regular sequence. R/ (x + u) =

27.2 Catenary Rings

Theorem 27.2.1. Suppose that (R, m) is CM Noetherian ring, and I C R. Then ht(I) = 6(I, R),
and ht(I) + dim(R/I) = dim(R).

Proof. Ifht(I) = h, then choose x1, ..., x; € Isuchthatht(xy,...,x;) =iforany1 <i <h.
It follows that x1,...,x; is a regular sequence in I, so 6(I,R) > h. On the other hand,
given any R-sequence ay,...,a, € I, then r = ht(ay,...,a,) by Krull's Height Theorem
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and regularity. It follows that
r=ht(ay,...,a;) <ht(I) =h

It follows that §(I, R) < h, so we have equality. Now onto the second condition. Let S
be the set of minimal primes of I. Then ht(I) + inf(ht(P) | P € S). On the other hand,
dim(R/I) = sup(dim(R/P) | P € S). Thus, it suffices to show that ht(P) + dim(R/P) =
dim(R) VP € S, as if this holds, then infs and sups are hit. Thus, §(P,R) = ht(P) =
dim(Rp) = h.

Choose an R-sequence x1,...,x, € P. As RisCM, R/ (x1,...,x;) is CM and of dimen-
sion n — h, for h = ht(P). Since ht(xy,...x;) = h = ht(P), it follows that P is minimal
over the ideal (x1, ..., x;). Thus, by CM-ness, dim(R/P) = dim(R/(x1,...,x;)) =d — h.
Thus,

ht(P) + dim(R/P) =h+d —h =d = dim(R)

Now onto a definition. We say that any ring R is Catenary if

* Given any two prime ideals P C Q, there is a saturated chain of primes between
them.

* All such saturated chains between P and Q have the same length.

There are non-Catenary rings that are still Noetherian, due to Nagata. That being said,
most typical examples of Noetherian rings satisfy the Catenary conditions.

Theorem 27.2.2. Any homomorphic image of a CM local ring is Catenary.

Proof. 1t suffices to show that CM local rings are Catenary, if S is the homomorphic image
of R under some map 0, it follows that R/ ker(6) = S, so we can just pass these saturated
chains into the quotient.

Thus, we assume that (R, m) is a CM local ring, and pick P C Q prime. Rg is then
CM, so ht(PRg) + dim(Rg/PRg) = dim(Rg). It follows that ht(PRg) = ht(P), and
that dim(Rg) = ht(Q). We can also see that dim(Rqg/PR) is length of a saturated
chain in Rg/PRg, where primes in Rg/PRg are precisely those that contain P and are
contained in Q. Thus, dim(Rg/PR() is the length of a saturated chain between P and Q.
This is precisely htg,p(Q/P). It follows that htg ,p(Q/P) = ht(Q) — ht(P), so whatever
saturated chain you pick, it will always be the same length. The Catenary condition
follows. [
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28.1 Unmixedness

We've shown that if M is CM, then dim(R/P) = dim(M) for each prime P € Assg(M).
In general, the converse is not true, but if we loosen our restrictions a bit, we get some
form of the converse. This ends up being a useful characterization of CM modules.

Suppose that R is Noetherian and I C R. Then [ is unmixed if the height of all associ-
ated primes of R/ I are the same. We say the unmixedness theorem holds for R if for every
r > 0, every height r ideal I generated by r elements is unmixed.

Theorem 28.1.1. R is CM <= the unmixedness theorem holds for R.

Proof. We prove the forward direction first, assuming that R is CM. Choose anideal I C R
such that I = (xq,...,x,), and ht(I) = r for some r > 1. Our goal is to show that
ht(P) = r. Well, ht(P) = dim(Rp), where Rp is CM. As P € Ann(R/I), it follows that in
Rp, x1,..., %, is a system of parameters, so Rp/(x1,...,x:)Rp is dim(Rp) — r dimensional
CM ring. As P € Ass(R/I), R/P — R/I, so Rp/PRp — Rp/IRp. As the maximal
ideal includes into the ring, it follows that dim(Rp/IRp) = 0, so dim(Rp) —r = 0, i.e.
dim(Rp) = r, and the result follows.

Now we prove the converse. Suppose that the unmixedness theorem holds. Then
VP € Spec(R), Rp is CM. Let ht(P) = r. Thus we may choose x1,...,x, € P such that
ht(xy,...,x;) = iforany 1 < i < r. Applying the unmixedness theorem, we know all
the associated primes of R/ (x1, ..., x;) are all height i and cannot contain x; 1. Thus, x;1

is R/(x1,...,x;)-regular. As this is true for any i, it follows that xy,...,x, is a regular
sequence, so (P,R) > r. This holds on localizations too, so 6(P,Rp) > r, but because
ht(P) = r. 5(Rp) = dim(Rp) = r. It follows that C is CM. O

Theorem 28.1.2. If R is CM, then so is R[x].
This naturally inducts to R[x1, ..., Xp].

Proof. Itis sufficient to check that R[x]p is CM for every maximal ideal P of R[x]. Fix such
an ideal P. Set m = P N R. It is easy to see that this is a maximal ideal of R. We have the
inclusion Ry, [x] < R]x]p, suggesting that R[x]p is a further localization of R, [x]. Thus,
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we can replace R with R, i.e we can assume that R is local. Let m be its unique maximal
ideal.

Thus we have the following situation. Let (R, m) be a CM local ring. We want to
show that S = R[x] is also CM. Notice that S/mS =(R/m)[x]. R/m is a field, so (R/m)[x]
is a PID. It follows that P/mS is a principal ideal. Suppose that it is generated by f; by
maximality we know that f is a monic irreducible polynomial in S. Thus, let P = ms + (f)
in S. Choose a system of parameters ay,...,4; in R; as Ris CM, ay, ..., a4 is regular. This
is equivalent to saying that the multiplication by 4;,1 endomorphism on R/(ay, ..., a;) is
an injection. Since S is flat over R, a1, . . ., 4, is still a regular sequence in S (just tensor over
the correspond koszul complex). Set S = S/(ay,...,a4)S = (R/(ay,...,a3))[x] (notice
that (a1,...,a44)S C mS. The image of f is still a monic polynomial in S’. Thus, f is S’
regular, and ay,...,a4, f is a S sequence. Since ay,...,a4, f € P, 6(Sp) > d+ 1. Since
dim(S) =d+1=dimR+1,dim(Sp) < d+1 < é(Sp), so §(Sp) = dim(Sp) = d + 1,
and the result follows. O
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29.1 Some Homological Algebra

We begun class by going over projective and injective resolutions. Projective modules
are typically simpler to understand than injective modules, so we spend more time on
the latter. While projective modules are direct summands of free modules, leading to
convenient ways to verify projective dimension, we’d like a similar criterion for injective
modules.

Lemma 29.1.1. E is an injective R-module <= Extk(R/I,E) =0 forall I C R.

Proof. The forward direction follows from the definition of injectivity (we just specialize
to the case where “any module” is of the form R/I). The meat of the argument comes in
the reverse case.

With that, onto the reverse case. Suppose that M is an R-module, and L C M. If we
have an R-linear map ¢ : L — E, we’d like to extend this to a morphism M — E. This
follows from the definition of injectivity as follows:

0 s L s M

s
s
s
s
s
s

ig

E

This diagram to commuting is equivalent to Hom(—, E) being exact. As Hom is always
left exact, right exactness s precisely checking the tail of the sequence 0 — Hom(coker(L —
M),E) — Hom(M, E) — Hom(L, E) is surjective. This is surjective precisely when we
can always pull back a morphism Hom(L, E) to a map Hom(M, E) such that it commutes
with the map L — M, which is just an inclusion. Thus,

0 — Hom(coker(L — M), E) — Hom(M, E) — Hom(L,E) — 0

is a short exact sequence precisely <= top diagram commutes. This implies it is suf-
ficient just for Ext! to vanish to check injectivity for E. Furthermore, Applying Zorn's
Lemma on the set

7 ={(N,¢)|[LCNCM,¢p:N—E¢|; = ¢}
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shows us that we only need to check Ext' vanishes on cyclic modules, which are of the
form R/ 1. O

Theorem 29.1.2. The following are equivalent:
(1) InjDimgz(M) < n
(2) Extt™ (N, M) = 0 for all R-modules N.
(3) Exti™(R/I,M) =0forall I C R.

Proof. 1t is sufficient to check that (3)=-(1). Take an injective resolution of M of the form
0 — M — E®, denoting

0 s M s EO s En—1 s C® s 0

Where C*® represents a complex that possibly continues. Shrink this to a short exact se-
quence

0 » M » EO > CO > 0
Now apply Hom(R/I, —) and take a long exact sequence in homology.
. —————— Ext%(R/I,E°) —— Ext%(R/I,C°)

=0

ExtitY(R/I, M) —— Ext{"(R/LE’) ——— ...

=0

Implying via exactness that Ext"™(R/I, M) = Ext’ (R/I,C°). The same argument shows
that Extls(R/1,C%) 2 Ext}y '(R/I,C1), so

Extiy " (R/I, M) 2. .. 2 Extk(R/I,C°)
where the first term vanishes by assumption. It follows that C? is injective. It follows that

0 s M s EO s En—1 s CY s 0

Is an injective resolution, so InjDim (M) < n. O

Lemma 29.1.3. Suppose that R is Noetherian and M is an R-modules. Suppose further that N
is a finitely generated R-module and n > 0. Then, if Extg (R/P, M) = 0 VP € Supp(N), then
Extk (N, M) = 0.

Proof. Consider a prime filtration of N
0=NCNC---CN=N

Where N;1/N; = R/ P;. It follows from this construction that P; € Supp(N). N; = N; /Ny =R/ P;.
This gives us a short exact sequence



0 >N1 >N2—>N2/N1—>0

J J

R/ Py R/ P,

Taking a long exact sequence of homology via the functor Homg(—, M), we get an exact
sequence

. —— Extk(R/Py, M) —— Extg(Np, M) —— Ext}(R/Py, M) — ...

=0 =0

Thus Exty (N, M) = 0. Repeating this process, we eventually see that Exty (N;, M) = 0
forany i > 1, so Extx (N, M) = 0. O

This result has the following useful corollary:
Lemma 29.1.4. If R is Noetherian and M is an R module, then the following are equivalent:
(1) InjDimgz(M) < n
(2) Extt™(R/P, M) = 0 for any P € Spec(R).
We’d like to specialize this further in the local case.

Lemma 29.1.5. let (R, m, k) is a Noetherian local ring. P C m and M is a finitely generated
R-module. If Ext} ™ (R/Q, M) = 0V primes Q 2 P, then Extjj(R/P, M) = 0.

Proof. Choose x € m\P. This gives us a short exact sequence

0 » R/P —*+ R/P —— R/(P+(x)) —— 0

taking a long exact sequence in homology via the functor Homg(—, M), we get the se-
quence of maps

. — Ext}(R/P,M) —— Ext}(R/P,M) — Exti™(R/(P+ (x)),M) — ...

Since V(P + (x)) C {Q € Spec(R) | P C Q}, it follows that Ext}y" (R/(P + (x)), M(=
0. Thus, the multiplication map is surjective, so Extzx(R/P, M) = x Exty(R/P, M). By
Nakayama’s Lemma, Exti (R/P, M) = 0 (this is where the finitely generated hypothesis
for M is needed).

]



30
11/02/2022

30.1 Injective Dimension

Last class, we proved that over a Noetherian ring, IjDim(M) < n <= Ext;"'(R/P,M) =
0 VP € Spec(R). In the case where (R, m) is also local, M is finitely generated, and P C m

is a prime ideal, then Ext; (R/Q, M) = 0¥Q 2 P = Exti(R/P, M) = 0.
These results generalize as follows:

Theorem 30.1.1. Suppose that (R, m, k) is a Noetherian local ring and M is finitely generated.
Then,

InjDim(M) = sup (i

Exth (R/m, M) # 0)

Proof. Let t = sup (i

Exth (R/m, M) # O). It’s clear that InjDim(M) > t. It is thus

sufficient to check that Exti ' (R/P, M) = 0 VP € Spec(R) (this is equivalent to check-
ing that InjDim(M) < t by the first previously stated result). We want to show that
Ext'™(R/m, M) = 0 for i > 1. By the second such result, Ext;"' "} (R/P, M) = 0 for any
P with height d — 1. There is only one such prime ideal that properly contains P, namely
m. Repeating this process for prime ideals of height d — 2 and so on, via the second stated
result above, the theorem follows. ]

Theorem 30.1.2. Suppose that M, N are R-modules for R a commutative ring. Fix x € R. If x
is R-reqular, M-reqular, and xN = 0, set R = R/(x), M = M/xM. Then,

e Homg(N,M) =0
o Exti (N, M) =Ext:(N, M) forall i > 0.

Proof. Since x is M-regular, the multiplication x map M — M is injective. Applying
Hompg (N, —) to this map, we get an exact sequence 0 — Hompg (N, M) — Homg (N, M).
As xN = 0, the multiplication map has zero image. As it is also injective, we conclude
that Homg (N, M).

76



For the second part, we’d like to show that {EX’C%(—,M) |i> 0} is the collection of

all derived functors of Homy(—, M). These derived functors necessarily must satisfy the
following three properties:

e The i = 0 case must recover Homg(—, M).
e Wheni > 1, Ext%(ﬁ, M) = 0 for all projective R-modules P.
* A short exact sequences induce a long exact sequence in Ext'.
Our goal is to show that {Exté{’l (=, M)|i> 0} also satisfies all 3 properties.

e When i = 0, we have the short exact sequence

0 s M —X 5 M s M s 0

Applying Hompg (L, —) induces a long exact sequence in homology. By applying the
first part, we see that most of the terms vanish, yielding

Extg (L, M) = Hom(L, M) = Homg(L, M)
so the Hom functor is recovered.

e Let Pbea projective R-module. Then Pdimg(P) = 1, so it follows that Ext;™ (P, M) =
o0vi>1.

e Exti!(—, M) already has this property.
It follows that Exti ' (—, M) ~ Extiﬁ(—, M) as functors on the category of R-modules. [J
This result introduced the following neat corollary:

Lemma 30.1.3. If (R, m) is Noetherian and local and M is finitely generated, and x € m is both

R-regular and M-regular, then InjDimz (M) = InjDimg (M) — 1.

30.2 Free Resolutions

Suppose that (R, m) is a Noetherian local ring and M is a finitely generated R-module. It
is a corollary of Nakayama’s Lemma that free, projective, and flat are all equivalent over
(R, m). An exact sequence

> F » Fi_q > Fo

<
o

is a minimal free resolution of M provided that:

(1) each F; is a free R-module of finite rank



(2) di(F;) € mF_4
B) h®r R/ m=M®grR/m

(1) and (2) are equivalent to saying that d; can be represented as a matrix in which every
entry is in m.

Now assume that F, = M — 0 is a minimal free resolution of M. In F, ®g R/m, every
differential is the zero map. Thus, TorlR (R/m, M) = F; ®g R/m. Minimal free resolutions
are also unique; if F, &+ M — 0 and Fe — M — 0 are both minimal free resolutions of M,
then the identity map Id : M — M induces an isomorphism of complexes.
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31.1 More From Last Time

Using similar techniques to the previous class, we obtain the following result.

Theorem 31.1.1. If R is a commutative ring and M is finitely generated, and x € R is both
R-regular and M-regular and xN = 0, then

Exty (M, N) = Ext (M, N)

TorR (M, N) = TorR(M, N)

31.2 Existence of Minimal Free Resolutions

Suppose that (R, m) is Noetherian local and M is a finitely generated R-module. Take a
surjection onto generators dg : R — M — 0, where by = dim(M/mM).This has a kernel
Ko, which itself has a surjection onto generators via R — Ko where b; = dim(Ky/mKp).
Repeating this process, this gives a resolution

0 0
\\ /}‘(
\\\ ////
\\J //
Ky
7[ N
// \\
// \\
7 N
7 j
d d d
Rbs g , RD2 2 , RM ! s R %
1 AN P
/// \\\ //
/// \\’( ///
) K,
/>( N
7 \\
/// N
e N
0 0
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With a bit of work, one can verify (via our choices of b;) that this sequence is indeed
minimal. This is because Ky = ker(R% — M) and R%/mRb =2 M/mM, implying that
Ko € mRY, so im(d;) € mRY. Similar logic can be applied to the following terms in the
sequence.

For example, if we were to construct a free resolution this way for k where R =
k[[x,y]],m = (x,y),k = R/m, then we in fact recover its koszul complex! This actu-
ally holds over any regular local ring (R, m) where m = (x1,...,x4), for d = dim(R). It
follows that x1, ..., x; is a regular sequence, so the koszul complex on x1, ..., x; provides
a minimal free resolution for R/m. This implies that ProjDim(R/m) < d. Furthermore,

InjDim(M) = sup <i Exth (R/m, M) # 0) < d as well, for any R-module M. Then we

can conclude that Extg (N, M) = 0 Vi > d, so ProjDimy (N) < d for any R-module N;

Lemma 31.2.1. Suppose that (R, m, k) is Noetherian and local, and M is a finitely generated
R-module. Let Fe — M — 0 be a minimal free resolution. Then,

(1) dimy TorR(M, k) = rank(F;)
(2) ProjDimg (M) < ProjDim(k)

(3) If m # 0 and Pdim(M) = r < oo, then for each finitely generated R-module N # 0,
Extir (M, N) # 0.

Proof. Since each entry ind; : F; — F;_1 is in m, d; ®g R/m is the 0 map. It follows that
Tor;(M, k) = F; ®g R/m. From this conclusion, (1) and (2) immediately follow.
To prove (3), Suppose that F. # 0 but F,,; = 0. This halts the resolution to 0 —
F, — F,_1 — ..., where the first map is just d,. Applying Homg(—, N), we get an exact
sequence
Hompg(F,_1, N) - Homg(F,N) — 0

via the map d;. Implying that

Hompg(F;, N)

r ~

As we can associate the top cohomology to the cokernel of this mapping. It follows via
minimality that the entries of d; are contained in m. Thus, im(d;) C m Homg(F,, N), so
by Nakayama, im(d;) # Hompg(F:, N). It follows that Ext; (M, N) does not vanish. [

31.3 Global Dimension

Theorem 31.3.1. If R is a commutative ring and n > 0, the following are equivalent.
e ProjDim(M) < n VM.
e ProjDim(M) < n VM finitely generated.
e InjDim(N) < n VN.



e Ext’™(M,N)=0VM,N.
Proof. Exercise, but follows very easily from the previous results. O

This lends us the following definition. The Global Dimension of R, denoted glDim(R),
is
sup (ProjDim(M)) = sup (InjDim(M))
R—Mod R—Mod

When (R, m) is Noetherian and local, the global dimension is just ProjDimg (R /m).

Theorem 31.3.2. (Serre) If (R, m) is Noetherian and local, then R is a regular local ring <=
glDim(R) < oo.

Proof. For the forward direction, let m = (x1,...,x;). Taking the koszul complex with
respect to this sequence, which we know to be regular, yields a minimal free resolution of
R/m. We know this to be of finite length, so it follows that glDim(R) is finite. The reverse
case is significantly harder and may be proved at another time. O

This has the following corollary:
Lemma 31.3.3. If (R, m) is a reqular local ring, then Rp is reqular for each prime ideal P.

Proof. Since global dimension is finite, R/P has a finite projective resolution. Local-
izing each step of this resolution at P, we get a resolution of x(P). This shows that
ProjDim(x(P)) < oo, so Rp has finite global dimension. O
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32.1 Finishing Serre’s Theorem

Last time, we gave a characterization of regular local rings (to be specific; we say that a
Noetherian local ring (R, m) is regular <= glDim(R) < o0). We proved the forward
case last time, and now we’ll prove the reverse case.

Proof. Set ¢ = glDim(R), and e = dimg,,,(m/m?). We say that e is the embedded di-
mension of R. Let’s induct on e, which is necessarily finite. Whene = 0, m = 0, so R
is a field (and thus clearly regular). Now, assume that e > 0 (so m # 0). We claim that
m ¢ Ass(R). If it were, then m = Anng(a) for some a. Since g is finite, R/m admits a
finite free resolution Fe — R/m — 0 of length ¢. Minimality implies that F; C mF;_1, so
aFg C amFy_ 1 = 0, since am = 0. This is a contradiction.

Now use prime avoidance to pick x € m, but not in m“ nor in any associate prime of R.
It follows that x is regular (and m-regular). Set R = R/ (x),m = m/(x),m" = m/xm. It's
worth noting that m @g R = m’, so we’d like to derive facts about m’ that would imply
things about 7. From the last couple lectures, we know that Extk (m, N) = Ext%(m’ ,N),
but Ext,(m,N) = 0 for alli > g, so Ext%(m’, N) = O for alli > g — 1. It follows that
ProjDimg(m’) < co. We want to use this to show that ProjDimg(R/7) < oo as well.

Consider the short exact sequence 0 — 717 — R — R/m — 0. As Ext%(ﬁ, N) vanishes, it
follows that

2

Exte(R/m, N) = Exte ! (1, N)

So it is sufficient to check that ProjDimy(71) < oo. Well, it is clear that m’ — i, as
xm C (x). We also get a natural inclusion 7 < m’, and the composition 71 < m’ — 71 is
the identity. It follows via the splitting lemma that m’ = @ C for some C. Thus, we have
that ' .

Extz(m', N) = 0 = Ext (7, N) = 0

Thus, ProjDimg(7) < ProjDimg(m’) < oo, so 7, and thus R/, has finite projective
dimension. Inductively, we know_ﬁ to be regular, so 7 is generated by dim R elements.
Thus, m can be generated by dim(R) + 1 = dim(R) elements. It follows that R is regular.

O
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From this, we know (via a lemma from last class) that this theorem implies that being
regular is a local property. This leads to the following definition: A Noetherian ring
R is Regular if Rp is regular for all P € Spec(R) (equivalently, Ry, is regular for every
m € MaxSpec(R)).

Theorem 32.1.1. If R is regular, then so is R[x|. (and therefore, so is R[x1, ..., X))

Proof. Let m be a maximal ideal of R[x], and set P = m N R, which is known to be prime.
R[x] is a further localization of Rp|x], a polynomial ring over a local ring, It follows that
we can assume that R is local to begin with. Once we prove that Rp|x] is regular, then
R[x], is regular, so it is sufficient that Rp[x] is regular.

Well, Rp[x]/PRp[x] = x(P)[x], and since x(P) is a field, it follows that x(P)[x] is a PID.
Thus, the image of m is a principal ideal (f). We may assume that f is monic. Now, pick
a preimage F of f in Rp|[x]. It follows that m = (PRp[x], F). Well, PRp can be generated
by dim(Rp) elements by regularity, so we need only one more generator. Thus, m can
be generated by dim(Rp) + 1 elements, but dim(Rp[x]) = dim(Rp) + 1, so (Rp[x])n is
regular, so Rp[x] is regular, so R[x] is regular. O

It's worth noting that the converse of this statement is clearly true, as x is a regular
element over R[x], and R[x]/(x) = R.

32.2 Completion

Let R be a commutative ring, 0 # [ C R is an ideal, and M is an R-module. We’d like to
define an I-adic topology on M. Assign {I"M},>( to be a system of open neighborhoods
for0 € M. Vz € M, {z+ I"M},> is a system of open neighborhoods for z. This topology
is Tl <= (,>0I"M = 0 (i.e. we can separate two points with open neighborhoods).
If (R, m) is Noetherian local and if M is finitely generated, we know that this criterion
holds.

Given this topology, we say that a sequence (x;) C M is Cauchy in this I-adic topology
if Vim > 0, 3ng such that (x,11 — x,) € "M Vn > ng. M is I-adically complete if every
Cauchy sequence has a unique limit in M.
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33.1 More on Completion

R is any commutative ring, I is a non-trivial ideal, and M is an R-module. Last time, we
defined the I-adic topology, and discussed Cauchy Sequences in this topology. With this
in mind, we consider the collection of all Cauchy Sequences. Define a relation as follows:
say (zn) ~ (z,) if Vm > 0,3ng such that z, — zj, € I"M Vn > 0. Now define €;(M) to
be the set of all Cauchy Sequences on M with respect to the I-adic topology, modulo this
equivalence. This is clearly also an R-module, and can be viewed as the completion of M
under the I-adic topology.

We can construct €;(M) in an alternative way as follows. Say that (z,) is a Cauchy
Sequence. In M/I™M, the images under the projection M — M/I"M of z,,,1 and z, are
the same, for n > 0. Thus, Vi , (z,,) determined a unique element in M/I"™M. Call this
element x,,. It follows that (z,,) determines a sequence (x,,) such that

M/IM +—— M/I*M « M/I"M «—— M/I"1M

A

X1 < i X < .. X I X < t X1
This assignment determines an assignment ¢;(M) — @ M/I"M

Theorem 33.1.1. Under the above identification,

¢;(M) =1im M/ 1" M

Proof. Surjectivity follows from applying the logic above backwards; take (x,,) € lim M/ "M,
and choose a preimage z;,;, € M of x;;, under the canonical projection. z,,41 — z,, € I"M,
since they have the same image in I"M, so it follows that (z,) is a Cauchy sequence
who’s image under this identification is (x).

It is thus sufficient to check injectivity. Suppose that (z,) maps to the 0 sequence
under this identification. That is, Vm the image of z, under the canonical projection is 0
in M/I"M, so it follows that z,, € I"M. Thus, (z,) ~ (0). O
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Lemma 33.1.2. R is [-adically complete, then I C J(R).

Proof. As we proved some time ago, I C J(R) <= 1+ ais unit for any a € I. The
sequence 1 —a +a®? — a3 + ... exists in R because R is I-adically complete, and it is the
inverse of 1 + a. O

We let R; denote the Completion of R with respect to I. If the context is clear, we can
omit the subscript and just write R.

Lemma 33.1.3. (Hensel’s Lemma) Suppose that (R, m) is a Noetherian local ring, and that R is
m-adically complete. Now assume that F(x) € R|x] is a monic polynomial, and let f(x) denote
its projection to (R/wm)[x]. If f(x) can be factored as g(x)h(x), where both g, h are monic, then
3G, H € R[x] such that F = GH and H — h, G — g under R — R/m.
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34.1 More Properties of Completion

Let’s focus on the case where R is Noetherian and M is a finitely generated R-module.

Theorem 34.1.1. Suppose R is Noetherian and M is a finitely generated R-module. Further
assume that I C R is an ideal, and N C M is an R-submodule of M. This gives us the short exact
sequence

0 —— mN/(I"MNN) — lmM/I"M —— lim M/ (N + I"M) —— 0

Proof. We already have a short exact sequence
0 — N/(I"MNN) — M/I"M —— M/(N+I"M) —— 0

for any m. Taking an inverse limit is left exact, so it sufficient to check that, in this
case, the map lim M/I"M —— UmM/(N +I"M) is surjective. Given any (x,) €

lim M/ (N + I"M). We'd like to find a point in the fiber denoted (y,,), and we do by
inducting on m. Pick y; € M such that y; — x; and y5 € M such that v}, — xp, un-

der the map M/I*M —— M/(N +I*M) for k = 1,2 respectively. It follows that
vy —1y1 € N+ IM. Thus, yb —y1 = a3 + by such thata; € N,b; € IM. Sety, = yb — a3.
It follows that iy, — x7 as well, as it differs from v}, by an element of the quotient. Thus,
Y2—y1=yh—a;—y3 =b € IM.

Now onto the inductive step. Assume we’ve constructed y,...y;. Pick y} 41 such

thaty’,; ~ x;1 under the map M/IU*'M —— M/(N+U*'M) . Thus, ¥}, —yj €
N+ UM, soy; iy; = aj + bj for a; € N,b; € UM, and set yj;1 = yj,; — a;. Via similar
logic to last time, we can conclude that Xjt1 has a natural fiber. To conclude, we’d like to
use this to imply surjectivity in the inverse limit. To do this however, is not immediate, as

tinite convergence is not sufficient to conclude the case over the limit. To do this, we need
The Mittag-Leffler Condition, which states that Vj € Z., 3C such that im(A, — A;) =
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im(A, 11 — A;) forany n > ¢, given a directed system (A, ). This means we only need to
check finitely many cases, so we can conclude once we show this.

This result is an application is Artin Rees. It’s an easy consequence of Artin-Rees that
the I-adic topology on N coincides with the subspace topology induced from the I-adic
topology on M. This implies that lim N/(I" N N) =lim N/I"N. O

Via this application of Artin-Rees, we can conclude the following theorem.

Theorem 34.1.2. Over a Noetherian ring, completion is exact on finitely generated R-modules.
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35.1 Completion via Base Change

Theorem 35.1.1. If R is Noetherian and M is a finitely generated R-module, then M; = M &g R}.

Proof. This is clear when M is free. as M is finitely generated over a Noetherian ring, it
admits a finite presentation

R®P — R%a > M > 0
tensoring by Ry is right exact, so we have a right exact sequence
R® @g R —— R*™@gR; — M®@gR; — 0

Further note that completion is right exact. As such the theorem holds over finitely gen-
erated free modules, we get the following isomorphisms:

R* @grR; — R® @ R; —— M®gR; — 0

R?b—>1@—>1\//1\[—>0

By exactness, we can conclude that the rightmost map is an isomorphism as well. O

Therefore, exactness of completion is equivalent to the following theorem:
Theorem 35.1.2. If R is Noetherian, Rjisa flat R-module.

The standard completion map R — R; has kernel N1 ™. T C J(R), we know
that this intersection vanishes. Thus, the standard completion map is simply an inclusion
map in this case. This case occurs regularly, like for instance when R is local and all ideals
are contained in the Jacobson Radical.

Lemma 35.1.3. The I[-adic topology on M /1™ M is discrete.
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Proof. This is clear from the fact that open neighborhoods of z € M are z + I/(M/I" M)
for j > m, implying that z is an open point. Discreteness follows from the fact that all
points are generic. N

A natural corollary is that (MTI’"\M) 1 = M/I'""M. Over the case of a Noetherian ring,
notice that . P
R/I™ = (R/Im)[ ~R/I"MQRr R =2 R;/I"R;

In the case where (R, m) is Noetherian and local, we see that R/m = (ﬁnT) m = RAm / mﬁ;.
Thus, the completion with respect to the unique maximal ideal of a local ring (R, m) still

yields a noetherian local ring. (Rpy, mRy).

Theorem 35.1.4. If R is Noetherian, I, ] C R, and M is a finitely generated R-module, then
(JM); = JM,

(M/JM), = M;/JM;

Proof. Since R is Noetherian, | is finitely generated. Let | = (g1,...,4x). Now consider
the map M®" — M givenby (my,...,my) — Y g;m; € JM. It follows that we have a right
exact sequence

(81.+-8n)

n M®" y M sy M/JM —— 0

Completing with respect to I yields

MP" NV “>(Z\m)1—>0

Where im(B) = JM; and ker(a) = (]/\M)I By exactness these are equal, so we have
the first part of the theorem. We can see the equality explicitly by taking the short exact
sequence

0 > M > M > M/JM —— 0

And complete with respect to I, we get the sequence

— —

0 —— (JM); sy M s (M/JM)] — 0

This shows us that JM; = (TM\)I, and

—_— .

(M/JM); =2 M;/(JM); = M;/JM;

Lemma 35.1.5. If R[x1, ..., Xy] is a polynomial ring over R and I = (x1,...,xy), then

R[x1 -, %u 1 = R[[x1, ., 2]



This is clear, but we can consider the following generalization:

Theorem 35.1.6. If R is Noetherian and I = (g1....,gn), then

1/2\1 = R[[x1,...,xa|]/ (X1 — 81, , Xn — §n)

Proof. Set S = R[x1,...,xy) and H = (x1,...,x,). Set ] = (xy —g1,---,%n —&n) C S,
implying that R=S/]. Viewing R as an S-module, then H-adic topology on R coincides
with the [-adic topology on R. Therefore,

Rr=(R/)u=Su/jSu=R[[x1,...,xu|]/ (X1 — g1+, Xn — gn)

Theorem 35.1.7. Let (R, m) be a Noetherian local ring. Then R is CM <= Ry is.

Proof. Recall that R is CM <= J(R,m) = dim(R). We have an explicit description of
this depth, mainly that

(R, m) = inf (i

Exth (R/m, R) # o)

Since R/m is finitely generated,
Ext%(R/m, R) ®gr R Ext% (Ii;/mﬁ;, ﬁ;)

Thus, dim(R) = dim(R) and (R,m) — (Ry, mRy) is a flat and local map. Thus, R is
faithfully flat, so Extk(R/m, R) vanishes if and only if Extl(Rm/mRpy, Ry) does. Thus,
S(Rm) =94 (I/Q\m, mli;l), and since these both have the same dimension, it follows that
depth equals dimension of the completion if and only if the depth equals dimension of
the base ring. O

Such a result holds for regular rings as well.
Theorem 35.1.8. Let (R, m) be a Noetherian and local ring. Then R is reqular <= R is.

Proof. For the forward case, R = R|[x1, ..., x4]]/(x1 — a1, ..., x5 — a;). We know that reg-
ularity is preserved as we take polynomial rings and take quotients, so R[[x1, ..., x4]]/ (x1 —
ai,...,Xg — ay) is regular if and only if R is.

Conversely, gIDim(R) = ProjDim(R/m) = sup (i

Tor®(R/m, R/m) # O). However,

the Tor functor commutes with Tensor, so
TorR(R/m,R/m) #0 <= TorX(R/m,R/m) @ Ry # 0 <= TorR(Rm/mRpy, Rm/mRy) # 0

Since ProjDim(Ry) < oo, it follows that TorX(R/m, R/m) = 0 for some i > 0. Thus,
glDim(R) < oo, so R is regular local. O



36
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36.1 Essential Extensions

We’d like an analogue of a “minimal free resolution” in the injective case. For R any
commutative ring and N a submodule of M (both R-modules), N — M is called an
essential extension if LN N # 0 for every nonzero submodule L C M.

36.1.1 Examples

e Let R = k[x], M = Frac(R). Then R C M is an essential extension. It is sufficient
to check the essential extension condition when L is cyclic (these are the “smallest”
submodules). Take any 0 # m € M. We want to show RN R - m # 0 where m = {gi

and g #0and f,g € R. Well, m #0,s0 f #0. Well, f = gm € R,so f € RN Rm, so
R M Rm is nonzero.

e Take R as before and set N = R/ (x) = k. We would like to show that K = frac(R)/R
is an essential extension of k. M = k(x)/k[x] can be considered explicitly. k[x] com-
prises all nonnegative degree polynomials, so M consists entirely of purely negative
degree polynomials. Thus we can write

M=k(x)/k[x]%@k-%

i>1

This has a natural R-module structure as follows:

1 . .
FRERY S
0 i<j

We can thus define an R-linear map N — M sending 1 — 1. These are both killed

by x, so this extends nicely to an R-module homomorphism with trivial kernel.
Another way to see this is to consider the map k[x] — M sending 1 — %, and see

that the kernel of this map is precisely (x), implying that k[x]/(x) — M by the first
isomorphism theorem. N = k[x]/(x), which allows us to conclude the result.
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Regardless, this shows that we have an extension, but we need to check that it is an
essential extension. Note that every element of M is killed by a suitably large power
of x. Thus, each non-zero submodule of M has a nonzero element that is killed by x.
Since R - % = N, it follow that we can choose i, for any nonzero element z such that
xzz = 0 and x= "1z # 0. It follows that x>~z is killed by x, so x2 "'z € N, implying
that N is essential.

This last case gives rise to a general construction. If R is a commutative ring and M is
an R-module, the Injective Hull of M is an essential extension of M that is also an injective
R-module. This is normally denoted by Eg(M), or E(M) if the base ring is clear. Both of
the examples above are examples of injective hulls, as they are both divisible modules
over the PID k[x]|, which implies that they are injective.

Theorem 36.1.1. Suppose that R is a commutative ring. Then E is an injective R-module <=
E has no proper essential extensions.

Proof. We prove the forward direction direst. Suppose that E is injective and E < E' is
an essential extension. Since E is injective, this injection splits, and E' = E & E” for some
submodule E” C E’. Since ENE"” = 0 and E” is a submodule of E’, it follows that E” = 0.
Thus, E' = E.

For the reverse case, assume that E has no proper essential extensions. Given any
N C M with an R-linear morphism ¢ : N — E, we need to extend this morphism to
a morphism M — E (this is the definition of injectivity). In other words, we’d like to
construct the following morphism:

z
<

0

Take the pushout diagram

0 s N —— M

Il
g
E——P
Where
M®E

{i(n) —¢(n) [n € N}

We claim that since i is injective, g is also injective. To see this, choose e € ker(g). If
g(e) = 0, then (0,e) = (i(n), —¢(n)) for some n € N. Thus, i(n) = 0, son = 0 by
injectivity of i. Thus, —¢(n) = —¢(0) = 0,s0e = 0.

Now consider all submodules L C P such that LN E = 0. Ordering these by inclusion,
by Zorn’s lemma there exists a maximal element L among all such submodules. As E
is disjoint from L, may view E as a submodule of P/L. By maximality of L, P/L is an
essential extension of E. Since E has no proper essential extensions, E = P/L. Since




ENL = 0, it follows that P = E® L. Let m : P — E be the projeciton to the first
coordinate. This gives a section

0 >Ni>M

I£¢L lf

.- T
L} P
Composing 7, f yields a morphism 7wo f : M — E, which by commutativity extends
P- O

Theorem 36.1.2. If M embeds into an injective module 1, then a maximal essential extension of
M in I is an injective hull of M.

Proof. Set .7 to be the set of all essential extensions of M in I. Ordering this set by inclu-
sion, we use Zorn’s lemma to construct a maximal essential extension of M in I, denoted
E. It is sufficient to check that E is an injective module, and we can do so using the previ-
ous theorem by showing that E has no proper essential extensions. Note that we are not
only showing that E has no proper essential extensions contained in I, but that E has no
proper essential extensions in general.

Assume that E — E’ is an essential extension. Since I is injective, The morphism
E — I extends to a morphism ¢ : E' — I, where ¢| is the inclusion map E < . We’d
like to show that ¢ is injective, If ker(¢) # 0, then ker(¢) N E # 0, but that would mean
that ¢|r has nontrivial kernel, which is a contradiction. Thus, we can conclude that ¢ is
injective. We may thus view E’ as a submodule of I. Since M — E,E — E’ are essential
extensions, M — E’is an essential extension. By maximality, E = E'. O



37

11/18/2022

37.1 Uniqueness of Injective Hulls

Suppose that M —; I, for I an injective R-module. Last time, we proved that any maximal
essential extension of M in I is an injective hull of M. We’d now like to show that injective
hulls are, in fact, unique.

Theorem 37.1.1. Assume E and E’ are injective hulls of M. Then, they are isomorphic as R-
modules.

Proof. M — E and M — E’. Since E is an injective module, we can extend M — E’ into
a morphism E — E'. AsM < Eand M — FE/, they both have vanishing kernels. Thus,
E — E’ also has vanishing kernel, so it too is an injective map. Since E is an injective
module, this morphism splits, i.e. 3E” C E’ such that E' ¥ E & E”.

Notice that Y N"E = 0, but M C E. Thus, E" "M = 0. However, M — E’is an
essential extension, so E”” = 0. Thus, E' = E. O

37.2 Minimal Injective Resolutions

We’d like to use an injective hull to construct a minimal injective resolution of a module.
We should probably define this formally. Let 0 — M — I°® be an injective resolution of M.
It is called a minimal injective resolution if ¥j, I'*! is the injective hull of im(d/) C I'*1.

To construct these, first take the injective hull of M, denoted E(M), then take the cok-
ernel of the map M — E(M), which is E(M)/ M, then take the injective hull of that, and
so forth. This yields the following resolution:
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Lemma 37.2.1. Any two minimal injective resolutions are isomorphic.

One neat fact that we’ll need about injective hulls is that taking them commutes with
localizations.

Theorem 37.2.2. Suppose R is Noetherian, W C R is a multiplicative set, and M is an R-module.
Then,
W LER(M) Z Epy-1gW M

Proof. First, let’s prove that W1Eg(M) is injective over W~ !R. Recall that an R-module
N is injective <= Extk(R/I,N) = 0 for any ideal I C R. We want to show that
Ext%,v,lR(W_lR/]W_lR, W1ER(M)) = 0, and conclude by uniqueness. R/ is a finitely
generated module by Noetherianity of R, so it is also finitely presented. Well,

Extyy 1z (W 'R/JW IR, W 'Eg(M)) 2 W ' Ext}(R/I, Eg(M)) = 0

Because Exth(R/I, Ex(M)) = 0, as Eg(M) is injective. Thus, it is sufficient to verify that
W=IM < W~1ER(M) is an essential extension. It is clearly that this is an extension,
i.e. an injective map, so we just need to verify that this is essential. Thus, we need to
show that Vz # 0 contained in W1Eg(M), W IRzNW™IM # 0. Write z = X for
x € ErR(M),w € W. We may replace z by x and assume that z € Eg(M). Consider
< = {Ann(wz) | w € W}. R is Noetherian, so there exists a maximal element. Denote
this by Ann(uz), for u € W. We may replace z by uz, so we can assume that Ann(z) is a
maximal element in ..

Since z # 0, M — Egr(M) is an essential extension, since Rz M # 0. Well, Rz" M C
Rz=R/ Ann(z), so RzN M is a submodule of R/ Ann(z). R/ Ann(z) is a ring, so RzN M
is necessarily an ideal. Thatis, RzN M=1Iz for I C R is an ideal of R that contained
Ann(z). As R is Noetherian, we can let I = (g1,...,8n). If iz = 0 in W-1Eg(M), then
there exists some w; € W such that w;g;z = 0. Set w = [ w;. Then, w - g;z = 0 Vi.

Ann(z) C Ann(wz), but by construction, Ann(z) is a maximal element within ., so
Ann(z) = Ann(wz). Thus, because wg;z = 0 <= g;(wz) =0, g; € Ann(wz) = Ann(z),
so iz = 0,50 Iz = 0. Thus, RzN M = Iz = 0, which is a contradiction. Thus, 3g; such
that g; # 0in W 1Eg(M). Thus, 0 # ¢;z € W ER(M) N W~ M. O



This has the following corollary:

Lemma 37.2.3. Suppose R is Noetherian and P € Spec(R). Then,

ER(R/P)pg ERP(K(P))

37.3 Structure Theorem of Injective Modules

Such a structure theory is comprised of multiple parts, which we can prove one by one.

Theorem 37.3.1. (Structure of indecomposable injective R-modules) Let R be a Noetherian
ring and P, Q € Spec(R).

(1) E(R/P) is indecomposable (i.e. it cannot be written as a direct sum of submodules)

(2) If E is an indecomposable nonzero injective R-module, then 3P € Spec(R) such that
E=E(R/P).

(3) Given any element x € R\P, the multiplication by x map E(R/P) — E(R/P) is an
isomorphism. (Note: This gives E(R/P) a natural Rp-module structure, implying that
E(R/P)p = E(R/P).)

Proof. We prove (1) first. Given any two submodules Eq, E;, C E(R/P), it is sufficient to
check that E; N E; # @. Since R/P — E(R/P) is an essential extension, J; := EyNR/P #
0, ] := RyNR/P # 0, and both are contained in R/ P. Because R/ P is an integral domain,
J1]2 # 0 over R/ P. However, [1J, C J; N ], so the J; have nonzero intersection. It follows
that E; N Ep # 0.

To prove (2), we notice that since E # 0, Ass(E) # @. Thus, choose P € Ass(E). This
gives us an injection R/P — E. Thus, E(R/P) — E. As E(R/P) is an injective R-module,
this injection splits, yielding E = E(R/P) @ E’. However, E is indecomposable to begin
with. Thus, E' =0,s0 EZE(R/P).

To prove (3), notice that m, : R/P — R/P is injective, as R/P is an integral domain.
This extends to E(R/P) — E(R/P), which is also injective. Thus, E(R/P) is isomorphic
to its image. Since im(E(my)) <— E(R/P), we get a splitting E(R/P) =Zim(E(m,)) @ E’.
However, E(R/P) is indecomposable, so E' = 0 and this map is indeed a surjection. It
follows that E(my) is an isomorphism. O
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38.1 Computing Bass Numbers

Recall that any minimal free resolution over (R, m, &), of the form F, — M — 0 tensored
with £ yields the resolution F, ®r & where all the differential maps are 0 maps.

Theorem 38.1.1. Suppose R is Noetherian and M is an R-module. Let 0 — M — E° be
an injective module (i.e. if d' : E' — E'"l, then E'*! is the injective hull of im(d")) where
E' = Dpespec(r) E(R/P)MMP) 1,(M, P) is the ith Bass Number of M with respect to P.
Then, “l/ll'(M, P) = dimK(P) EthRP (K(P),Mp)

It turns out, this is true because hitting this resolution with Homg, (x(P), —) sets all
differentials to zero maps, similarly to how & @ — acts on minimal free resolutions.

Proof. Consider 0 -+ Mp — Ep. Then

0 Q¢ P

E(R/Q)p = {E(R/Q) otherwise

It follows that, upon localizing, each indecomposable of E} corresponds to a prime Q C
P. Thus, we can just assume that we are over Rp to begin with, i.e. we can assume
that (R, m, R) is actually local. Applying Homg (R, —) to E®, this computes Ext. Well,
Hompg (&, E') = {z € E'| mz = 0}. E; is an essential extension of im(d'~!), so Homg (&, E') N
im(d'~') # @. In particular, it follows that Rz Nim(d'~1) # @ Vz € Homg(&, E'). Thus,
Rz C im(di~1), so Homg (&, E') C im(d"~1). By exactness, it follows that d'(Homg (&, E?)) =
0, so the corresponding map d. on Hompg (&, E') — Homg (&, E‘*1) is the zero map for
each i. It follows that _ '

Extk (R, M) =ZHomg (&, E')

Now write Ef = D pespec(Rr) E(R/P)¥MP) 1f P C m, then Vx € m\P, the multiplication
by x map is an automorphism on E(R/P). Thus, Homg (8, E(R/P)) = 0. Therefore,

Homg(#, E') = Homg (ﬁ,E(ﬁ)W(M,m)> ~ i(Mm)
Completing the proof. -
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38.2 Gorenstein Rings

Theorem 38.2.1. Suppose that (R, m, &) is a Noetherian local ring, and d = dim(R). Then, the
following are equivalent:

(1) InjDimg(R) < o0
(2) InjDimg(R) =d

R i=d

(3) Exth(&,R) = {O P2 d

(4) ExtL (&, R) = 0 for some i > d.

If a Noetherian local ring (R, m, 8) satisfies any of these condition, then R is called a
Gorenstein Ring. For instance, regular local rings have finite global dimension, so they
have finite injective dimension, and are thus Gorenstein. The 3rd condition above tells us
that inf <i | Ext!(&, R) # 0) = d, which is precisely the depth of the ring. Thus, depth is
equal to dimension, so Gorenstein rings are Cohen-Macaulay.

Proof. First we check that (1)=-(2). As (R, m, 8) is Noetherian local, let dim(R/P) = §.
Then, Exti (& M) = 0, so Exty, (x(P), Mp) = 0. Set t = InjDim(R). Pick a minimal
prime P of R such that dim(R/P) = d. Since Homg,(x(P), Rp) # 0, Ext4(®,R) # 0.
Thus, t > d. Inducton t; whent = 0,thend = 0,s0t = d = 0. Now assume that t > 0.
Then, 3P € Spec(R) such that Exti(R/P,R) # 0. If P # m, then pick x € m\P and
consider the short exact sequence

0 » R/P —*+ R/P —— R/(P+(x)) —— 0

Computing the long exact sequence over Exth (—, R), we get

. — Extk(R/P,R) —*= Extt(R/P,R) —— Ext4"'(R/(P + (x)),R) — ...

=0

Thus, Exth (R/P,R) = x Extk (R/P, R). Since Extk (R/P, R) is finitely generated, by Nakayama’s
lemma, Exti (R/P,R) = 0, a contradiction. Thus, P = m.

Now we check what happens if m is an associated prime. If this is true, then 8 — R,
giving us a short exact sequence 0 — & — R — coker — 0. This induces a long exact
sequence on Ext as follows:

. — Exth(R,R) —— Exth(& R) —— Ext!(coker,R) —— ...
A_?)_/ :’0 /




Thus, Extk (& R) = 0, a contradiction. It follows that m is not an associated prime, so
R has positive depth. Pick r € m to be an R-regular element, and let R = R/(r). Then
I_njDimR(ﬁ) = InjDim(R) — 1. We've proved that Ext(N,R) = Exti '(N, R) for ‘each
R-module N where Homg (N, R) = 0. By induction, it follows that t — 1 = InjDim(R) =
dim(R) =d—1,sot =d.

Now onto (2)=-(3). Whend = 0, m € Ass(R), so & — R. It follows from (2) that R is
injective, as it has 0 injective dimension. It follows that R = Homg (R, R) — Homg (&, R),
as Hompg(—, R) is exact. Thus, Homg (R, R) is a cyclic module (generated by 1 element).
Since it is also nonzero, it follows that Homg (&, R) = &, since Hompg (£, R) is killed by m
and is a quotient of R. Since R has 0 injective dimension, it follows that Ext'(&, R) = 0 for
i > 0, giving us the desired result in the dimension 0 case.

Now let’s induct on dimension, and suppose that d > 0. Via similar logic to the
(1)=-(2) case, it follows that 5(R) > 0 as well. Pick » € m that is R-regular, and set
R =R/(r). dim(R) = dim(R) — 1 and InjDim(R) = InjDim(R) — 1. By induction,

iam . JR i=d-1
Exth (8 R) = {0 a1
Because Exty'(%,R) = Extiﬁ(ﬁ, R). The result follows. Since it is clear that (3)= (4)
is trivial, it suffices to prove (4)=(1). We solve this via inducting on dim(R). If d =
dim(R) = 0, then Spec(R) = {m}, so it follows that Extk (%, R) = Exti(R/m,R) = 0.
Thus, InjDim(R) < i — 1. Now, assume that d > 0, for each prime ideal P # m,
set 6 = dim(R/P), which is precisely the height of the ideal m/P. It follows that if
Exth(R/m,R) = 0, then EXté{;((R/P)p, Rp) = 0. On the other hand, dim(R/P) =
ht(P) < d — ¢ [because ht(P) + dim(R/P) < dim(R)]. Thus é < i, so by the induc-
tive hypothesis, InjDim(Rp) < i —J < oo. Thus, for any finitely generated R-module
M,

Exty (M, R)p = Exty,(Mp, Rp) =0

It follows that Suppg (Exty (M, R)) C {m}. Since Extk(M,R) is finitely generated, its

support is precisely V(Ann(Extk (M, R))). It follows that m C \/ Ann(Extk (M, R)), so in
particular, since R is Noetherian, a finite power of m is contained in the annihilator. Thus,
Exti (M, R) is an Artinian module, and thus has finite length.

To conclude, it is sufficient to check that Extk(R/P,R) = 0 VP € Spec(R). Well, sup-
pose not. Then, 3P € Spec(R) such that Exty (R/P, R) # 0. As R is Noetherian, we can as-
sume that P was chosen such that P is maximal among all primes where Exty(R/P, R) #
0. This P is not m, so choose x € m\P. Take the short exact sequence

0 » R/P —*~ R/P —— R/(P+ (x)) —— 0
Now consider a prime filtration of R/ (P + (x)).

0=MyC M C - CM=R/(P+(x))



Where M;1/M;=R/P;. Each prime P; appearing in this filtration properly contains P.
Thus for every such P;, Exti (R/ P;,R) = 0, by maximality of P. Consider the short exact
sequence

0 —— (My=)R/Py —— My —— R/P, —— 0

It follows that from this that Exty (M, R) = 0. From here we repeat this process again on
the sequence

0 > Mo > Mg —— R/P; —— 0

To conclude that Exti (M3, R) = 0, and so on. Repeating this process finitely many times
allows us to conclude that Extz(R/ (P + (x)),R) = 0. It follows that if we take the long
exact sequence in Ext of the first short exact sequence we took, we see that

. — BExtx(R/(P+ (x)),R) —— Extg(R/P,R) — Extg(R/P,R) — ...
=0

Thus, the multiplication by x map, denoted ¢, on Exty(R/P,R) is injective by exact-
ness. Therefore, Exth(R/P,R) =2im(¢), so they both have the same length. As we've
proved that Exti (R/P, R) has finite length, it follows that ¢ is indeed surjective. Thus,
Exth(R/P,R) = x Extk(R/P,R), so by Nakayama’s Lemma, Exty (R/P,R) = 0. O
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39.1 Uniqueness of Canonical Modules

Theorem 39.1.1. (R, m, R) is a Cohen Macaulay ring with canonical module C.

(1) If N is a CM R-module (i.e. 5(N) = dim(N) = t) then Ext/(N, C) is Cohen Macaulay of
dimension t if j = d — t, and 0 otherwise.

(2) If 6(N) = d, then
HomR(N, C) ®R R/(xl, . .,xd) gHomR/(xl,...,xd) (N/(xl, .. .,xd)N,C/(xl, . .,xd)C)
for every maximal R-sequence x1, ..., x,.

Proof. We prove statement (1) first. Recall that over a Noetherian local ring, if M, N # 0
and finitely generated with depths 7, t respectively, then Ext'(N, M) = 0 forany i < n — t.
It follows that Ext/(N,C) = 0 for j < d — t. FOr the remaining case (where j > d — t) we
now induct on t. When t = 0, 3n such that m"N = 0. Thus, N has a composition series

0=NgCNC---CN,=N

Where N, 1/N; = &. Since Ext} (& C) = 0 for j > d, it follows that Ext/(N,C) = 0 for
j >d =d — 0. Thus, Ext vanishes for any i # d — t.

Now onto the inductive step. Assume t > 0. Choose x € 91 that is N-regular and take
the short exact sequence

0 s N —+ N s N=N/xN —— 0

Taking a long exact sequence in Ext gives the sequence

. —— Exth(N,C) —* Ext,(N,C) —— Extly (N,C) — ...

O0(N) =t —1 = dim(N), so by induction Ext’Ijl(N,C) vanishes whenj+1 >d—t+1
(so when j > d —t). it follows that Ext(N,C) = xExti(N,C), so Ext;(N,C) = 0 by
Nakayama’s Lemma.
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Thus all that remains is the case where i = d —t. To compute this we induct on ¢
again. When t = 0, as before m" - N = 0 for some 71, so m" - Ext?{t(N, C) = 0. There-
fore, Ext‘}l{_t(N, C) is Cohen Macaulay of dimension 0 as desired. For the inductive step,
suppose that t > 0, and choose x € m to be N-regular as before. Taking the short exact
sequence

0 » N —— N » N=N/xN — 0
again and looking at the long exact sequence in Ext, we get

Ext4'(N,C) —— Ext4 {(N,C) —* Ext4 '(N,C) —— Ext4 ""Y(N,C) —— ...
\_:6_/

Asdim(N) =t—1, Ext]é(N,C) =0forj#d—(t—1) =d—t+1, thus x is regular on

Ext?*(N, C) and we have the isomorphism

Ext4 (N, C)
xExty (N, C)

Extt "TI(N,C) =
By induction,
dim (Extk"*1(N,C)) = (Ext} " (N,C)) = ¢ — 1

Thus we can pick a regular sequence yy,...,¥;—1 € mon Ext‘f(”l (N,Q), suggesting that
X,Y1,--.,Yi—1 is a regular sequence on Ext%_t(N, C). Thus,

5 (Extﬁg—f(N,C)) — t = dim (Ext‘f{t(N, C))

Proving part (1). For part (2), we use (1) to conclude that Homg (N.C) is CM of dimension
d,and Ext/ (N, C) = 0 for j > 0. If x is R-regular, then

0 » R —% R s R=R/xR —— 0
Plugged into the functor Homg(—, C) gives us

0 —— Homg(R,C) » C —2= C > 0
=0

It follows that x is regular over C as well. It follows that every R-sequence x1,...,x; is
also a C-sequence. Therefore, we can act on the short exact sequence

0 y C —— C y C=C/x;C —— 0
Via the functor Homg (N, —) to get

0 —— Homg(N,C) — Homg(N,C) —— Homg(N,C) —— Extk(N,C)
——
=0



It follows that
Hom(N,C) ®g R/ (x1) 2 Homg(N,C)/x1 Homg(N, C) 2Hom(N, C) 2Homxz(N, C)
So Hom commutes with quotients by regular elements, and (2) is proved. O

Lemma 39.1.2. Suppose that (R, m) is Noetherian and local, where f : M — N is an R-
linear morphism of finitely generated R-modules. If (x1,...,x;5) = x is an N-sequence, then
if f ®r R/ (x) is an isomorphism, then so is f.

Proof. We can conclude surjectivity immediately by Nakayama’s Lemma, so it suffices to
verify injectivity. Set K = ker(f). It is sufficient to verify this in the case where d = 1,
ie. x = x. Taking the short exact sequence 0 -+ K -+ M — N — 0 and tensoring by
R/(x), because Tor;(N,R/(x)) = 0, By vanishing we see that K/xK = 0, so K = xK. By
Nakayama’s Lemma, K = 0, so f is injective. O

Theorem 39.1.3. Suppose (Rim, R) is CM, C, C are canonical modules, and x = (x1,...,%4)
is a maximal R-sequence. Let R = R/(x), C = C/(x)C,and C"' = C'/(x)C'. Then,

(2) c=C
(3) Homg(C,C") =R

Proof. As InjDimg(C) = d, it follows that InjDimz C = 0. Thus,
Homy(#,C) 2 Exth(],C) = &

Thus, C is an essential extension of &. As {m} = ASSF(E), it follows that & — C, asm is
an associated prime. Take any 0 < L C C. Thus, Hompg (R, L) # 0. Since Hom is left exact
and L — C, we see that

Homg (&, L) — Hom(&,C) = &

Since Hompg (&, L) # 0 and is contained in &, it follows that Homg (&, L) = K. Therefore,
we have minimality and C = Ex(R).

For part (2), we know that Homg(C,C’) @ R = Homg(C,C’) via the previous the-
orem. From part (1), we see that this is the same thing as Homz(Ex(8), Ex(&)) =R.
Therefore, we see that Homg(C, C') is cyclic, so by Nakayama’s Lemma, Homg(C, C')
is cyclic as well. Picking a generator ¢ € Hompg(C,C’), we see via the isomorphism
Homgz(Ex(R), Ex(R)) =R that ¢ can be assigned to 1, so ¢ is an isomorphism. Since @
is an isomorphism, it follows that ¢ is an isomorphism, so C = C’. This also tells us part
3). 0

Therefore, Canonical modules are unique. As for existence, we have the following
result:

Theorem 39.1.4. If (R, m) is CM and Noetherian, R admits a Canonical Module <= R isa
homomorphic image of a Gorenstein ring.



Proof. We prove the reverse case first. If A — R where A is a Gorenstein ring, it follows
that

dim(A)—dim(R) (

Ext , R,A)

is a canonical module. We can see this by killing a regular sequence in A to make dim(A) =
dim(R). In that case, we reduce to Hom4 (R, A). Then kill a maximal regular sequence to
reduce to the Artinian case. In the Artinian case, A is an injective module over itself, so it
follows that Homy4 (R, A) is an injective R-module via tensor-Hom adjunction.

The forward case is much harder, and uses a technique called Nagata’s Idealization.
The idea is that, if you are given an ring R and R-module M, there exists a new ring,
denoted R * M, where M is naturally an ideal of R * M. Points in R * M are of the form
(r,m), and we define multiplication by

(r1,my) - (ro,my) = (r1r2, r1my + romy)

With addition being defined the normal way. This is clearly a ring. Thus, if R is a CM
Noetherian ring, and C is the canonical module, one can verify that R * C is Gorenstein,
where R x C — R by forgetting the second coordinate. O

This far generalizes to any Noetherian ring:

Theorem 39.1.5. A Noetherian ring R admits a dualizing complex <= R is a homomorphic
image of a Gorenstein ring.
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