Preliminary Info

These are notes taken from a portion of Math 554 (Complex Manifolds) at the Univer-
sity of Illinois Chicago in Fall 2022. The class was taught by Professor Izzet Coskun, and
these notes are TeXed by Vignesh Jagathese (me!). There are still some minor errors in
these notes, and by reading these and benefiting from them, all I ask in return is that you
forward any errors to me.

These notes are for the class through around mid-October, where we followed Forester’s
book on Riemann Surfaces. We covered the theory of 1-dimensional complex analytic
Manifolds (i.e. Riemann Surfaces) from a topological, differential, and algebraic perspec-
tive. Towards the end of these notes we prove that the category of Riemann Surfaces
is equivalent to the category of projective algebraic curves, implying that one can study
these purely algebreo-geometrically. The rest of the course covered these objects from
that perspective, but unfortunately those notes are not as cleanly formatted, and have
thus been lost to time.

If there any suggestions you would recommend or additions that you would like to
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Chapter 1

Introduction

1.1 Some Preliminaries

This course will primarily focus on Complex Manifolds and Riemann Surfaces. We’ll be
using Forester for the more "analytic’ treatment first, then move on to ACGH for the more
algebraic treatment.

1.2 Introduction to Riemann Surfaces

A Riemann Surface is a 1-dimensional complex analytic connected manifold. As we know
from Math 549, a (Real) Manifold is:

¢ Hausdorff

¢ Second Countable

* A Topological Space

* Locally Homeomorphic to IR?" (i.e. 3 some set of charts.)

A Manifold M is Complex Analytic if 3 a chart (U,, z,) such that M = [J U, (i.e. U, is an
open cover of M) and z, : U, — V, C C" is a homeomorphism to some open subset V,
with complex analytic transition functions f,p := zg o z; 1 : C" — C". In these notes you
may see these referred to as "C-folds”.

1.2.1 Examples of Riemann Surfaces
1) C

(2) CP! = C U co. This is a C-fold, as CIP'\ {co} = C and CIP'\ {0} 2 C, both via stereo-
graphic projection. The transition map simply takes nonzero, finite elements to their
reciprocal.

(3) Any domain (open, connected subset) of a Riemann Surface is also a Riemann Sur-
face, such as the unit disk A := {z € C | |z| < 1}

4



1.3 Morphisms

A continuous map of C-folds f : M — N is said to be analytic (equivalently, holomor-
phic) if for all local coordinates (U, z,) on M and (Vg,wg) on N, f(Uy) NV # @ and

wgo foz,!:C" — C"is a holomorphic function.

f is a biholomorphism if it is a holomorphic map with holomorphic inverse. If such an
f were to exist, then we say that M and N are biholomorphic. We say a map is conformal
if it is holomorphic and bijective (equivalently, conformal maps are those that preserve
angles).

A holomorphic map with codomain C is called a holomorphic function. A holomor-
phic map with codomain CIP! that is not identically f(x) = o is called meromorphic.

For a C-fold M, we let (M) denote the C-algebra of holomorphic functions on M,
and KC(M) denote the field of meromorphic functions on M. We will be interested in
computing these when M is a Riemann surface.

Theorem 1.3.1. Suppose M and N are C-folds, with M compact. Then, either f is constant or f
is surjective.

Proof. We’ll prove this when M and N are Riemann Surfaces, but the result holds in gen-
eral. If f was non-constant, then f is an open map (via the open mapping theorem),
implying that f(M) is open. However, as M is compact, f(M) is compact and closed.
Therefore, f(M) is open, closed, and compact, and as its codomain is connected, it fol-
lows that f(M) = N. In particular, f is surjective, and f(M) = N is compact. O

Corollary 1.3.1.1. If M is a compact Riemann Surface, then H(M) = C.

1.4 Uniformization Theorem

One major goal of this course is to classify all simply connected Riemann Surfaces up to
biholomorphism.

Theorem 1.4.1. Every simply connected Riemann Surface is biholomorphic to one of C,CIP1, A.
As expected, these three surfaces are distinct biholomorphically.

While it is highly nontrivial that these are the only three simply connected Riemann
surfaces, their distinctness is pretty simple. First, CIP! is the only compact space of the
three, so it is biholomorphically distinct. Similarly, a simple Louiville’s Theorem argu-
ment shows that any entire, holomorphic map from A — C is constant, so these cannot
be biholomorphic.



1.5 Universal Covers

While not all Riemann Surfaces X are simply connected, they all have simply connected
universal covers U/ — X. It’s easy to check that universal covers of Riemann surfaces
are also Riemann surfaces, so it follows that ¢/ is biholomorphic to one of C,CP! or A
(usually A). In particular, we know that 771(X) acts on U via deck transformations, and
that X = U /m(X). That means that, in general, if we know 711 (X), we can determine X
entirely from its universal cover, which can only be 1 of 3 things.

1.6 Computing Groups of Biholomorphisms

1.6.1 Biholomorphisms of CIP!

Theorem 1.6.1. Biholomorphisms on CP! are precisely the mobius transformations, i.e. linear
fractional transformations (LFTs). This implies that the group of biholomorphisms over C is iso-
morphic to PGL;(C).

Proof. 1t’s already known that LFTs are biholomorphisms on CIP! (they are clearly holo-
morphic and their inverses are computable and still LFTs). Furthermore, Vpy, p2, p3 €
CIP!, 3 an LFT f such that f(p;) = 0,f(p2) = oo, f(ps) = 1. In particular, f(z) =

(p3—p2)(z—p1)
(p3—p1)(z—p2)’
Therefore, if we were to pre and post-compose an arbitrary CIP'-biholomorphism f

with LFTs, then f(0) = 0, f(c0) = 0. f(z)/z is analytic over all of CIP!, and is bounded
in a neighborhood of oo, suggesting that f(z)/z = ¢, a constant. Thus, f(z) = ¢z, and f
pre and post-composed is still an LFT, so we can conclude that all CIP!-biholomorphisms
are LFTs. [

1.6.2 Biholomorphisms of A
Theorem 1.6.2. Biholomorphisms on A are LFTs of the form

flz)=¢- 12__;; le| =1,0 € A

This implies that the group of biholomorphisms over C is isomorphic to PSL;(IR).
To understand biholomorphisms of A, we must use Schwarz” Lemma.

Lemma 1.6.3. Suppose f : A — A is a holomorphism. If f(0) = 0 then |f(z)| < |z| and
|f(0)| < 1. If either of those two inequalities is in fact an equality, then f(z) = ez for |e| = 1.

zZ—a

Proof. It’s pretty easy to check that z — e7— is a biholomorphism from A — A. We just
want to check that all biholomorphisms are of this form. Well, via pre/post-composing
with LFTs, we can suppose that any biholomorphism f sends 0 > 0. We apply Schwarz
Lemma to see that f(z) = cz for |c| = 1, so f is an LFT. By enforcing that f maps A — A,
f is then of the desired form. O




1.6.3 Bilholomorphisms of C

Consider f(z) = az + b for a # 0. We claim that such an f can be extended to P!, as
the singularity at cois isolated. That is not enough though, as we need to verify that this
singularity is non-essential. Well, this follows from the Casoratti-Weierstraf3 theorem.

Therefore, we can conclude that f has a simple pole at co. Note that, if we want f to
act without fixed points, then a = 1. This is because, if there were a fixed point at z, then
az+b=z,s0ifa # 1 f has a fixed point at z = %, so it always has a fixed point.

Now let’s look at group quotients by the action z — z +1 (1 can be any b € R) on
C (this will be used to get a variety of Riemann Surfaces with universal cover C). This
yields a cylinder S! x R, which is a Riemann Surface, implying that a real cylinder has
complex structure.

But what about the action of z + 7 for T ¢ IR. This yields a Torus, which is a Riemann
Surface via this identification. Thus, one can put a complex structure on a Torus.

Now let I" act on C properly and discontinuously. Let V' C C be the smallest R-vector
space containing I'. We have a couple cases:

e dimg V = 0: In this case, I' = Id.

* dimg V = 1: Then the smallest length element generates the group, implying that
the group of deck transformations is Z.

e dimpg V = 2: Yields a lattice in C.

Over CPP!, one can ask when biholomorphisms have fixed points. If there were a fixed

point at z, then Zjig = z, suggesting that az + b = cz> +dz,s0 cz>+ (d —a)z — b = 0.

Thus we have the following cases:

e If ¢ # 0, then this is a degree 2 polynomial, so it has 1 or 2 fixed points with multi-
plicity (the roots of the equation)

e If c = 0 butd # a, then it has 1 fixed point.
e If c = 0and d = g, the LFT becomes z + b/a, which has a fixed point at co.

Thus, we always have fixed points.

1.7 Riemann Surfaces associated to multi-valued functions

Consider the Riemann Surfaces associated to y/z. In polar coordinates, this is the map
Re® s \/Re'/2, This can take on multiple values depending on the range of §. One way
to force this to force a bound 0 < 6 < 27, but the issue is that this function can’t even be
extended to a continuous function. Thus, the answer is to make two separate copies of C
then glue them.



This is a bit easier to visualize over CIP!. Viewing these rays from 0 to oo, we slice a
longitudinal half-circle from each, then glue the spheres along the open lines. This would
then yield another sphere, allowing us to define a single-valued variant of a multivalued
function over CIP! that retains sufficient information.

Generalizing a bit, consider the map z — /z(z —1)(z — 2)(z — 3). We’d like to un-
derstand the behavior when rotating around the following points:

®0 ® ®> 3
Rotating around each point individually flips orientation:

0 * ) *3

flip flip flip flip

Suggesting that rotating around two of the points is a neutral action. This allows us to
glue two copies of C as follows:

-7 A -7 A

®) o ) o3
<~ ~— <~ ~—
— —

.0 < ) .1 L) < ) .3

Which yields a Torus! In general, the Riemann Surface associated to the morphism z —

\/ Hzg 2 (z — a;) yields a g-torus. This gives a g-Torus a complex structure. It follows that
all closed orientable surfaces have a complex structure (namely, as a quotient of C under
the action of some multi-valued functions).

1.7.1 A Sidebar on Orientability

Theorem 1.7.1. All C-surfaces have a fixed orientation.

Proof. Let f(x,y) = u(x,y) +iv(x,y) be a holomorphic function viewed as a map R? —
R2. Recall that this satisfies the Cauchy Riemann Equations uy = v, and u, = —vy. Thus,
we can compute the R-Jacobian of f as follows:

u

Ir(f) = dt{ y}:uxvy_“yvx=ui+u§>0
Uy Uy

Fixing an orientation for the Riemann Surfaces associated to the action of f. O



But are all Riemann Surfaces determined by a morphism? Well, for this we have the
following (very general) theorem:

Theorem 1.7.2. Every compact Riemann Surface is an algebraic curve i : X — P> such that
i(x) is defined by a polynomial.



Chapter 2

Holomorphic Maps

2.1 Local Behavior of Holomorphic Maps

Lemma 2.1.1. f : X — Y is a holomorphic map of Riemann Surfaces, and assume f(x) =y,
x € X,y €Y. Then 3k > 1and charts ¢ : U — Von Xand ¢ : U’ — V' on'Y such that:

(@) ¢(x) =9(y) =0
(b) f(U)cu
(c) ForF:¢pofoe 1:V = V' F(z) =2z

Proof. For W,W' C C such that 0 € W, W’, one can suppose that f : W — W’ such that
f(0) = 0. In some neighborhood of 0, f has a power series expansion f = Y a,z" such
that a, = 0 for n > k and a; # 0, so assume that the order of 0 is k (for the k fixed above).
Then

fz) = 2t + apaz +...)

for ap # 0. Let
Q(z) =ay+ag1z+...

In some small neighborhood, g # 0, so 34 such that h(z)* = ¢(z). Using z’ = zh as a new
variable, we see that F = (z/)~.
As we know, nonconstant holomorphic maps are open, so (b) follows. O

As a corollary, we have that any nonconstant holomorphic map f : X — Y is open
and discrete (i.e. the preimages of points are discrete).

If we choose fi, fo : X — Y (holomorphic maps) and a sequence of distinct points {x;}
such that lim x; = x, if f1(x;) = f2(x;) for all i, then we have f; = f, (as the difference has
non-isolated zeroes). As an example of this phenomenon, consider the punctured plane
C*, which has universal cover C with covering map exp : C — C*.

If X and Y are both compact, then non constant holomorphic maps between them are
open and each point in the images has finitely many preimages.
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2.2 Branch Points

f : X = Y is a nonconstant holomorphic map of Riemann Surfaces. x € X is a Branch
Point if AV > x such that f|y is injective. In terms of the local description of holomorphic
maps, it is sufficient to find the appropriate constant k > 1 such that f ~ z* at x.

Recall the following Theorem:

Theorem 2.2.1. (Riemann Removal Singularities Theorem) Let f : U — C be an analytic
function in U\{x} (for x € U) and bounded in a neighborhood of x. Then, f can be extended to
be analytic at x.

This suggests that if a Manifold has a complex structure at all but finitely many iso-
lated points, then the complex structure can extend to the whole space, across the poten-
tial singularities.

Theorem 2.2.2. f : X — Y is a nonconstant holomorphic map of Riemann Surfaces. f has no
branch points <= f is an etale homomorphism (i.e. a local homeomorphism,).

Proof. Around each point p € X, as there are no branch points, 3V > p such that f|y is
injective. As f is an open map, f(V) is open in Y, suggesting that V = f(V) is a homeo-

morphism.
Conversely, if f is a local homeomorphism it is locally injective, so it cannot have a
branch point. O

Theorem 2.2.3. Suppose Y is a Riemann Surface and X is a Hausdorff Topological Space. Suppose
that f : X — Y is a local homeomorphism. Then, 3! C-structure on X such that f is holomorphic
and locally biholomorphic.

Proof. The idea is to pull back charts on Y to charts on X by making the charts finer and
finer until the fact that f is a local homeomorphism allows you to pull the charts back
homeomorphically. O

2.3 Liftings

We say that g is a lifting of f with respect to p if the following diagram commutes:

1
8 lp

z f.x

Theorem 2.3.1. Suppose that X, Y are Hausdorff Topological spaces, p is a local homeomorphism,
Z is a connected topological space, and we have the following diagram of maps:



If 31(z) = g2(z) for some z € Z, then g1 = .

Proof. Let T = {z € Z | g1(z) = g2(z)}. We'd like to show that T # Z. We know by
hypothesis that T # &, so it is sufficient to verify that T is both open and closed. T is
closed because T = (g1, g2) "} (Ayxy). The diagonal is closed because Y is Hausdorff, and
as T is the inverse image of a closed set under a continuous map, it is itself closed.

We now conclude by checking that T is open. As p is a local homeomorphism, 3U >
y,W >z € Tsuch that g;(W) C Vfori=1,2,and p(y) = f(z),and po g; = f. It follows
that g1 = g2 agree on W, so we can conclude that T is also an open map, as any point in
T has a open neighborhood contained in T. O

Theorem 2.3.2. Suppose X, Y, Z are Riemann Surfaces satisfying the following diagram:

Y
Ve
7z x

Suppose p is an unbranched holomorphic map and f is holomorphic. Then any continuous lifting
of f (denoted above as q) is also holomorphic.

Proof. Choose ¢ € Z, q(i) = b, f(i) = a. As p is unbranched and holomorphic, it is a
local homeomorphism. It follows that we can find neighborhoods b € V,a € W such that
p : V — W is a biholomorphism. Let ¢ : W — V be the holomorphic local inverse. We
can find a neighborhood U > ¢ such that g(U) = V by continuity of g. Thus, f|; = poqlu
implies that g|y = @ o f|w. O

Now back to covering maps. Suppose f : X — Y is a covering map. Then Vy € Y
3Uy, > y open such that f~1(U,) = [V, where f |Vyi : Vy, — U, is a homeomorphism.
Such coverings have the following curve lifting property:

Lemma 2.3.3. A curve, or continuous map [0,1] — X can be uniquely lifted (up to deck trans-
formation) to Y such that the obvious diagram commutes.

Proof. Lift locally, then conclude that the lift works globally via compactness of [0,1]. O

2.3.1 Some Topological Results

Theorem 2.3.4. Suppose that X,Y are Hausdorff topological space and X is path connected. Let
p:Y — X be a covering map. Then for any pair of points xo,x1 € X, p~(xq) and p~1(x1) have
the same number of points.

Proof. Take a path u : [0,1] — X such that u#(0) = xo, u(1) = x;. Take a lifting of u. By
uniqueness of lifting, it turns out that this determines a bijection of fibers. O

Theorem 2.3.5. X,Y Hausdorff topological spaces, and p : Y — X a covering map, and Z is
simply/path/locally connected with a continuous map f : Z — X. Then for every zo € Z and

yo € pL(f(z0)), I lifting f : Z — Y such that f(zg) = vo.



Y
)
721, x

Proof. Choose z € Z, and let u be a path zgp — z. Lift uniquely to a path in Y such that

-~

11(0) = yo. Then we can define f(z) = #(1). This is well defined as Z is simply connected,
and homotopic paths lift uniquely. This map is continuous because p is a covering map
(can verify continuity locally). O

We say a continuous map between two locally compact sets is proper if the inverse im-
age of every compact set is compact. It's pretty straightforward to see that proper maps
are closed. For example, if Y is compact and Hausdorff, then p : Y — X being a contin-
uous map of Hausdorff spaces immediately implies that p is proper. As a nonexample,
take any morphism from a noncompact set to a point. This map is clearly not closed, so it
isn’t proper. Furthermore, the exponential map C — C* is not proper.

Lemma 2.3.6. Suppose X, Y are locally compact and p : Y — X is proper and discrete. Then,
(1) p~(x) is finite Vx.
(2) if x € X and V a neighborhood of p~'(x), then 3U > x such that p~'(U) C V.

Theorem 2.3.7. Suppose that X, Y are locally compact and Hausdorff. Let p : Y — X be a proper
local homeomorphism. Then, p is a covering map.

Proof. Choose x € X, p~!(x) = {y1,...,yn} (finite by previous lemma). Choose W; > y;
such that p|y, is a homeomorphism. Let p(W;) = U;, and define U C U; N - -- N U, open
and small enough such that p=!(U) = [ V; such that plv, - V;=U. O

2.4 Riemann-Hurwitz

The Riemann-Hurwitz Formula for non-constant holomorphic maps f : ¥ — X from
a compact genus ¢ Riemann Surface to a compact genus h Riemann Surface is given as

follows:

2¢ —2 =deg(g)(2h — 2) + deg(Ram. Div.)
First, notice that 2¢ — 2 is just —x1op, Where X1op is the topological Euler Characteristic.
Thus, Riemann-Hurwitz is (in a sense) a purely topological statement.

Proof. Choose a triangulation of X such that the branch points are vertices of the triangles.
We can lift this to a triangulation of Y. If deg(f) = d, then each triangle on X lifts to d
triangles on Y. If x1op(X) = Faces + Edged + Vertices = 2 — 2h, each face on X lifts to d
faces on Y, and each edge lifts to d edges. As for vertices, Each vertex has 4 lifts, but we
are double counting ramification points so we subtract those out. It follows that

2 —2¢ = XTop(Y) = dX1op(X) — deg(Ram. Div.) = d(2 — 2h) — deg(Ram. Div.)
Multiply both sides by —1 to conclude. O



Let f : P! — P! be a map of degree d. It follows from this result that f has 2d — 2
ramifications. Also, it follows that the degree of the Ramification divisor is always even.

If f is etale (e.g. unramified), then we have the following possible cases when deg(Ram.Div) =
0:

e ¢ =0, implying that # = 0 and thus deg(f) = 1.
e ¢ =1,implying i = 1. In this case, deg(f) can be anything.

e If g > 1, either g = hand deg(f) = 1, or g > h > 1, and deg(f) > 1 with
deg(f)[(g —1).

Outside of etale maps, we also have a few cases (with less specificity).
* Ifg=0thenh = 0.
e If1 < g = h, then either deg(f) = 1 or g = 1. In both cases deg(Ram.Div) = 0

Theorem 2.4.1. Suppose X is a Riemann Surface, and A C X is a closed discrete set of points.
Let X' = X\ A, and define Y,Y' similarly. If 7’ : Y' — X' is a proper unbranched holomorphic
map, then there exists a proper holomorphic map 70 : Y — X such that 7ty 104y = 70"

Proof. Proof by picture; not too hard. O

2.5 Local Monodromy

Let f : Y — X be a proper holomorphic map, and suppose that p € X is the image of
a ramification map. If deg(f) = d, then p has d pre-images 2k 2k f is locally a
covering map at this point, so we can see the actions between the pre-images (****I don't

fully get this)+



Chapter 3

Differential Calculus on Holomorphic
Forms

3.1 Sheaves of Holomorphic Functions

Let U C C® = R?(x,y) be an open domain, and take z = x + iy. Let £(U) be the C-
algebra of C* functions f : U — C. This naturally forms a sheaf on U. Now let X be a
Riemann Surface, and Y C X is open. We can similarly define

EY)={f:Y = C|oneverychart, Y DU = V,(f: V = C) € £(V)}

This too is a sheaf of C*® functions on a Riemann Surface.

3.2 Cotangent Spaces

We’d like to define the cotangent space at a point a € X. We can take O(Y) C £(Y) to be
the sheaf of holomorphic functions on Y. both are in fact a sheaves of C-algebras, so we
can consider the maximal ideal m, of functions f € £(Y) that vanish at a. By maximality
of m,, we know that T} := m,/m? is a vector space (in particular, it is the vector space of
functions that vanish of order exactly 1 at a). We define this to be the cotangent space at
a.

We can let d,f := (f — f(a)) (modulo m2) be a representative of f. Furthermore, for
a € X for X a Riemann Surface, with coordinate system (U, z) in a neighborhood of g,
then d,x, d,y form a basis of TL}, but so do d,z,d,z. Using this basis, we can write

dof = F(@)dex+ 5L @y

Where, via the Cauchy Riemann Equations,

0 0 0

o 9z 92
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10 d 0

iay oz 0z
Thus,
dof = L@z + L @)z
Now let’s take two different coordmate systems around a, (U, z) and (U’,z'), where 25 =
c. This implies that af, = ¢. where 2 < = g—g = 0. Thus, d,z/ = cd,z and d,z/ = ¢d,z.

Thus, it follows that Ta( ) (the one dimensional subspace spanned by d,z, d,z, are defined
independently of the choice of coordinates for f. We define

TV = Cd,z, 91 = Cd,z

It is clear that T' is also a sheaf, called the cotangent sheaf.

3.3 Differential Forms

We define a differential 1-form to be a section of T', which is of the form w : Y — U,ey T1-
A differential form is of type (1,0) (resp. type (0,1)) if w(a) € Tj* Va € Y (resp. w(a) €
T va € Y). We say the form is differentiable (resp. holomorphic) if for every chart
(U,z), w = fdz+gdz for f,g € EUNY) (resp. w = fdz for f € O(UNY)). Let
EL(U) be the differentiable 1-forms on U; this shows that £! is a sheaf. We have two
subsheaves £10,£%1 of differentiable 1 forms of type (1,0) and (0,1) respectively. We
also define Q!(U) to be the the space of holomorphic functions, implying that Q! is a
sheaf of holomorphic 1 forms, which is a subsheaf of £10.

3.3.1 Residues of 1-forms

Suppose that Y is a Riemann Surface, and a € Y. Let w be a holomorphic 1-form o Y\ag,
with (U, z) local coordinates around a such that z(a) = 0. We can write w = fdz. where
f =Y ez cnz", Define the Residue Res, w = c_;.

We say a is a removable singularity if c, = 0 for n < 0, and that a is a pole of order
k > 0ifc, = 0forn < —k and c_; # 0. Finally, we say a is an essential singularity if
there are infinitely many ¢, # 0 for n < 0.

Suppose Y is a Riemann surface, and w a 1-form on Y. Choose coordinates (U, z)
around a € Y such that z(a) = 0. As w is a holomorphic 1-form, w = fdz for some
holomorphic f. Take a Laurent series expansion f = ),z cxz", and define the residue
to be Res, w = c_j. This is known to be independent of the chosen chart (U, z). To see
this, suppose that g is holomorphic on V\{0}, for V.= f(U). This gives an expansion

8= Yez bnz" = Yt o buz" + Y50 o buz". Thus,
71 00
dg = Z nb,z" 1dz + Z nb,z" dz

n=—oo n=0



In particular, this shows that the coefficient of z~1dz in dg is 0.c If ¢ is holomorphic with
a zero of order 1 at 0, so Resg(¢~'dg) = 1. For ¢(v) = z, we have a Taylor expansion
¢(v) = Y00 4 byo" (note that by = 0). Notice that (Y° ; b,0")" has no negative terms for
positive m. and is of the form v"'h for h a holomorphic function for negative m.

w=fl:= ¥ eulg@)' = ¥ o (ib>

nez nez

dov

It follows (somehow?) that w = dg + c¢_17;. This shows that our conclusions are inde-

pendent of chart (somehow?).

We say a 1 form is meromorphic on Y if w is holomorphic on Y C Y,and Y\Y’ is a set
of isolated points and w has poles at each of them. Let M!(Y) be the set of meromorphic
1-forms on Y, called the set of abelian differentials.

3.3.2 2 Forms

Define Ta2 = /\2 Tal. If d,x,d,y is a basis of T7, it follows that d,x A d,y is a basis of Taz. As
d,z,d,z is also a basis of T, it translates into the basis

dz Ndz = (dx +idy) A (dx —idy) = —idx Ndy + idy AN dx = —2idx N dy

So dz A dz is also a basis of T2, with multiplying by 2i being the appropriate change of
basis. We say w : Y — U,T? is a 2-form provided that w(a) € T?. A 2-form is dif-
ferentiable if for every chart (U,z), w = fdz Adz with f € £(Y NU). It follows that
w1, Wy € Sl(Y) = w1 Nwy € 52(Y).

3.3.3 Exterior Differentials
We want to define the maps d,d’,d” : E1(U) — £*(U). Let w = ¥ frdgr = fidz + fodz.

Define
dw = dek A Elgk
d'w = Zd/fk A dgk

d"w = Zd”fk A dgy

A very long computational slog shows that this definition is independent of representa-
tive w = ) fxdgx. This can be written (in terms of f, g) as

_y (k98K 9fi 9k
“’_Z(axay dy Ox

Notice that dd = d'd’ = d”d"” = 0 (this is pretty easy to check. Also, as like when we took
differentials of functions, we have that dw = d'w + d"w and d(fw) = df AN w + fdw (and
similarly for d’,d").



3.4 Harmonic Maps

For any 2-form w, it can be written locally as }_ fx A dg. Recall the definitions of d,d’, d”,
and that d = d’ + d”. Furthermore, recall that differentials satisfy the Leibniz rule:
d(fw) =df Nw + fdw, where f is a holomorphic map. From these rules we have

O:dd:(d/+d//)(d/+d//):d/d/+d/d//+d//d/+d//d//:d/d//+d//d/

Thus,
d/d//f:_d//d/f
Where
0 f _ 19 [1[/0of 109f 19 1 [ 0°f Afdx A dy
rqlt g . 7 J — - - ) -2 ) - - J - J /"7
R 28x(2<8x i8y>)+2i8y 2i(8x2+8y2)dX/\dy 2

We say that f is harmonic if d'd" f = 0 (equivalently, if the Laplacian Af vanishes).

3.5 De Rham Cohomology

A differential form w is called closed if dw = 0. It is called exact if w = df for some f.
Define the first De Rham Cohomology, denoted H!(Y) to be the quotient of the C-module
of closed forms by the C-submodule of exact forms.

Theorem 3.5.1. Suppose Y C X, each are Riemann Surfaces. Then, every holomorphic 1-form is
closed. Furthermore, every closed 1-form w € EV0(Y) is holomorphic.

Proof. Choose w to be a differential 1-form of type (1,0). Thus, w = fdz, so

_ _ (94, 9 _ Oz
dw =df Ndz = (Edz—kgdz) Ndz = azdz/\clz

This is equal to 0 <= % = 0, so we're done. O

As a corollary, we have
Lemma 3.5.2. If u is harmonic, then d'u is a holomorphic 1-form.

Proof.
dd'u= (d"+d)du=d"du=0

Thus d'u is a closed 1 form, so it is holomorphic. [

3.5.1 Pullbacks

Let F : X — Y be a holomorphic map. This gives us a map F* : £(U) — E(F~1(U))
locally on U C Y open. via the map f + f o F. More generally, for a 1-form w € £}(U),
we can write w = ) f; A dg; locally, and define F*(w) = }_F*f; AdF*g;. For a two form
n = Y fjdg;j N dhj, define F*(w) = Y F*fjdF*g; A dF*h;. One can verify that F*(dw) =
dF*(w). Similar statements hold if you replace d with d’ or d”.

Lemma 3.5.3. If f is harmonic on Y, then F* f = f o F is harmonic on X.



3.5.2 Integration

Choose w = ¥ fidxy + gxdyx € EY(X), and ¢ : [0,1] — X a piecewise continuously
differentiable curve. As [0, 1] is compact, it follows that ¢([0, 1]) can be covered by finitely
many charts (Uy, z1), ..., (Uy, z,). Define a partitionof 0 =ty < t, < --- < t;, = 1 such
that [t;, t;11] C U;. Thus we can define

/w — Z /tktk1 (fk dxk(C( ) +8k(ﬂﬂ)%) At

Theorem 3.5.4. (Independence of parameterization and charts) If F € £(X), then [.dF =

F(c(1)) = F(e(0)).
Proof. Recall that dF =) aF dxy + dyk Thus,

" rte ([ 9F dxi(c(t)) = OF dyy(c(t))

8xk

]

We say that for w € £(X), a function F is a primitive of w if w = dF. If F and G
are primitives of w, then dF = dG = w, i.e. d(F—G) = 0. Thus, 0 = [ d(F - G) =
(F—=G)(c(1)) — (F = G)(c(0)), implying that F — G is a constant. Thus, primitives must
only differ by a constant at most.

We now show that such primitives exist for any closed form, at least locally. Take
U={zecCllz| <r}and w = fdx + gdy € E'(U) closed. As

O:dw:df/\dx+dgAdy:( Bf 8 )dx/\dy

Thus w is closed <+ % gi Define

Feoy) = [ (Flinty)x + (o ty)y)i

Then 3
%(tx, ty)x + —f(

3y tx, ty)y

d



Implying that

1
/ (f (tx, ty) -I—txg—f(tx ty) —I—tygg(tx ty)> dt
0

1
( (tx, ty) +t%f(tx,ty)) dt

fO (tf (tx, ty)) dt
dt

1
= tf(tx, ty)
= f(x,y)

o

0

and similarly,

X 1
any’y) — /0 (tx%(tx, ty) + g(tx, ty) + tyg—i(tx, ty)) dt = f(x,y)

Note that if w is a holomorphic 1-form, then the existence of a local primitive is easy. If

w = fdzfor f =Y " cnz", then primitive would just be F(z) = Y77, C’;f_H as expected.

3.6 Sheaves of Primitives

Theorem 3.6.1. Suppose X is a Riemann Sutface, and w € &£ Y(X) is a closed differential form.
Then, 3 a covering map p : X — X with X connected and a primitive F € £(X) such that
dF = p*w.

To prove this, we ought to use the language of sheaves. For each U C X open, assign

F(U) = {f € EU) |df = won U}

This is naturally a sheaf, as if there are f, g such that df = dg = w, then we know that
f — g is constant (i.e. this sheaf satisfies the identity theorem). If .7 is a sheaf, we call .%,
the stalk at a point x, corresponding to the germs at a point.

Fe={U>x[)|feFU}/ ~

Where (U, f) ~ (V,g) <= 3IW C UNV such that f|y = g|w. We can take these stalks
and glue them back into a general Espace étalé defined as follows:

’ﬁ’:Ung

xeX

With a natural map p : |.#| — X, and |-#| has a topology defined on it via the basis
{IU, f|f e #(U)} If 7 satisfies the identity theorem, then |.#| is a Hausdorff topologi-
cal space. Note that all this is true for any sheaf .7, but now we return to the case where



Z is the sheaf of local primitives on w. In this case, p : |.#| — X is a covering map. This
is because Vx € X,3U > x open such that w has a primitive on U, denoted by f. Thus,
we have an open set [U, f] such that df = w. Furthermore, p~1(U) = U.ec[U, f +¢]. So
we can take a connected component of |.#| called X, and restrict p to still get a covering
map p : X — X, where p*w has a primitive. As a corollary of this theorem, we have the
following;:

Lemma 3.6.2. Suppose that X is a Riemann Surface and 7t : X — X the universal covering. For
w € EY(X) a closed 1-form, 3f € £(X) such that df = m~'w. In other words, on any simply
connected Riemann Surface, every closed 1-form is exact.

3.7 Independence of Path

Theorem 3.7.1. Suppose X is a Riemann Surface, m : X — X is the universal cover, and
w € EY(X) is a closed differential 1-form. Let F be a primitive of m*w. Ifc : [0,1] — X isa
curve, take a lifting ¢ : [0,1] — X. Then

[ @ = F@) ~ F@o)

and

/A Tw=[ w
C yyaels
These are both independent of choice of F and choice of lifting c.

Proof. It’s clear that this is independent of choice of primitive, as primitives differ by a
constant. As for independence of lifting, suppose we had two liftings ¢ and ¢, associated
via a deck transformation v(¢) = ¢. 71 : X — X is a Galois cover, and v o 71 = 7. It follows
that v*m*w = m*w, so vF is also a primitive of 77*w. Following independence of these
choices, the actual results above follow from previous work. O

Theorem 3.7.2. If X is a Riemann Surface and w € EY(U) is a closed differential form, then
integrals are independent of path, i.e. if u ~ v on X are curves a — b (or alternatively, u, v are
two closed freely homotopic curves), then [ w = [ w.

Proof. Pull back to the universal cover, lifting u, v initial points to the same initial point
in X. It follows via the continuous lifting property that the lifts i1, 7 have the same end
point, and are homotopic (as X is simply connected). Thus,

/Llw:/ﬁn*w:F(E)—P(E):/67'[*(1):/060

For the freely homotopic case, as v ~ h~1 o u o h for some h, we have

fo= fre = ot [@+ fo=[e
v h=Youoh h u h u



3.8 Periods of a Riemann Surface

Let X be a Riemann Surface, w € £!(X) a closed differential 1-form. For ¢ € m1(X),
define an assignment ¢ — [ w. One gets a homomorphism 711(X) — C associated to a
given closed 1-form w. We call this the period homomorphism associated to w.

For example, for X = C*, 11 (C*) = Z. w = dz/z is a holomorphic 1-form on C*, so
it is closed. As 711(CC¥) is generated by a 1-time loop around the missing zero (denoted
o), we conclude that f »w = 2mi. In general, f yw = 2mik for k € Z correspond to the
positively negative count of counterclockwise rotations around the center. This implies
that the period map is k — 27rik.

What are the meromorphic functions on the torus? The Torus (which is always of the
form C/T for some lattice I') has C as a universal cover. Thus, we can take a doubly
period meromorphic functions on C and push it down to the torus quotient, and that
yields a meromorphic function on C/I'. In particular, this is the only way to construct
meromorphic functions.

Recall that not all toruses are created equal (see Homework), and have a complex
structure that is completely dependent on the lattice one is quotienting out by (up to
scaling).

3.9 Summands of Automorphy

Let G = Deck(X/X) = 711 (X) be the group of deck transformations on a covering space.
Forany f: X — C,cactson fby o - f := f oo~ Itis clear that

o-(f+g)=0c-f+o-g

o-(fg) = (- f)le-g)
o-(t-f)=(e1)-f

A function f : X — Cis additively automorphic with constant summands of automorphy
if f —of = a, where a, is a constant for any ¢ € G. Notice that if this is the case,

Agr = f—0Tf =f—0f+0f —0Tf =a,+ar

Following from the fact that o f — oTf = ca; = a;. It follows then that f — o~ 1f = —a,.
Thus, using the word additive is apt. If f is a function invariant under deck transforma-
tions, then f = of Vo € G,s0 a, = 0 for any such ¢ € G.

Theorem 3.9.1. Suppose that X is a Riemann Surface with universal cover X.

(1) w € EY(X) is a closed differential 1 form, and let F be a primitive of w*w. Then, F is
additively automorphic with constant summand of automorphy, where the summands of
automorphy are the periods.



(2) Conversely, suppose that F € £(X) is additively automorphic. Then, lw € EY(X) that is
closed such that dF = m*w.

Proof. As we’ve seen before, deck transformations send primitives to other primitives,
and primitives differ by a constant. Thus, F — ¢'F is constant, so F is additively automor-
phic. Choose a path v : [0,1] — X such that v(0) = yo,v(1) = o(yg). Let u = 7(v).
Because we like to confuse ourselves, let o(yg) = zo, yo = ¢ !(zg). Then,

/ w = F(v(1)) — F(v(0)) = F(z0) = F(o~'(20)) = F — F = a,
H

Which is precisely the period. Now we want to prove (2). Suppose that F has constant
summands of automorphy a4, € C. Then

0*dF =do*F =d(F+a,) = dF

So dF is invariant under the action of the deck group. Since 77 : X — X is locally bi-
holomorphic, 3w € £(X) such that dF = 7*w such that it is closed and uniquely deter-
mined. [

Theorem 3.9.2. Suppose that X is a Riemann Surface and w € EY(X) is a closed differential
1-form. Then w has a primitive <= all the periods of w vanish.

Proof. If w = dF, then integrating w over a closed loop yields 0, so it has no period.
Conversely, if 7 : X — X is the universal cover, then 7*w has a primitive F. As the
periods vanish, a;, = 0, so F = ¢F, so 3f € £(X) such that F = 7*f. It follows that
w = df by pulling everything back.

midf =dn*f =dF =nm'w =df =w
]

In practice, if w is a closed 1-form on a Riemann Surface, we can explicitly compute
a primitive by integrating w along a path, i.e for any x € X we take a path C from some
Xg to x, then define f(x) = [.w. This (at first glance) seems dependent on the choice

of C, but if we define f(x) and f(x) with respect to different choices of C, we see that
f(x) - f(X) - fclosed loop withOperiodw = 0.

Theorem 3.9.3. Let X be a compact Riemann Surface, and wy, wp € Q(X). Then wi = wy <~
they define the same period homomorphisms.

Proof. The forward direction is trivial so we just need to prove the reverse case. wi — w»
has 0 period (via the hypothesis) and is closed (all holomorphic 1 forms are closed), so it
has a primitive df = w; — wy. As X is compact, we have no nonconstant holomorphic
maps, so f is constant, so df = 0. It follows that w; = ws. O



Chapter 4

Cohomology

4.1 Cech Cohomology

Let Y = J U, be an open cover of X and .% a sheaf on X. Define Uf;, ; = U;; N---NU;,.
Define the Cech Groups as

c'u,7)= [] FW,. i)

<--<ip
We use this to define the Cech Complex
cO—=ct—...
Where the transition maps are as follows:
So(fi) = (fj — fi) € Ui
o1(fij) = fix — fix + fij € Ui jk

And so on. Notice that ker(6y) = .Z(X), i.e. C° can be associated to the global sec-
tions of the sheaf. One can take the cohomology of this sequence to obtain H' (U, %) =
ker(6;)/im(d;11) =: Z' (U, F)/B' (U, F). At first glance, it seems that these groups are
dependent on the choice of covering U of X. An open covering |J Vj is called finer than
U U; if Vk3i such that Vy C U;. If V is a finer covering than U, this gives us a map
H (U,.7) — H'(V,.Z), descending to a map on cocycles Z!(U,.7) — Z(V,.7) sending
an element f;, . € U, i to itself contained in V; ;. Thus, we can define the Sheaf
Cohomology groups to be
H(X,7) = limH' (U, 7)

Theorem 4.1.1. Suppose X is a Riemann Surface. Then HY(X,E) = 0, and furthermore,
HY(X, &) = HY(X, W) = HY(X,£2) = 0.

Proof. LetU = |J U; be an open cover. Take a partition of unity {i;} such that Supp ¢; C
U;, every point x € X has a neighborhood meets only finitely many of the supports
Supp ¢, and Y_9; = 1. We want to show that H'(X, &) = 0. Take a 1-cycle f;; such that

24



fik — fix + fij = 0. We’d like to show that f;; is a coboundary. f;; € U; N Uj, so consider
¥ifij on U; N U; and extend by 0 to all of U;. Set g; = }; ¢;fi; on U; (this is OK to do
because y;f;; = 0 for all but finitely many J).

oo(gi) =8 —8& = ;lpk(fjk) ;Vf’k(fik) = Zk:’ubk(fjk — fir) = ;llfk(—fz’j) = —fij

It follows that f;; is a coboundary, so jT] =0 € HY(X, ). A similar proof follows for the
second part of the claim. O

Theorem 4.1.2. X is a simply connected Riemann Surface. Then HY(X,C) = HY(X,Z) = 0,
where C, Z correspond to the constant sheaves on X.

Proof. Z'(U,C) C Z'(U,E). We just saw that H' (U, £) = 0. Choose cij € ZH(U,C) where
cij = fi — fj- Then, dc;; = df; —df;, butdc;; = 0,s0df; = df; onall Uj;. Thus Jw € EY(X)
such that w|y, = df;. Thus, dw = 0, so it is closed. Since X is simply connected, we
can conclude that w is then exact. Thus, df = w for some f. Now set ¢c; = f; — f. Then
de; = df; —df = 0 on U;. Thus, these ¢; are all locally constant. So ¢;; = fi — fj = ¢; — ¢;,
SO Cjj S Bl(u,ﬂ).

Similarly, choose (a;) € Z'(U, Z). aj = ¢j — ¢ on Uy where cj, ¢, € C°(U, C). Notice
that 2% = 2% and X is connected. Then 3b € C* such that b = ¢*™% Vj. Choose
¢ such that 2™ = b. a; = ¢; —c. Well, e — 1, 50 aj € Z. Now take a; — a; =
¢j —C—cx+c=cj—cx = aj. It follows that HY(U,Z) = 0. O

Theorem 4.1.3. (Leray) .% is a sheaf of abelian groups, and U = |J U, is an open cover such that
HY(U;,.7) = 0 for each i. Then H'(X,.%) = H (U, .F).

We call these types of coverings Leray Coverings. The upshot of this is that we only
need to find a cover that has locally trivial cohomology to compute general cohomology,
rather than relying on computing a whole direct limit of complexes.

Proof. If you take a refinement V, we get a map H' (U, .#) — H'(V,.%) (this is true in
general). In this specific case, however, we’d like to show that this map is also surjective.
Choose (fup) € Z'(U, F). By hypothesis, H'(U; N U;, #) = 0. Viewing T as the inclusion
map of indices on U to V, it follows that Fr, 5 € Z(U,F), and Frap — fap = 0 0on Vig.
Ej = gja — gin on U; NU; N Vy, and similarly fu5 = gix — gip Then

F‘rlx,Tﬁ - f(x,B = 8tBa — Sra,a — (gitx - gl,B)

Taking i = 78, we get that
Fm,rﬁ - fzx,B = &818,8 — 8tam
0
We use this to compute H(C*,Z). Take U; = C\{x € R | x > 0} and U, = C\{x €

R | x < 0} It follows that these are both simply connected (so they have trivial homology)
and they cover C*. We can use this covering, via the previous theorem, to compute



the sheaf cohomology. It follows that Z(U; N Up) = Z & Z, as we have two connected
components. Everything is thus a cycle, so the boundaries are precisely the points of the
form (a,a), so it follows that

HY(C*,z) = 7YC*,2)/BYC*,Z2) = (Z®Z)/AN=Z

4.2 [2-Norms

Theorem 4.2.1. If X is a compact Riemann Surface, then H' (X, ©) is finite dimensional.
Let D C C be an open set, and f € O(D). Define the L2-norm to be

IFllewy =1/ [, 1fPdxdy

Let £2(D, O) be the vector space of functions f on D bounded on this norm. If f is
bounded, then || f|| z2(py < ||If[|pVol(D), for ||f|lp = sup,.p f(x). Thus £*(D, O) comes
with an inner product

g) = / ngdxdy

Where |fg| < 2(|f|*> + |g|?). Notice that in an open ball Bg(a), we have an orthonormal
basis {(z —a)" | n € IN}. This is orthonormal because

27 .
((z—a)", (z—a)" //z—a (z—a)"dxdy = / / neind o =imdy dy g

If n = m, this integral is 0. If not, then we get

0  2n42

Observe that
_ T +1
1z = all 28 (a)) =\ ;7 K"
Therefore, for any f € £2(Bg(a), O), we have alocal power series f(z) = Yooy an(z —a)",
implying that
R2n+2

2
I o = X bl g

Theorem 4.2.2. choose D C C open, and define D, = {z € C | B,(z) C D}. Vf € L*(D, 0),

1
Ifllp, < mﬂfﬂczm)

Proof. Write f(z) =Y 0 cn(z —a)" fora € D,.

@) = leol € =Wz < 7= 2o



In particular, L?(D, O) is a Hilbert space. If I take a Cauchy sequence (f,) C L?(D, O),then
fn converges uniformly on a compact subset of D to a holomorphic f.

Lemma 4.2.3. Choose D' C D C C such that D is open in C, and D' is open in D with compact
closure which is also contained in D. Given ¢ > 0,3 a closed vector subspace A C L>(D, O) of
finite codimension such that

1Nl 2oy < ellfllc2(py
Vf e A

Proof. D'is compact and contained in D, by hypothesis. Thus 3r > 0and points ay, ..., ax €
D such that

e D' C B,,2(a;)

for each i. Choose 1 such that 27"~k < e. The set of functions f € £2(D, O) that vanish
to order n at each 4; has codimension < kn. Set A to be that set of all such functions. Now
suppose that f € A. Then f = Y2 ¢;(z — a;)" around each a;. Then

2042

2 e 2
||f”£(Bp(gj),O) < ; 11 o]

By the previous theorem. p = r/2, This inequality becomes

1£1Z 5, 00 < 27" I lle2(es )0
Thus,
11l 20y < kZ ||f||£2(B,/2(aj),o) < k2*”71Hch2(D,O) < || fll 22
j
]

Let X be a compact Riemann Surface, and choose finitely many charts ¢/ = {(U, z;)}
such that z;(U}") is a desk centered at 0. We want to put £? norms on C°,C!. Say U; C U
are open sets such that | U; = X. For 7 = (f;) € C°(U, O), define

||’7H2£2(u) = Z HfiH?/;Z(ui)
1
For { = (fij) € C}(U, O), define

||§||252(u) = Z ||fij||252(uimuj)
i

the cochains with finite norm are a vector space, denoted via taking the subset CZZ (U,0) c
C1(U,O). Now suppose we have V; C U; such that the compact closure of V; is con-
tained in U;. In terms of notation we label this as taking V < U and V; € U;. Choose
¢ € C1(U,0). 1t follows that ||C]| z2) < o0, s0 IA, a closed subspace of Z 2 ) of finite

codimension such that ||| z2(yy < €[|C]| z2() VC € A and fixed & > 0.



Lemma 4.2.4. Suppose that X is a compact Riemann Surface and U* is a finite family of charts,
where W <V < U < U*. Then 3¢ > 0 such that ¥l € Z1,(V,0) 3a € Z,,,(U,0),B €

O%Z(W, O) such that

= ¢+ 0% and max ([l 2oy 1Bl 2w ) < €l ezvy

Proof. ¢ = (fij) € Z,(V,0). O C &,s0 3g; € C°(V,€) such that f;; = g — gj on Vj;.
Thus d”f;; = 0 = d"g; = d"g; on Vj;. We now have w € £%(V) with the property that
wly, =d"gi. AsW <V, Ip € £(X) such that the support of ¢ is contained in elements
of the V cover, and if we restrict ¢ to the elements of the W cover, ......... (will finish
next time). [

4.3 Finite Dimensionality of H' (X,0)

We're working towards proving that, for X is a Compact Riemann Surface. Then, H! (X, O)
is finite dimensional. To prove this, we need the lemma from last time, which we need to
finish proving.

Proof. Let { = (fij) € Z},(V,0). As O C &, 3g; € C°(U,E) such that f;; = ¢; — gj on
V; NV;. Thus, as d”f;; = 0, we have that d”g; = d"g; on V; N V;. Choose w € E% (U V)
such that w|y, = d"’g;. As UW; € UV;, 3y € £(X) such that ¢ is supported over V
and Y| yw, = 1, s0 Py € E%(X). Dolbeault’s Lemma says that 3h; € £(U;) such that
d'h; = yy on U;k, and d"h; = (fl"h]' on Ul* N U]* Thus for Fi]' = ]’l] —h; € O(Uj‘ N U]’F). Let
a = (Fj)y~ AsU eU*,a € Z%Z (U, O) as desired. On W;, d"h; = pyy = d"g;. Thus h; — g;
is holomorphic on W; and bounded. Thus let = ((h; — gi)|w;) € ng(W, O). Therefore,

Fij — fij = (hj — &) — (hi — &) = 6P
on W; N W] [
Lemma 4.3.1. 3S C ZY(U, O) such that S is finite dimensional and ¥ € Z'(U,0), Jo € S

and 5 € COOW, O) with ¢ = { + 6n. In other words, the restriction map from H (U, Q) —»
HY (W, O) has finite image.

Proof. 3 a finite codimension subspace A C Z'(U,O) such that ||| 2wy < ellgll 2wy

(which we proved last time) for any ¢. In this case, let e = 5. Letting S be A+, we want
to show that S is finite dimensional.

Lety € Z'(U,0) and V < U. Then 19l z20) = M < o0. Then 3y € Z%z(u)((’)) and
1o € C2o(W, O) such that ¢ = ¢ + g on W with [|¢ho |l 24y < eMand [0l 2y < M.

Now write g = o + 0p where {y € A, 0p € S. Construct a sequence ¥, € Z1£2 W) (0),ny €
ng (W) such that ¢, = {, + 0, where again ¢, € A, 0, € S. It follows that

* Py =Gy + 10



° 1/‘70 = év + 0y
* l¢oll 2y <27°cMand [|170]| 2y < 27°cM

Therefore,
18oll 2wy < ellpoll 20y <27 YecM =27°71M

Therefore, 3,41 € Zlc2 (U,O) and 17,41 € C?:Q
Hence,

o) (O) such that ¢, 11 = &y + 61741 on W.

max ([ o120y o1l 2wy ) <2777 TeM

Taking the orthogonal decomposition, ;41 = 41 + 0p11. Letting o =) 0y, 57 = Y 170, it
follows that o = ¢ + d7. H

From this, we conclude the following theorem:

Theorem 4.3.2. X is a Riemann Surface, Y1 € Y, C X open subsets. The restriction homomor-
phism H(Y,, ©) — HY(Y, O) has finite dimensional image.

It follows from this that, if X were also compact, we can set Y1 = Y, = X and we get
that H (X, O) is finite dimensional, as desired. We now prove the above theorem.

Proof. (above theorem): Take
chwi:Y’@UU,-:Y”:Yz

Z;(W;), Z;(U;) are disks, and by the previous result we know that H (i, O) — H}(W, O)
has finite dimensional image, Well, H! (u;, 0) = H! (W;, ©) =0, so these are Leray cov-
erings, and we have the morphisms

H(Y,,0) = HYU,0) - HY(V,0) = H(Y;,0)
O

Via this finite dimensionality, we can define the genus of X tobe g(X) := dim H! (X, O).
This is equivalent to counting the “number of holes” of X, viewing X as a g-torus. We also
(will) know that g(X) = dim H’(X, Q) (this equality holds in general, and it is called
Serre Duality). In particular, we know that g(P!) = 0.

Theorem 4.3.3. Suppose X is a Riemann Surface and Y € X is a (compactly supported) open
set. Vp € Y, 3 a meromorphic function f € M(Y) such that f has a pole at p and is holomorphic

nY\{p}
This has the following corollary:

Lemma 4.3.4. If X is compact and ay, . .., ay are distinct points on X and c, . .., ¢, are distinct
points on C, then 3 a meromorphic function f € M(X) such that f(a;) = c;.



Chapter 5

Divisors and Duality

5.1 Interpolation

51.1 OnDP!

Choose x1,...,xn € PP, ¢cq,...,¢c, € C. Then 3 a polynomial f such that f(x;) = ¢; for
any i < n. Let

(x —x2)...(x —xy)

X1 —x2) ... (x1 — xp)

qi(x) = (
And set ,
fx) = ;Ciﬂlz‘(x)

5.1.2 On Any Compact Riemann Surface

As before, choose ay,...,a, € X (X is a compact Riemann surface) and cy,...,c, € C.
We’d like to show 3f € M(X) such that f(a;) = ¢; Vi. Can find f;; with a pole at a; and
holomorphic on X\a;. Now choose A;; € C* such that f;;(ax) # fij(a;) — A;j for any k.
Now set

g fij — fij(aj)

T i) = Ay

This is 0 at a; and holomorphic elsewhere. Set h; = [T Sij- This is zero at all a; except
for with k = i and is holomorphic at a;. It follows that }_!' ; a;h; is the function we are
looking for.

5.2 Riemann Roch and Serre Duality

A divisor on a Riemann Surface X is of the form D = Y !' ; a;p; for p; € X, a; € Z (these
are just formal sums, and must be finite). Set deg(D) := Y./ ; a; to be the degree of D. A
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divisor D is principal if 3f € M (X) such that D = div(f), where
div(f) := Y ord,(f)p

peX

Where the order is the degree of the pole or zero at p. There are only finitely many zeroes
and poles for f as f € M(X), so this sum is finite and it is indeed a divisor. It’s pretty
easy to check that div(fg) = div(f) + div(g) for any f,g € M(X). Divisors also have
a partial ordering. We say that Dy > D, <= D; — D, = ) n;p; with each n; > 0. In
particular, a divisor D is called effective if D > 0.

Given a divisor D on X, we can naturally assign a sheaf O(D) to D such that
OD)(U) = {f e M(U) | div(f)[u + Dlu = 0}

Explicitly, this is just a sheaf of meromorphic functions that bound the possible number
of zeroes/poles of f. If D has a pole of order n at p, then f must have a zero at p of order
at least n, lest the corresponding coefficient be negative. Conversely, if D has a zero of
order m at g, then f is allowed to have a pole, but only of order at most m, at g (otherwise
the corresponding coefficient would be < 0 again).

We say that divisors D1 and D; are linearly equivalent (denoted D1 ~ D») if D; —
D, = div(f) for some f € M(X). This is clearly an equivalence relation. It follows that
HY(O(D)) (the global sections of O (D)) is precisely the set of divisors linearly equivalent
to D. Furthermore, it follows that D ~ D’ implies that O(D) ~ O(D’). This is because,
if D— D’ = div(g) for some g € M (X), it follows that O(D)(U) = O(D’)(U) via the
isomorphism f + ¢f (this has natural inverse f — f/g).

Let 1°(D) = dimH°(O(D)). This is independent of the linear equivalence class of D.

Theorem 5.2.1. (Riemann Roch) Let X be a compact Riemann Surface of genus g. § =
dimHY(0), and
(D) — (D) = deg(D) —g +1

We can associate a divisor to a meromorphic 1-form w = fdz as follows:

div(w) := ) ord,(w)p
peX

It’s pretty clear divisors associated to any two meromorphic 1-forms are linearly equiva-
lent, as if w1 = fw,, then div(w;) — div(w;) = div(f). Thus, we can associate a divisor
to a meromorphic function on X, and this is canonically defined over X. We let Kx denote
this divisor, and we call it the canonical divisor.

When X is a compact Riemann Surface, we have the following short exact sequence of
sheaves
05005 -0



Where Q) is the sheaf associated to the kernel of the surjective morphism d : 10 — £2.

As HY(X, £10) = 0, it follows that

_ E(X)
H'(X,0) = FENK)

By taking a long exact sequence in cohomology. We can write down the definition of this
sheaf Q) on divisors (denoted ()(D)) as follows:

Q(D)(U) := {w a meromorphic one form | div(w) + D > 0}

This associates a natural linear pairing Q(—D) x O(D) — Q sending (w, f) — fw. This
induces a pairing on cohomology:

H(X,Q(-D)) x H(X,0(D)) — H(X,0) = C

Where (w, f) — fw — Res fw, for Resw = 5= [[, & where ¢ is the representative of the
corresponding class of £2(X) corresponding to w € H'(X, Q).

Theorem 5.2.2. (Serre Duality) The pairing above is a perfect (non-degenerate, billinear) pair-

ing.
H(O(Kx — D)) =H(O(D))*

in particular,
’(Kx — D) = h(D)

Thus we can rewrite the conclusion of Riemann Roch as:

(D) —h’(Kx — D) = deg(D) — g +1

5.3 Proof of Riemann Roch

Proof. (Riemann-Roch) This is clearly true for D = 0. Now onto the general case. Given
any divisor D and a point p, there exists an injection O(D) — O(D + p), with natural
kernel O, where O, is the skyscraper sheaf at p. This is defined by

0, (U) = C pelu
P ~ ]0 otherwise

It follows that O, (X) = C, as p € X, so H’(0,) = C, with higher cohomology vanishing.
This gives us a short exact sequence

0 —— OD) —— O(D+p) > Oy

)

Giving us a long exact sequence in cohomology:



0 —— H%(O(D)) —— H°(O(D +p)) —— H(O))

H'(O(D)) —— HY(O(D +p)) —— H'(Oy)

Thus, x(O(D)) +1 = x(O(D + p)). But, x(O(D)) = deg(D) =g +1,x(O(D +p)) =
deg(D + p) — ¢ + 1. It follows that we have two cases:

e (D + p) =h%(D)and h'(D + p) = h}(D) — 1
e l%(D+p)=h(D)+1and h'(D + p) = h'(D)

Here are some neat applications:

(1) If D = 0, this gives us that i°(Kx) = h}(O) = g, so h%(Kx) = g. This gives us
another definition of genus (the number of global sections of the canonical divisor)

) If D =K,
H(K) — h%(O) = deg(K) —g +1
M\/_/ &1,—/
8

So deg(K) =2g — 2.

5.4 Maps to IP"

Let X be a compact Riemann Surface of genus g. We’d like to construct a map fron X
to projective space. First, take a basis sy, ...,s, of H’(Ox(D)). We can construct a map
X — P" by mapping x — [so(x),...,sn(x)]. This is well defined precisely when s;(x) # 0
for at least one i. If all s; vanish at some p € X, we say that p is a basepoint of Ox (D).
We’d like to find D such that Ox(D) is basepoint free. p is not a basepoint if and only
if H(Ox(D — p)) € H(Ox(D)), as there exists a nowhere vanishing section in one but
not the other. It follows that

pis a basepoint <= h(Ox(D)) = i°(Ox(D —p))
This can be strengthened into a basepoint free criterion as follows:
Lemma 5.4.1. Ox (D) is basepoint free <= h°(Ox(D)) = h°(Ox(D —p)) +1
Theorem 5.4.2. Let X be a curve of genus ¢ > 1. Then K is basepoint free, and X — P81,

Proof. Let K denote the canonical divisor of X. We’d like to show that h*(K — p) =
h(K) — 1 forany p € X.

W(EK—p)—H(p)=2¢-3-g+1=¢g-2



We hope that 1°(p) = 1. We know that C ¢ H°(Ox(p)). If you have a nonconstant
meromorphic function, this defines a function X — P! with degree 1, it follows that X
and IP! are birational, and indeed they are isomorphic. However, X is genus ¢ > 1, and P!
has trivial genus, so we have a contradiction. Thus, C = H’(Ox(p)), and thus #°(p) = 1.
It follows that
WEK-p)=g—-1=h(K)-1
O

Question: What is the smallest degree non-constant meromorphic function on a Rie-
mann Surface of genus g? We don’t know the answer at this point, but we do know that
there is a function of degree < ¢ + 1. To see this, notice that if deg D > g + 1, then

(D) —h(K — D) = deg(D) —g+1>2

We've associated H’(K) to the vector space of meromorphic 1-forms. Thus, H’(K — p; —
p2 — -+ — pm) is the vector space of meromorphic 1-forms vanishing on all the p;. If
p1,...,pm are general points, it follows that h’(K — p; — - - — p,,) = ¢ — m (this follows
from the fact that, if p is a general point, then 1°(D — p) = max (0, h°(D) — 1)). It follows
from here that there must be a meromorphic 1-form of degree < g + 1.

The next question you may want to ask is, when do we get an embedding from X into
P"? we currently just have an inclusion map.

Theorem 5.4.3. Let X be a compact Riemann Surface of genus > 0. Then the map associated
Ox(D) (as we defined in the previous theorem) is an embedding in P" <= h°(D —p —q) =
W(D) —2Vp,q € X, where possibly p = q.

This theorem gives rise to the following definition: A Riemann Surface X is called
hyperelliptic if it admits a map X — P! of degree 2. Elliptic curves generally fit this
framework, and all hyperelliptic curves are of the form y*> = p(x) for p € C[x]. For
example, all genus 2 curves are hyperelliptic, since the map |Kx| : X — P! is a map of
degree 2 as degKx = g = 2.

Theorem 5.4.4. Let X be a curve of genus g > 3 that is not hyperelliptic. Then |Kx| : X — P8~1
is an embedding.

Proof.

(K—p—q)-H(p+q) =28-4-g+1=¢-3
We also have that HY(Ox(p + q)) D C. Suppose this contains a non-constant function f.
This determines a basepoint free map X — P! of degree 2, as p, q lie over co € P!, but we
assumed that X is not hyperelliptic, so we have arrived at a contradiction. It follows that
K (p +q) = 1 for any p, q pairs, even when p = g, It follows that

WEK-p—q)=g—-2=h"(K)-2
0

The image under this embedding corresponds to the canonical curve of X in projective
space.



Chapter 6

Algebraic Curves

6.1 Compact Riemann Surfaces are Algebraic Curves

Lemma 6.1.1. Let D be a divisor such that deg(D) < 0. Then h°(D) = 0.

Proof. The only f € HY(Ox(D)) are those such that div(f) 4+ D > 0. O
Lemma 6.1.2. If deg(D) = 0 and h°(D) > 0, then D ~ 0.

Lemma 6.1.3. Let D be a divisor of degree > 2¢ — 1. Then h*(D) = 0.

Lemma 6.1.4. Let D be a divisor of degree d > 2¢ — 1. Then h°(D) = degD — ¢ + 1.

Theorem 6.1.5. Let X be a compact Riemann surface of genus g with divisor D. Then if deg(D) >
2g, then Ox(D) is globally generated and you get a map f : X — P98(P)=8 [f deg(D) >
2¢ + 1, then Ox/(D) is very ample, and you get an embedding f : X — Pde8(D)=g,

Combined with Chow’s lemma (saying that every closed subset of IP" is algebraic) we
get that every compact Riemann Surface is an algebraic curve.

Proof. Without loss of generality, assume that D is effective. Ox(D) is globally generated
if and only if 1%(D) = h%(D — p) + 1 Vp € X. h%(D) = degD — ¢ + 1, whereas h°(D —
p) = degD — 1+ ¢+ 1 when D is of degree D > 2g, by the directly preceeding lemma,
so we're done. For the next part, Ox (D) is very ample if and only if h°(D — p —q) =
W (D) —2Vp,q € X. i°(D) = deg(D) —g+1and h%(D — p —q) = deg(D) —2—g+1
by the same preceeding lemma when deg(D) > 2¢ + 1 (as only then can we apply the
lemma to h%(D — p — q)). O

It's worth noting that these inequalities are sharp. Let D = K + p, for instance. Then
deg(D) = 2¢ — 1, and is not globally generated at p. h°(D — p) = h%(K) = g and h°(K +
p) =2¢—1—g¢+1 = g. In this case, i°(D — p) = h%(D). Conversely if D is degree
2¢ — 1 and is not globally generated, then ¢ = h°(D — p) = h°(D) for some p. D — p has
degree 2¢ — 2, W' (D —p) =1,s0 D —p ~ Kor D ~ K+ p.
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6.2 Weierstrafd Points

Let p € X, for X a compact Riemann surface of genus g > 2. We expect that

1 n <
h°<np>:{n_g n;ﬁ

_ <
hl :ho K — — §—n n=g
(np) (K—p) {o 0> g

A Weierstraf Point is a point p € X where h?(np) differs from the expectation. We can
look at n € IN where h%(np) > h°((n — 1)p). This is a semigroup with g gaps. There is a
weight of a Weierstraf point, defined as Y, (h°(npw) — h(npexp)). In general, we know

that
Z Z (h0<nPW) - h(”Pexp)) =(g—1)glg+1) = 83 -8

all Weierstrafd points n€IN

We can also think of a Weierstrafs point as a ramification point of the canonical curve.

6.2.1 Weierstrafs Points of Hyperelliptic Curves

Let f : X — P! be a2 : 1 canonical map. By Riemann-Hurwitz, this map has 2¢ + 2
ramification points. We claim that these are precisely the Weierstrafs points. Here is a
table of h°(np) for genus g.

W

Ok WD I
W NN =

W W NN = |

6
Jumps occur at even p multiplicity.

6.2.2 Special Divisors

Let X be a compact Riemann Surface of genus g. A linear system on X is a subspace
V C HY(Ox(D)) for some D. We say V is ghifdimV =r+1and deg(D) = d. If V is
basepoint free we get a map X — IP’. An effective divisor D is special if h' (D) # 0. Let
ID| = P(H°(Ox(D)*) denote the (projectivized) linear system of D we’re mapping to.

Theorem 6.2.1. (Clifford’s Theorem) Let D be a special effective divisor. Then,
1
dim |D| < Edeg(D)

Equality holds if and only if D = 0, K or X is hyperelliptic and D ~ mg3.



As a fun application of this theorem, let X C IP" be a non-degenerate curve (i.e. it
doesn’t lie in a hyperplane). Further suppose that X is a smooth curve of degree n. Then,
X is the rational normal curve of degree 1, and is isomorphic to IP!.

To see this, take a hyperplane H. Then X N H = D a divisor (by non-degeneracy)
and dim(D) = n. By Clifford’s Theorem, D is not special. h°(D) > n+ 1, but h%(D) =
degD —g+1 = n+1—g. It follows that, as ¢ > 0, ¢ = 0 for both of these to hol.
We already know that a genus 0 smooth non-degenerate curve of degree  is the rational
normal curve.

6.3 Canonical Maps

If X is not hyperelliptic, then |K| : X — PP&~! is an embedding, with image being the
canonical curve. We have yet to discuss what happens when X is hyperelliptic. We still
get amap |K| : X — IP$~1. but it factors via a 2 : 1 map to P! as follows:

x 5 ps1
NN
Pl
Yielding a 2 : 1 map onto the rational normal curve.

Lemma 6.3.1. K ~ (g — 1)g3, where gi (the 2 : 1 map above) is unique.

Proof. Let f denote the canonical map |K| for simpler notation. Since X is hyperelliptic,
Jg3. For p + ¢ € g3, then by Riemann Roch, p (or equivalently, q) is a basepoint of |[K — p|.

Then f(p) = f(4)

Let im(f) = X’. Then f : X — X’ C P$~! is not necessarily birational, butisa y : 1
mapping onto X'. u(deg(X)) = 2¢ —2,and pu > 2, so deg(X’) < ¢ — 1. It follows that
X' is precisely the rational normal curve. To see this, take the normalization X’ and let
g(?(v’) = h. Then take a linear system of degree d on X’ and dimension > g such that
X' 2P, Then

g>h(D)-h(D)=d-h+11<g—-1-h+1=g—h
As h'(D) = 0 by Clifford’s Theorem, it follows that h = 0,h°(D) = g,deg(D) = ¢ —1,

and p = 2. Consequently, g3 is unique.

6.4 Equations of Curves

Suppose ¢ = 3 and X is nonhyperelliptic. |[K| : X — IP? is a plane quartic curve. Con-
versely, any smooth plane quartic curve is a genus 3 canonical curve.
To prove this (and other facts about canonical curves) one needs adjunction.



6.4.1 Adjunction

Suppose D C Y is a smooth divisor of a smooth projective variety. Then Kp ~ (Ky +
D)|p. More generally, if E — Y is a vector bundle of rank r over Y and Z is a smooth zero
section V(s) of s € H(E), where Z is of expected dimension. Then, N,y ~ E|z. Taking
the normal sequence and plugging this in gives us short exact sequence

T|Z — Ty|z — E|z — 0

Implying that ¢1(T%) = ¢1(Ty)|z — c1(E|z), so Kz = —c1(Tz). Back to our example above,
viewing i : X — P2 where i*Op2 (1) = Ky, we see that Kpz = Op2(—3). O

6.5 Classifying Canonical Curves

6.51 Genusg =3

For ¢ = 3, the canonical image of a non-hyperelliptic curve is a smooth plane quartic, and
conversely, every smooth plane quartic is the canonical image of a genus 3 curve.

Lemma 6.5.1. 2 canonical curves Cq, Cy are isomorphic <= 1M &€ PGLg such that MCy =
Co.

Proof. Suppose we have a morphism of curves f : C; — C,. Canonical curves have
a canonical cotangent bundle, so f*(2 = (). In particular C;=C, <= we have an
isomorphism H (K, ) 2 H%(K.,) induced by f. These are finite dimensional vector spaces,
so they are isomorphic <= f is a linear map defined by an invertible matrix, i.e. f is of
the form M € PGL,. O

The projectivized vector space of quadrics over IP? is 15 dimensional, so IP'*/Disc =
U™, and U™ modulo this PGL, action yields a 6-dimensional variety of smooth quadrics
of genus 3.

6.5.2 Genus g =4

Moving on to ¢ = 4, we get the canonical map ¢ : C — IP? yielding a curve of degree 6 in
IP3. Now observe that deg O¢(d) = 6d. If d > 2, 6d > deg(K) = 2¢ — 2 It follows that in
this case, ! (O¢(d)) = 0, so by Riemann Roch h°(O¢(d)) =64 —5+1 =6d — 3

d [ B°(Ops(d)) [ B°(Oc(d))
2 10 9
3 20 15

For a quadric Q, we have a natural map H%(Ops(2)) — H°(O¢(2)) defined by Q ~— Q|c.
h0(Ops(2)) = 10 but h°(Oc(2)) = 9, so this morphism has a kernel. Thus, there is



a quadric that vanishes on C, denoted Q. For instance, if L is a linear form, then LQ
vanishes on C. This quadric unique up to scaling, and we have a 4 dimensional space of
forms LQ for fixed Q and L a linear form. For cubics, we thus get a map

H(Ops(3)) = H(Oc(3))

which is a map from a 20 dimensional vector space down to a 15 dimensional one. Thus
we have a kernel of dimension at least 5, with 4 dimensions of cubics of the form LQ.
Thus, there is a cubic X not divisible by Q vanishing on C. Thus, C C XN Q. XN Qs
of degree 6. By the purity theorem, the complete intersection X N Q is Cohen Macaulay,
implying that C = X N Q. It follows that C is necessarily the intersection of a quadric
and a cubic. Conversely, this implies (via adjunction) that every smooth (2, 3)-complete
intersection is a canonical genus 4 curve (it is sufficient to check that K¢ ~ O¢(1)).

Lemma 6.5.2. There are 2¢ — 1 dimensions of hyperelliptic curves of genus g.

Proof. Take a 2;1 map C — P!. By Riemann-Hurwitz, ¢ — 1 = 2(—1) + %, sob =2g+
2. Thus every hyperelliptic curve is cut out by equations y?> = H?Srz(x — ;). These
a; are chosen up to some PGL; action, so the space of hyperelliptic curves is precisely
(IP1)28+2 / PGL,, which is 2¢ — 1 dimensional.

]

In general we have dimensions

g | dimH, | dim M,
2 3 3
3 5 6
4 7 9

So for large g there are far more nonhyperelliptic curves than hyperelliptic. Now suppose
we have a quadratic curve Q C IP° of genus 4. It follows that only x? + y* + z% + w? or
x? 4+ y? + z? can cut this out, since x? + y?> = (x + iy)(x — iy), so in this case the curve
would lie in the intersection of two hyperplanes; by non-degeneracy it must be contained
in one of them, leading to a contradiction.

6.5.3 Genus g =26

We’d like to understand genus 6 canonical curves that are not hyperelliptic. It follows
that deg K = 10, so X — IP° is a degree 10 embedding.

d | 1°(Ops(d)) | 1°(Ox(d))
2 21 15

It follows that X is contained in a > 6 dimensional family of quadrics. For general IP",
n+2

Opn(2)| = P("27)~1, There are finitely many PGL(# + 1) orbits, determined by the rank
y y y



of the quadric. Let X, 115 C P("2)~1 be the space of quadrics of rank < n + 1 —s. This
s(s+1)

has codimension , which can be computed, so X is contained in a quadric Q of rank
< 4. The space of such quadrics is a codimension 3 space, so there is a dimension 3 family
of rank 4 quadrics containing X.

Consequently, there is a quadric of rank 4 whose vertex meets with X, and if through
the point there is a 1 parameter family of quadrics of rank < 4 containing X, then we
can project X through this point p and get a curve contained in a 1 parameter family of
quadrics. Thus, X C Q1 N Qy, two quadrics in the 1-parameter family, so X is contained
in a Del Pezzo Surface.

6.6 Geometric Riemann Roch

Theorem 6.6.1. Let C be a trigonal curve (i.e. C admits amap f : C — P! that is 3 : 1). Then
the fibers of f are collinear in the canonical curve. The canonical curve lies in the rational normal
surface scroll.

Suppose that C has a gi. Geometric Riemann Roch states that

h(g3) —h(K — g3) = deg(g3) —g +13-g+1=4-¢

~
2

It follows that h%(K — g1) = ¢ — 2, so setting g} = p + q + r for points p,q,r, it follows
that
WEK-p—q—r)=g-2

6.7 Projective Embeddings

Theorem 6.7.1. If X is a smooth projective variety of dimension d, then X embeds into P> +1, In
particular, a Riemann Surface always embeds into IP°.

Proof. We know that X — IP" for some n, as it is a projective variety. If n < 2d + 1,
then we’re done. If not, take the general projection from a point p, inducing a map 7y, :
X < P""1. This is an embedding <= 7,(x) # m,y(y) if x # y, and 7p(Tx) is an
isomorphism onto its image for all x € X. This holds if p not contained in either the
Secant Variety or the Tangent Variety of x. dim(Sec(X)) < 2dim X + 1 (derived via
an incidence correspondence), and similarly one can derive that dim tan(X) < 2dim X.
Thus, if n > 2d 4 1, then projection from a general point (i.e. one that is not contained in
the secant or tangent variety) 77, : X < IP"~! is an embedding.

It follows that we can keep projecting from points until we hit n = 2d + 1, so we can
conclude. O

While this seems to be a nice bound, we can do better.

Theorem 6.7.2. Any Riemann Surface maps into P2, in such a way that the image has only nodes
as singularities.



Recall a node is a singularity that locally analytically looks like

N

i.e. it is a plane singularity of multiplicity 2, where the tangent cone consists of 2 distinct
lines. We now prove the above theorem.

Proof. We already have an embedding of a Riemann Surface X into IP?, we’d just like to
project down to IP? in a sufficiently nice way. We need to check that this projection only
has finitely many singularities. We construct this via projecting down from a point p.
We’d like to pick p such that:

* No tangent line to X passes through p
¢ There are finitely many secant lines passing through p.

Thus, each of these lines needs to just meet the curve at exactly 2 points. In addition, if a
secant line S is secant to X at x and y, then the tangent lines Ty and T, should not inter-
sect, lest they be coplanar and project to the same line (this would project to a cuspidal
singularity, not a nodal singularity). Who says this point exists?

Theorem 6.7.3. (General Position Theorem) Suppose C C IP" is an irreducible, non-degenerate
curve of degree d, and r > 2. A general hyperplane meets C in d points, any r of which are linearly
independent.

This suggests that for C C IP" and r > 3, a general hyperplane meets C in d points,
where no 3 of which are collinear (this is also known as the tri-secant lemma). This
implies that one can choose a secant line which is not tri-secant. It follows that such a
point p (in the above proof) exists. O

It’s fairly clear that the General Position Theorem implies the tri-secant lemma, but
in fact these are equivalent with a bit of work. In fact, both statements are equivalent to
saying that all secant lines are tri-secant.



Chapter 7

Further Topics

7.1 Monodromy

Theorem 7.1.1. (Uniform Position Theorem) Suppose that C C P” is a degree d irreducible
non-degenerate curve, and C N H is a general hyperplane section. Then d points on C N H have a
subset of size r which are linearly independent.

Suppose that 7 : X — B is a flat family of varieties parameterised by a base B, which
is smooth and irreducible. Let D be the discriminant locus of B, and let ¢/ be all points
in X NOT lying over D (so U = X\7!(D)). This gives us a covering Y — B\D, and
m1(B\D) acts on covers.

When X is a finite cover (say of degree d), then there is a natural mapping 7t (B\D) —
G4, which is the Monodromy Representation of the family. The question now is, what is
the image in 6,7

Lemma 7.1.2. The monodromy group of this family is the full symmetric group.

Such a lemma actually implies the Uniform Position Theorem, as this is in a sense
saying that you can move around any points in the fiber of 7t as we please.

Proof. Let
I(m)={(p1,....,.pmH) | HE U, p1,...,pm € HN C distinct}

If I(m) is connected, then there is a path connecting (p1, ..., pm, H) = (pi,---, pi,,, H)-
Thus there is an element of 7r1 (IP™*\ D) lifting to this path, so the monodromy action acts
m-transitively on the fibers, which would allow us to conclude. For 771 (B\D) to equal Sy,
this action need only be 2-transitive. Thus, to prove the lemma it is sufficient to check that
I1(2) is connected and contains a simple transposition.

Take a hyperplane tangent to the curve such that it intersects the curve at d — 2 points.
Moving it in a little bit, the tangent point moves down to 2 separate intersections. Moving
along the curve will just swap these points, so it follows that I(2) has a simple transpo-
sition. To check connectedness, take a projection I(2) — (C x C)/A. the fibers are open
sets in IP"~2, so this projection is continuous. C x C\A is connected, so it follows that I(2)
must also be connected. O
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Theorem 7.1.3. (Generalized Uniform Position Theorem) Suppose that C C IP" for r > 2 is
a non-degenerate irreducible curve of degree d. If D is any linear system on Cand I' = HNC
is a general hyperplane section, then all subsets of points in I of a given size m impose the same
number of conditions on D.

7.2 Castelnuovo’s Bound

Let C be a smooth curve that admits a birational map onto a non-degenerate curve of
degree d in IP". Then

m(m—1)

2(C) < m(d,r) = 5

(r—=1)4+m-e
Form = L‘Z_;%J and ¢ is the remainder when you divided —1by m (ie. d —1 = m(r —
1) +e).

7.2.1 Examples

e Whenr = 2, thenm = d —1and ¢ = 0. It follows that g(C) < (dgl) = —(d_l)z(d_z)_

This is already known (this is an equality for smooth curves, and singular curves
have strictly smaller geometric genus), but we can arrive at this via Castelnuovo’s
bound.

e When r = 3, we have two choices. If d is odd, then d = 2m + 1 and € = 0. Then

#(C) = (d—1)2(d—2) ”

Whendiseven, e =1and m = d%. In this case,

g(C)zZ(dgz) (d;4>+d;1

We've checked that this bound is sharp, though we have yet to prove such a bound
exists. Using the notation above, we see that X has Hilbert polynomial Px(m) = dm +
(1 — pa). We'd like to bound the Hilbert polynomial from below in same way utilizing the
Castelnuovo bound. Choose E; C [¢D| be the linear subspace cut out by hypersurfaces
of degree (. Let By = dim Ey, and let I be a hyperplane section of X. Then, By — By_1 >
dim Eg — dim Eg(—r).

Lemma 7.2.1. Let py,...,py be a set of points in P"~! such that any r among them are linearly
independent. Then, they impose at least min(d, k(r — 1) + 1) conditions on polynomials of degree
k.

This lemma bounds E;, — dim E,(—T'), implying that f; — By_1 > min(d, ¢(r — 1) + 1)
for any /. A telescoping sum argument on each of the terms above yields the result.



Theorem 7.2.2. Suppose that C is non-hyperelliptic. Then we have a surjcetive mapping
Sym’(H°(C.K)) — H%(C, /K)

Consider the £ = 2 case. As dim Sym?(H°(C.K)) = (ngrl) and dim H%(C, 2K) = 3¢ — 3,
then

<g+1> _gg3— @FE—6(g=1)

2 2
g —5¢9+6
=4 %72
_ (8-2)(g—3)
2

This corresponds to the dimension of the kernel.

Theorem 7.2.3. (Castelnuovo) Suppose that v > 3 and d > 2r +1. Let m = L‘f%ﬂ and
d—1 = m(r — 1) + ¢ like before. Then, extremal curves exist and are precisely either of the
following forms:

(a) The image of a smooth plane curve C C P? of degree k under the P> — P° Veronese
embedding.

(b) A nonsingular member of |mH + L|, on a rational normal surface scroll (here ¢ = 0)

(c) A nonsingular member of |(m + 1)H — (r — € — 2)L| on a rational normal surface scroll.

7.3 Hirzebruch Surfaces

Let F, = P(Op1 & Opi(e)) define the Hirzebruch Surface of order e. These correspond to
rational normal scrolls in projective space.

Explicitly, let’s choose a rational normal curve of degree a in IP?, and a rational normal
curve of degree b in IP?, and suppose both IP?, P? exist inside a larger P" = IP**?*1, Fix an
isomorphism between both of these rational normal curves (such a map exists because,
abstractly, both are isomorphic to IP!). This defines a rational normal surface scroll on
Sa,b cC P

Theorem 7.3.1. Suppose that E + eF is basepoint free and maps F, — P! as a cone over a
rational normal curve of degree e. Then E + mF is very ample for m > e, and the mapping
F, — P2m—etl pgg image that is precisely the scroll Sy, e .

Recall that if X C IP" is a non-degenerate surface, then deg(X) > r + 1. Equality holds
when X is a Veronese surface in IP° or S, ;, C P**0+1.



7.4 Extremal Curves

To prove the Castelnuovo bound, one needs to look at the points along a general hy-
perplane section of a curve, and count how many conditions they impose on various
varieties. Using the Castelnuovo bound, we want to maximize genus by minimizing
the Hilbert Polynomial, minimizing the conditions imposed by these points at each step.

Thus, if g = m(m+)(r_1) + me then the points on the hyperplane section must impose the
minimum possible conditions on hypersurfaces.

For instance, on quadrics the minimum number of conditions imposed is min(d, 2(r —
1) + 1) and the codimension of quadrics vanishing on such points is 2r — 1.So the hyper-
plane sections lie on a rational normal curve. It follows that all the quadrics that vanish
on a Riemann Surface X must determine a surface. As (g) quadrics vanish on the natural
normal curve, that implies that they impose the following number of conditions:

<d+2> B (d) AP —3d4+2—-d*+d

=24d+1
2 2 2 +

Thus the aforementioned surface is the Veronese Surface contained in IP° or a rational
normal scroll.

Now recall the Max Noether theorem, saying that for canonical curves (i.e. where
g > 3),Sym™ H’(C,K) — H%(C, 2K). In the case where m = 2, then dim H’(C,K) = g, so
dim Sym? H°(C,K) = (gzl) and dim H%(C,2K) = 3¢ — 3. It follows that every canonical

curve is contained in (87") — (3¢ — 3) = (¢,?) quadrics. Thus,

# Quadrics
0
Unique Quadrics
3 dimensions of Quadrics
6 dimensions of Quadrics
10 dimensions of Quadrics

- N1 O\ U1 = Woe

This induces the following question: Do the quadrics generate the ideal? If so, can you
write them down?

Theorem 7.4.1. (Petri’s Theorem) Let C C P8~ be a canonical curve of ¢ > 5. Then 1(C) is
generated by quadrics unless C is trigonal or C is isomorphic to a plane quintic curve. In these
cases, the ideal is generated by quadrics and/or cubics.

Proof. Suppose that py, ..., pg € C are general. Notice that 1" <K — Y p]-> =1,so0itis

spanned by some nonzero element w;, where {w;, ..., w,} is a basis of HO(K). Now con-
sider the map ¢, : HY (P81, Op,-1(n)) — H(C,nK), which exists by the Max Noether
Theorem. Take a hypersurface of dimension n. This maps to X|c. Let x; be a basis of
H%(Opg-1(1)) such that

8 g
" (n) ot
i=1 i=1



Writing I(C) = @ I via its grading and S = Clxy,..., xg], it’s clear that R(C) = S/I,
where R(C) is the coordinate ring of C. Letting D = p3 + - - - + pg, it follows that h%(K —
D) = 2, which is spanned by wj, w,. Thus,

H°(C,mK) c H(C,nK — D) c H(C,nK —2) C --- ¢ H(C,nK + (—n+1)D)

Where h°(C,nK —sD) = n(2h —2) —s(g—2) —g+1for0 < s < n—1, and deg(nkK —
sD) =n(2g —2) —s(g —2) = (2n — s)g — 2n + 2s. This implies that the sequence of sub-
sets above is in fact a vector space filtration of H (1K), where each piece has codimension
g — 2 in the previous piece. Now consider the map

H((n — 1)K+ (—s +1)D) @ HY(K — D) — H°(nK — D)
Defined via multiplying vectors, where h’(K — D) = 2 and
W ((n—1)K+ (-=s+1)D)@H*(K—D) = (n—1)(2g—2) + (-s +1)(§—2) —g +1

To conclude the theorem, we need to use the basepoint free pencil trick. Let C be a smooth
curve, L a line bundle, .# a torsion free Oc-module. Let 51, s, be linearly independent
sections of £, and V C H°(C, £) the subspace they generate. We will see that

ker (V@ H'(C,7) - H(C,# ® L)) =H'(C,.# © L7'(B))

Where B is the base locus of V. This completely characterizes the map above and allows
us to conclude the result. O]
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