Math 614: Commutative Algebra IBL Lab Notebook

Class 1: September 5th
Name: Vignesh Jagathese Collaborators: N/A

Problem 1. Show that each of the following is equivalent to R being Noetherian:

a) Every nonempty family of ideals {I)},ca has a maximal element.
b) Every ascending chain of finitely generated ideals eventually stabilizes.

c) Given any generating set S for an ideal I, the ideal I is generated by a finite subset of

d) Every ideal of R is finitely generated.

Solution: First we show that (a) <= (b). Given an ascending chain
Lcl,cC...

where each I; C R is finitely generated. Note that {I;};en is a nonempty family of ideals,
so by (a) it has a maximal element. Thus, there exists some Iy such that I; C Iy for all
J. Since by construction Iy C Iyy; for any ¢ € N it follows that Iy = Iy, so the chain
stabilizes, and (a) = (b). The converse immediately follows from Zorn’s Lemma.

(¢) <= (d) is immediate, so it is sufficient to show that (b) <= (d). To show the
forward case, assume (b), and choose I = (a1, as,...). We wish to show that I is indeed
finitely generated. Consider the chain of ideals

Il = (al) C[2:<(l1,a2) C ...

Each of these ideals is clearly finitely generated. By (b), this chain eventually stabilizes
at some N. It follows then that (ai,...,ay) =1, so [ is finitely generated. Now for the
converse, suppose that every ideal is finitely generated. We now wish to show any chain
of ideals eventually stabilizes. Suppose we have a chain

LchcC...

Now consider |J jeN I; for some indexing set Z. We know this is finitely generated, so
we let (ay,...,a,) be its generators. We know that each a; is contained in some [; for
some j. Choose j; such that a; € I;,, and j; is minimal (there exists a minimal element
because N is discrete, and bounded below by 1). Let m = max(ji,...,Jn). I, thus
contains every aj, ..., ap, S0 (a1, ...,a,) C I,,. But these are the generators of the union
the entire chain, so we can conclude that (ai, ..., a,) = I, = ;.7 I; It follows that the
chain stabilizes at m.
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Problem 2.

a) Show that if R is Noetherian and I C R is an ideal, then R/I is Noetherian.
b) Show that if R/(f) is Noetherian for all f € R\{0}, then R is Noetherian.

Solution:

a) Choose J C R/I an ideal. We claim that this is finitely generated. Let {@;}icz =
{a; + I};ez be a list of generators for J, for Z an indexing set. Here, each a; is
contained in R. Consider the ideal {a;};c7 in R, which must be finitely generated.
Let by,...,b, denote its generators. It follows then that b; + I,...,b, + I can
generate J, so J is finitely generated.

b) Choose an ideal [ = (ay,...,) C R. Let m : R — R/(ay) be the standard projection
map. 7(I) = (ay,...,). But, this is an ideal in R/(a1), implying that 7(I) is

finitely generated. Let (bq,...,b,) denote its generators. It follows then that I =
(ay,b1,...,b,), so I is finitely generated.

Problem 3. Show that fields and principal ideal domains are Noetherian.

Solution: A field F' has only two ideals, 0 = (0) and F' = (1). Thus any chain of ideals
has length at most 2, and stabilizes. Thus, F'is Noetherian.

Ideals in PIDs are generated by only 1 element, so they are finitely generated. Since all
ideals are finitely generated, PIDs are Noetherian.

Problem 4. Which of the following rings are Noetherian?
Q
Z
R
C(R,R), the ring of continuous real-valued functions in one variable.

e) C*(R,R), the ring of smooth real-valued functions in one variable.

f) C{z}, the subring of C[[2]] consisting of functions holomorphic in a neighborhood of
0eC.
(g) The polynomial ring C[xy, z9, x3,...] in countably many variables.
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Solution:

a is as field, so it is Noetherian.

(a) Q
(b)
(c¢) R[z] is a PID, so it is Noetherian.
(d)

Z is a PID, so it is Noetherian.

C(R,R) is not Noetherian. Consider the ideals of functions that vanish on [0, 1].
This is contained strictly in the the ideal of functions that vanish on [0,1/2]. In
general, denote I,, the ideal of functions that vanish on [0,1/n]. We have a chain

LCLC - CIL,ClLiiC...
Which does not stabilize.
(e) C*(R,R) is not Noetherian by previous logic.

(f) C{z} is Noetherian. This is a subring of the power series ring, which we know to
be Noetherian.

(g) The polynomial ring C[z1, x9, x3, . . . | is not Noetherian, since the ideal (1, x,. .. ,)
is not finitely generated.

Problem 5*. Show that R is noetherian if and only if every prime ideal of R is finitely
generated.

Solution:

Problem 6. If the set of prime ideals in R satisfies ACC, must R be noetherian?

Solution: If prime ideals satisfy the ascending chain condition, then every prime ideal
must be finitely generated, by similar logic to the (b) = (d) case in Problem 1. From
problem 5, we know that R is Noetherian.

Problem 7. Show that R is a Noetherian ring if and only if R is a Noetherian R-module.

Solution: R-submodules of R are precisely ideals of R. Thus, an ascending chain of
submodules stabilizing as submodules is equivalent to the chain stabilizing as ideals.
Thus, if every chain of submodules stabilizes, then so does every ascending chain of
ideals, and vice-versa.
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Problem 8. Convince yourself that essentially the same argument as in (1) shows that each
of the following are equivalent to M being Noetherian:

a) Every nonempty family of submodules { M)} ca has a maximal element.
b) Every ascending chain of finitely generated submodules eventually stabilizes.

c) Given any generating set S for a submodule N, the submodule N is generated by a
finite subset of S.

d) Every submodule of M (including M itself!) is finitely generated.

Solution: I am convinced. Replacing every ideal I; with a submodule M; in the proof
of problem 1 will yield a proof of the above statement.

Problem 9. Let N € M be R modules.

(a) Show that if M is Noetherian, then N and M/N are both Noetherian.

(b) Use the Lemma below to show that if NV and M/N are both Noetherian, then M is
Noetherian.

Lemma: Let M be a module, and let M’ C M"” and N all be submodules of M. Then,
M’ = M" if and only if M’ "N = M” 0N and M'/(M' 0 N) = M"/(M" 0 N).

Solution:

(a) Any submodule of N is a submodule of M. Since any submodule of M is finitely
generated, any submodule of N is also finitely generated, so N is Noetherian. M /N
is Noetherian by similar logic to R/I being Noetherian in problem 2.

(b) Consider a chain of ideals M; C My C ... in M. Projecting down to N gives us
a sequence My NN C My NN C ..., and projecting to M/N gives is a sequence
M,/(MyNN) C My/(MynN N) C .... Since N and M/N are Noetherian, both
of these chains stabilize. Suppose they stabilize at my, ms respectively. Let m =
max(my, mg). It follows that M, /(M,, "N) C Mp+1/ (M1 NN) and M,,, NN =
M1 N N. By the lemma, we know that M,, = M,,,,. Thus, we know that the
chain stabilizes in M, so M is Noetherian.

Problem 10. Let R be a Noetherian ring, and M an R-module. Show that M is Noetherian
if and only if it is finitely generated. Conclude that in a Noetherian ring, every submodule
of a finitely generated module is finitely generated.
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Solution: If M is Noetherian, it is finitely generated by Problem 8, so it is sufficient to
prove the converse. Let M be a finitely generated module over a Noetherian ring R, and
let N be a submodule of M. Suppose N is generated by {a;}icz. Since R is Noetherian,
it is a Noetherian R-module. Furthermore, Ra; is a Noetherian R-module for each a;.
We construct the chain

R C Ra; C Ray U Ray C ...

Since these are all finitely generated submodules of M, this sequence stabilizes at some
n. It follows that
N = U Rai = U Rai
1€L i<n

So N is finitely generated, implying that M is Noetherian.

Problem 11*. Find examples of each of the following: a ring R and an R-module M such
that

(a) R and M are both Noetherian.

(b) R is Noetherian but M is not.

(¢) R is not Noetherian and M is.
)

(d) Neither R nor M are Noetherian.

Solution:
(a) R=M =17
(b) R[xy,...] is an abelian group with respect to addition, and thus is a Z-module, but

is not Noetherian, though Z is.

(c) Let R be any non-Noetherian ring, and let M = {0}, or the 0 module over that
ring. This is clearly a Noetherian module that is over a non-Noetherian ring.

Problem 12. This problem outlines the proof of the Hilbert Basis Theorem (R is Noethe-
rian implies R[z] is Noetherian).

(a) For a polynomial f(x) = r,a"+---+rp, withr; € Rand r,, # 0, weset LT(f) =17, € R.
Show that if I C Rz| is an ideal, then LT(I) := {LT(f) | f € I} is a (possibly
improper) finitely generated ideal of R.

(b) Pick fi,..., fr € I suchthat LT(I) = (LT(fy),...,LT(f;)), and set N = max;(deg(f;)).
Show that every element f € I can be written as f = >, 7 f; + g with g € I of degree
< N.

(c) Show that the set of g € I of degree < N is a finitely generated R-module.



(d) Finish the proof.

Solution:

(a) Noticing that

LT(f + gxdeeld)=deel))  deg(f) > deg(g)
LT(f)+ LT(g) = {LTEg + fadesle)—des(f)) degéfg < deggg;
LT(f +g) deg(f) = deg(yg

and LT(f) - LT(g) = LT(f - g), we see that LT(I) is clearly an abelian group. To
show it is an ideal, choose r € R, LT(f) € LT(I). Suppose that f = r,x" +---+r.
Since f € I, rf € I, since r € R[x]. Well, rf = rrpz™ + - -+ + rro, implying that
rr, € LT(I). well, rr, = rLT(f), so we can conclude that LT(/) is an ideal. Since
we are assuming that R is Noetherian, LT([) is finitely generated.

(b) Without loss of generality, let f be a monomial. If the claim holds for any mono-
mial, it will easily hold for any sum of monomials, and any f € R[z] is a sum
of monomials. Furthermore, we suppose that f is of degree > N, as the result
immediately follows otherwise.

Now, let I, = {r € LT(I) | r is the leading term of a polynomial of degree t}. No-
tice that I; C Iy C ... since the leading term of a polynomial is the same as the
leading term of x times the polynomial. This chain eventually halts by Noetheri-
anity of R. Without loss of generality, it must halt before Iy. It follows that for
any polynomial f € I, we can subtract away linear combinations of the f; to get a
polynomial of degree < N, implying that f — > .r;f; = g. Adding ). r;f; to both
sides allows us to conclude.

N

(c) This is generated by a finite set of linear combinations of z', ...,z as an R-module.

(d) We've just shown that every f € I C R[x] can bet written as a linear combination
of finitely many polynomials. All but 1 are pre-determined by I, (In particular,
the f;) and the last is also finitely generated by elements of R[z], implying that I
itself is finitely generated. Since every ideal of R[z| is finitely generated, R[z| is
Noetherian.

Problem 13. Prove the corollary: If R is Noetherian, then every finitely generated R-
algebra is Noetherian. In particular, finitely generated algebras over fields are Noetherian.

Solution: If A is a finitely generated R-algebra, then there exists ay,...,a, € R such
that A = Rlay,...,a,|. By Hilbert’s Basis Theorem, R being Noetherian implies that
Rlaq], and thus R|ay,as], and thus R[ay,...,a,] is Noetherian. Thus, A is Noetherian.
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Problem 2. The Zariski Topology.

(a) Prove that V(S)NV(S") =V(SuUJS).
(b) Prove that V(S)UV(S") = V(SS5’), where S)S” denotes the subset {fg | f € S,g € S'}.

(c) Prove that Spec(R) has the structure of a topological space, whose closed sets are those
of the form V(5) for some subset S. This is the Zariski Topology on Spec(R).

Solution:

(a)
PeV(SNV(S) < 5,8 CP < SUS CcP < PeV(SUY)

(b)
PeV(SS) < SSCP < SCPo SCP < PeV(S)UV()
The claim SS" C P <= S C P or S’ C P follows from P being prime.

(¢) Before we continue, we prove the following Lemma. If I C J, then V(I) D V(J).
Choose P € V(J). Then J C P, implying that I C J C P, so P € V(I).

From this lemma, we can see that V(R) = 0, V() = R. Thus, these sets are closed.
We have closure under arbitrary intersections:

and under finite unions:

=1

Since the arbitrary union of ideals is still an ideal, and the finite product of ideals
is still an ideal. Thus, we can conclude that this forms a topology on Spec(R).

Problem 4. Recall: the Radical of an ideal I of R is the ideal I := {f € R | f" €
I for some n € N}.
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(a) Show that V(S) = V((S)).
(b) Prove that V(I) = V(v/T) for any ideal I C R.

Solution:

(a) Since S C (S), by the lemma we have that V({S)) C V(S). Now, we choose
P € V(S). Thus, S C P. Since P is an ideal, it follows that if any elements are in
P, then their products and sums are in P. Thus, (S) C P, so P € V((S)).

(b) I VI, s0V(V/I)c V(I). For the converse, choose P € V(I). Thus, I ¢ P. We
wish to show that v/I € P. Choose f € V/I. f* € I C P for some n. Well, since
P is prime, and because f* = f*"'f, ecither f € P or f*!' € P. If f~! € P,
repeat the process with f, 2. It follows from this logic that f € P, so VI C P,
so P € V(VI), so V(I) = V(\/I).

Problem 6. Let ¢ : R — S be a ring homomorphism.

(a) Prove that if P € Spec(S), then ¢~ !(P) € Spec(R).

(b) Prove that the map
Spec(S) -, Spec(R) P~ ¢ 1(P)

is continuous in the Zariski Topology.

Solution:

(a) First, we verify that it is an abelian group. 0 € ¢~ '(P), and if a,b € ¢~ *(P), then
o(a), p(b) € P, so (a) + ¢(b) = p(a+b) € P, soa+b € ¢ *(P). Similar logic
can be used to show that ¢~1(P) is in fact an ideal.

We now show that this is in fact prime. Choose ab € ¢~'(P). This means that
p(ab) = p(a)p(b) € P. Since P is prime, either ¢(a) € P or ¢(b) € P, implying
that a or b is contained in ¢~ '(P). This implies that ¢~'(P) is prime.

(b) We need to verify that the inverse image of a closed set is closed. Choose V(X) C
Spec(R). We claim that (¢*)"}(V(X)) = V(¢(X)). Choose P € V(S). This
means that X C P, so ¢(X) C o(P). Thus, p(P) € V(o(X)), and (¢*)"H(V(X)) C
V(p(X)). Now choose @ € V(¢(X)). This implies that p(X) C Q, so X C ¢~ 1(Q).
Thus, ¢ 1(Q) € V(X), implying that Q is in the preimage of the induced map from
Spec. In other words, Q € (¢*)"(V(X)). Thus, (¢*) 1 (V(X)) = V(p(X)), and
the inverse image of a closed set is closed, implying that ¢* is continuous.
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Problem 7. The Functor Spec. Consider the mapping
CommRing — Top
where R — Spec(R).

(a) Explain using (6) how this mapping defines a contravariant functor from CommRing —
Top. This is the Spec(—) functor.

(b) Do isomorphic rings have Spectra that are homeomorphic topological spaces? Explain.

(c) If two rings have homeomorphic spectra, are they necessarily isomorphic rings? Ex-
plain.

Solution:

(a) Recall that morphisms in CommRing are ring homomorphisms, and morphisms in
Top are continuous maps. It follows that Spec(—) takes objects to objects (com-
mutative rings to topological spaces) and morphisms to morphisms. As for con-
travariance, observe that for ¢ : R — S, Spec(ip) : Spec(S) — Spec(R). Implying
that if p: R — S, ¢ : S — T, then Spec(y) o ¢) = Spec(p) o Spec(v)).

(b) Yes. If R~ S, there exist maps ¢ : R — S, ¢! : S — R. The image of both these
maps under Spec(—) are continuous, and they remain inverses. This establishes two
mutually inverse maps between Spec(R) and Spec(S), so Spec(R) is homeomorphic
to Spec(.S).

(¢c) No. Both @ and R have the same Spectra (single points) but are clearly not
isomorphic as rings.

Problem 11. For f € R, define D(f) := {P € Spec(R) | f & P}.

(a) Prove that D(f) is an open set in Spec(S).
(b) Prove that open sets of the form D( f) form a basis for the Zariski topology on Spec(R).
(c) For any ideal I C R, prove that V() = if and only if 1 € I.

Solution:
(a) D(f) = Spec(R)\V(f).
(b) For P € Spec(R), let P = (f1, fay...,).
V(P)=V(f1, far,-..,)=V(f)NV(f2)N...




Implying that for a open set of the form Spec(R)\V(P),

Spec(R)\V(P) = Spec(R)\(V(f1) NV(f2)N...)

= Spec(R)\V(f1) USpec(R)\V(f2)U...

= D(f,)UD(fo)U...

(c) It follows from the lemma that V(I) = 0 if and only if I = R.
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Problem 1. For a point p = (ay,...,a,) € K", consider the "evaluation at p” map e, :
Klzy,...,2,] — K sending f — f(p).

(a) Show that e, is a ring homomorphism and find generators for its kernel, m,,.

(b) Show that evaluation gives a bijection between K™ and the subset of Spec(K [z, ..., x,])
consisting of maximal ideals whose residue field is isomorphic to K.

(¢) Find a maximal ideal of R[xz,y] not of the form m,, for any p € R?.
(d) Use Hilbert’s Nullstellensatz (below) to describe the points of MaxSpec(Clzy, ..., x,]/1).

Hilbert’s Nullstellensatz: If K is algebraically closed, then every maximal ideal of K[z, ..., x,]
is of the form m,, for some p € K".

Solution:
(a)
ep(f+9)=(f+9)p) = fp) +9(p) = e,(f) +e,(9)

epr(f9) = (f9)(») = f()g(p) = ep(f)ep(g)

ker(e,) consists of all f € K|xy,...,x,] such that f(p) = 0. This is generated by
the polynomials (z; — a1, 29 — as, ..., x, — a,). Thus,

ker(e,) =my, = (1 — 1,22 — G2, ..., Ty, — Q)

(b) First, observe that e, is surjective, since for any k € K, e,(k) = k. Thus, by the
first isomorphism theorem:

Klzy,...,x,)/(x1 —aq,..., 2y —ap) 2K
Implying that (1 — a1, ..., 2, — a,) is maximal. It follows that ey maps a point
to such an ideal (z; — aq,...,2, — a,), and such an ideal is uniquely defined by a

point p = (aq, ..., a,).

(c) I = (2*+1,y*+1). Both of these are irreducible in R[z,y|, and thus generate a
prime ideal, and is clearly maximal. However, it is not of the form m,,.

(d) MaxSpec(C[zy, ..., x,]) consists entirely of ideals of the form m, by the Nullstellen-
satz. Since Spec(R/I) is in direct bijection with the subset of Spec(R) containing
the prime ideals which contain I, it follows that MaxSpec(Cl[z1, ..., z,]/I) contains
all ideals of the form m,, such that I C m,.
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Problem 2. Algebraic Sets. Let S be any collection of polynomials in K[z1, ..., z,]. Define
the corresponding algebraic set in K" as

V(S):={pe K" | f(p) =0VfeS}

(a) Prove that V is order reversing: if S C S’, then V(S’) C V(S).
(

b) Show that V(S) = V({S)) = V(/(S)).

(c) Prove that every algebraic set can be defined by finitely many polynomials.

)
)
)
(d) Describe each algebraic set in the cases below:
(1) 8 ={a* -y} CRlz,yl.

(2) §={n(a®+y*—2") | n € N} CRz,y,2].
(3) For K arbitrary, S any collection of linear polynomials in n variables.
(4) S={2*+1} C Rlz].

(5) S ={z*+1} C Clz].

(6) S
(7) K algebraically closed, S C K|[z] arbitrary (three cases).

= (f), where f is an arbitrary non-zero, non-constant polynomial in C[z].

(e) Explain why SL,(K) has the structure of an algebraic set.

(f) Explain why the set of m x n matrices of rank < t is an algebraic set (contained in
Kmxn).

Solution:

(a) Choose p € V(S’). This means that f(p) =0 Vf € S'. Since S C §’, p vanishes on
any f €S CS, sopeV(S9).

(b) Since S C (S) C /(5), V(1/(S)) C V((S)) C V(S). Thus, it is sufficient to
verify inclusions in the opposite direction. Suppose p € V(S). Then f(p) =
Vf € S. This implies that for all f,g € S, fg(p) = f(p) + g(p) = 0. It follows that

p € V((S)). Furthermore, if f"(p) = 0, then f(p) = 0. It follows that p € V(1/(S5)).
Therefore, V(S) = V((S)) = V(,/(5))

(c) By Hilbert’s Basis Theorem, K|z, ..., x,] is Noetherian. Thus, for any ideal I C
Klzy,...,z,), I = (f1,..., fn). Since any algebraic set is of the form V(I), it

follows that
V<I) == V((fb : 7fn)) :V(fh' . 7fn)
Thus, V() is defined by finitely many elements, namely fi, ..., f,.

(d) (1) Parabola for y = 2? in R
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(2) Cone around z-axis, with point at (0,0,0) in R3. To see why, when z is fixed,
the zero set corresponds to a circle of radius z. When z varies, the radius of
the circle varies, yielding a cone shape.

(3)
(4) 0
(5) z
(6) If f is irreducible (of the form = —a) then V() is precisely a point. If f is not

irreducible, since C is algebraically closed, Factor f into (x —ay)...(z — a,).
Then V(S) contains precisely the points aq, ..., a,.

A single point.

=1, —1.

(7) Sinec K[z] is a PID, we can reduce to the above case if f is nonzero and
nonconstant. If f is zero, then V(S) = KJz]. If f is constant (and nonzero),
then V(S) = 0.

(e) SL,(K) contains all matrices A where Det(A) = 1. Det(A) is a polynomial of A,
so it follows that SL,,(K) = V(Det(A) — 1) for A € K™*™.

(f) A matrix is of rank < ¢ if the determinant of every ¢ x ¢ minor is 0. For a given
matrix A, the determinant of a fixed ¢ x ¢ minor is a polynomial of A. Thus, this
set is the vanishing set of all such polynomials, varying over each ¢ x ¢ minor.

Problem 3. Let V C K" be an algebraic set. Define an ideal in K[z,...,z,] by
IV):={feKlxy,....,z,,) | f(p)=0VpeV}

(a) Show that I(V) is a radical ideal in K[z, ..., x,].
(b) For V= V(9), show that (S) C \/(S) C (V).
(c¢) For V.=V(S), show that V(S) = V(I(V)).
(d) Give an example (when K = R, say) to show that /(S) C I(V') can be proper.
)

(e) When K is algebraically closed, use the Nullstellensatz (below) to find explicit bijec-
tions between algebraic sets in K " and radical ideals in K[xq,...,z,).

Hilbert’s Nullstellensatz: If K is algebraically closed, then for all algebraic sets V' C K",
I(V) = /(5) as ideal in Kz, ..., x,].

Solution:

(a) It is sufficient to verify that if f* € I(V), then f € I(V).

frfel(V)y= f"(p)=0VpeV=f(p)=0VpeV=fecl(V)
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(b) We know that (S) C 1/(S), so it is sufficient to show that \/(S) C I(V). Choose
f* e \/(S), where f € (S). f"(p) = 0 Vp € V((5)) = V(5), since f(p) = 0
Vp € V((S)) = V(S), since f € (S). So, f* € I(V).

(c) Since S C (5) C I(V), V(I(V)) C V(S). To conclude, we need to verify that
V(S) c V(I(V)). Choose p € V(S). This implies that f(p) = 0 Vf € (5). We
want to show that f(p) = OVf € I(V). This is equivalent to showing that f(p) =0
Vf such that f(p') =0 for p’ € V(S). Well, p € V(5), so f(p) =0, so f € V(I(V))
implying that V(S) = V(I(V)).

(d) Let S = (2®+1). V(S) = 0, implying that I(V(S)) = R[z]. Since /(22 + 1) C R]z],
the result follows.

(e) Ifan ideal is radical, S = v/S. It then follows that the maps V : K[z, ..., z,] — K"
where V: S+ V(S) and I : K" — K[xy,...,z,] where I : X — [(X) are mutually
inverse, as [(V(S)) = S. Similarly, for any algebraic set X C K", X is of the
form V(S). We know that V(I(V(S))) = V(5), implying that V(I(X)) = X. Thus,
Vol =1d and ToV = Id. Therefore, we have a bijection from K™ to K|[zy,...,x,].

Problem 4. Let V C K" be an algebraic set. Let R be the ring of all K-valued functions
on the set V. Consider the restriction map p : K[z1,...,x,] = R sending f — f|v.

(a) Verify that p is a ring homomorphism and compute its kernel. The image is called the
coordinate ring of V', and is denoted K[V].

(b) Prove that R, and thus K[V], is reduced.

(c) Give a K-algebra presentation for K[V]. Explain why K[V] is called the coordinate
ring. [Note: the ith coordinate function on K™ is the function z; which takes a point
p = (ai,...,a,) €V to its ith coordinate a;.]

(d) Describe the coordinate ring for the following algebraic sets:
(1) V(y —2?) c K*
(2) V(y?, 2y, y'") C K*

(3) (*) The set of 3 x 3 matrices over F5 of determinant 1 and trace 0.

Solution:

(a) p is a ring homomorphism, since fly-+glv=(f + )|y, and flvgly= (fg)ly, and
because 1|y is still the multiplicative identity of R. The kernel consists of polyno-
mials f such that f|y,= 0. In other words, f(p) =0 Vp € V. Thus, ker(p) = I(V).
This implies (via the first isomorphism theorem) that

K[V] ¥ K[z, ...,z,)/I(V)




(b) Choose f € R such that f* = 0. We wish to show that f = 0. Choose p € V.
f™(p) = 0 € K. This implies that f(p) = 0, since K is a field with no nilpotents.
Well, p was chosen arbitrarily, so f = 0. Thus, R, and therefore K[V], is reduced.

(c) The presentation of K[V] is I(V). K[V] is defined to be the K-algebra (ring)
generated by all of the "coordinate functions” restricted to V', and is thus called
the coordinate ring of V.

(d) (1) Kfx,y]/(y —2?)
(2) Klz,yl/(a? xy,y'") = Klz]/(2*) ® K[y]/(y')

Problem 6. Fix an algebraic set V' in K". Define the Zariski topology on V by letting
closed sets be sub-algebraic sets.

(a
(b
(c

(d) The Zariski Topology on V' can be identified with the subspace of closed points in
Spec(K[V]). Why?

(e) Is the Zariski Topology Hausdorff?

Make sure you can prove this really defines a topology.
Show that D(f) ={p €V | f(p) # 0} C V over each f € K[V] form a basis.
Show that the map V' — MaxSpec(K[V]) sending a point p — m,, is a homeomorphism.

)
)
)
)

Solution:

(a) This is a topology, as it contains the whole space and the empty set (V(k[x1, ..., z,]) =
0,V(0) = K™), and is closed under finite union and arbitrary intersection.

(b) This is similar to the previous problem set. Choose an open set K™\V(I) =
K™\V(fi,..., fn)-
K"\V(I) = K"\(V(f) N V(f2) N...0V(fn))
= K"\V(f))UK"\V(f)U...UK"\V(f,)
=D(f1))UD(f2)U...UD(f)
(c) We just need to verify that the map and its inverse are well defined and continuous.
It is sufficient to verify this on basis elements. Choose D(f) C V. This consists
of all the points which are nonzero on f. This would map to the set of ideals in

MaxSpec(K[V]) which do not contain f, which is an open set, and the inverse
behaves similarly. To see why, notice the image of of the form

{(z1 —a1,...,x, — a,) € MaxSpec(K[V]) | f(a1,...,a,) # 0}
flai,...,a,) =0ifand only if f € (x1—ay,...,x,—ay,) so the claim above follows.

(d) From part (c), we know MaxSpec(K[V]) = V, where MaxSpec(K[V]) is precisely
the set of closed points in Spec(K[V]).

(e) No.

3-5



Lecture 4: September 17th 4-1

Math 614: Commutative Algebra IBL Lab Notebook

Class 4: September 17th
Name: Vignesh Jagathese Collaborators: Noah Luntzlara and Will Garland

Problem 1. RECALL FROM LAST TIME:

(a) How is each of these maps is defined?

(b) Points are special cases of algebraic sets V' in K™. Describe I(V') in this case, both
intrinsically (without giving generators) and explicitly (by describing generators).

(c) (0) and (1) are special cases of ideals I in K[zy,...,x,]. Describe V(I) C K™ in these
cases.

(d) Theideals (z,y) and (x?+y?) are special cases of ideals I in R[x, y]. Describe V(I) C R?
in these cases.

(e) The ideals (0) and (2P — x, xy? — 2Py) are special cases of radical ideals I in F[x, y].
Describe V(I) C F7 in these cases.

Solution:

(a) I — V(I), where V(I) = {p € K" | f(p) = 0Vf € I}. V — I(V), where
IV)={feKlz,...,za] | f(p) =0Vp eV}

(b) I(V) where V is a single point is a maximal ideal of K[zy,...,z,]. For a given
point (as,...,a,), (V) = (z1 —a1,...,z, — an).

(¢) V(0) = K™, V(1) = 0.

(d) (z,y) is a maximal ideal in R[z, y|, and corresponds to the point (0, 0). V(z%+y?) =
(0,0) as well. Since R is not algebraically closed, these radical ideals correspond to
the same algebraic set.

(e) P =z for any x € F,. It follows that V(z? — z, zy? — 2Py) = K".

Problem 2. Consider the map Fi;. — Fyp sending (u,v) — (u?,uv,v?). Prove that the
image is an algebraic set in Eg. Find the corresponding radical ideal in Fy7[z,y, 2].

Solution: This corresponds to V(y? — 2x).

Problem 3. REDUCTION TO THE CORE DIFFICULTY.
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(a) Last time you showed that the composition of I and V in some order is the identity,
whether or not K = K. Which order?

(b) Also recall your proof that, whether or not K = K, for any ideal I C K[zy,..., 2],

I VI cI(V(I)).

(c) When K = K, conclude that to prove the Nullstellensatz, it suffices to show that for
all ideals 1,

I(V(I)) € V1.

Solution:

(a) We showed that, for any algebraic set X, V(I(X)) = X.
(b) It has been recalled.

(¢) If the above holds, then we would know that I(V(I)) = v/I. Replacing I with
(S), and V(S) with V yields the statement of the Nullstellensatz in the previous
worksheet.

Problem 4. THE CASE WHERE [ 1S MAXIMAL. We need to show that I(V(m)) C m.

(a) Let m € Klxy,...,x,] be a maximal ideal. Show that K|xy,...,x,]/m has countable
dimension over K.

(b) Let K be an arbitrary field, and let ¢ be a transcendental element of some extension
L. Prove that the elements {ﬁ} rex C L are linearly independent over K.

(c) Assume K is uncountable. With notation as in (b), show that [L : K] is uncountable.

(d) Let K be an uncountable field. Let m € K[zy,...,x,] be a maximal ideal. Show that
K < Klzy,...,x,]/m is an algebraic extension.

(e) Prove that if K is an uncountable algebraically closed field, then every maximal ideal
has the form (x; — ay,...,z, — a,), where a; € K.

(f) Deduce that when K = C, the maps V and I define inverse bijections between points
C" and maximal ideals of C[xzy, ..., x,]. (Call this the Nullstellensatz for Points.)

Solution:

(a) Klzy,...,z,] has countable dimension as a vector space over K, as does m C
K[xq,...,z,]). This implies that the quotient Kz, ...,x,]/m has countable di-
mension. Since this is a field, we can conclude that it has countable dimension as
a field extension of K.
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(b)

Suppose that {ﬁ} ack 18 linearly dependent. Then, there would exist distinct
Ay A, € K and Ky, ..., k, € K (where not all k; = 0) such that

- 1

Clearing denominators by multiplying by [[;_,(t — A;), we get

- (Z ’f%) e =20 =2 kLt -x)

i=1 =1 i#j

If we verify that if there exists ¢ < n such that fi(t) := k; [[[.;(t — A;) is nonzero,

as then it follows that ¢ satisfies a polynomial with coefficients in K, violating the
transcendence of ¢, yielding a contradiction. Thus, it is sufficient to verify that
Ji < n such that f;(z) #0. Vo € K.

Notice that fi(Ax) = ki[[,;(A; — M) Ik # i, fi(l) = 0. If i = k, then
Hi#()\j — Ai) # 0. Thus, if f; = 0, then k; = 0. Thus, if all f; =0, then all k; =0,
violating our linear dependence condition above. Thus, there must be a nonzero f;
term, so we can conclude.

Since K is uncountable, {15 }xex is an uncountable set. By (b) this set is linearly
independent, and we know this is contained in L. Since L contains an uncountable
list of linearly independent elements over K, it must be the case that [L : K] is
uncountable.

If Klxq,...,2,]/m was not an algebraic extension, then not every element in
Klxq,...,z,])/m will be algebraic. Then we could choose t € Klxy,...,z,]/m
such that ¢ is transcendental, as in (b). Then by (¢), K[x1,...,z,]/m would have
uncountable dimension over K, a contradiction to (a). Thus, K[zy,...,z,]/m is
an algebraic extension of K.

If K is algebraically closed, then all algebraic extensions are trivial. In particular,
Klzy,...,z,)/m = K. Thus, m must necessarily be of the above form.

We've already proven that V|1 bijects from points in C" to ideals in Clzy, ..., z,]
of the form (z; — ay,...,z, — a,). Since we’ve just shown all maximal ideals are
of this form (and naturally, all ideals of this form are maximal), then VI define
inverse bijections between points in C" and maximal ideals of C[zy, ..., x,].

Problem 5. THE CASE OF THE UNIT IDEAL. Let K be algebraically closed, and let I C

K[l’l,..

., Zy) be an ideal. Assuming the Nullstellensatz for points, show that V(/) is empty

if and only if I is the unit ideal.

Solution: If I is the unit ideal, we already know that V(I) = (). Now let V(I) = 0
for some ideal I. We want to show that I = (1). Well, suppose that I C (1). Then,




there exists a maximal ideal m such that I C m C (1). Let p € V(m) denote the
point corresponding to V(m) under the Nullstellensatz for points. It follows that {p} =
V(m) C V(I) = ), which is a contradiction. Thus, I = (1).

Problem 6. THE GENERAL CASE. Let K be algebraically closed. We now deduce the full
Nullstellensatz from the special cases already proven in (3) - (5).

Let I = (fi,..., f.) be an arbitrary ideal. We want to show I(V(I)) C V1.

(a) Choose g € I(V(I)). Prove that (f1,..., fi,gz — 1) = (1) in the larger polynomial ring

Klxy,. .., 2, 2].

(b) Prove that we can write 1 = W (in K(z1,...,2,)) for some ¢1,...,q; €
K[:L’l, - ,xn] and some 7" € N. [Hint: Write 1 = hyfi + -+ + hefi + her1(1 — g2) where
hi,...,he,hiy1 € K[z1,...,2n, 2]. Apply an appropriate map Klzy,...,Zn,2] — K[ml,,xn][é]

; 1
sending z to ; ]

(¢) Conclude that g € v/I. The Nullstellensatz is proved, at least over C!

Solution:

(a) From the previous question, it is sufficient to verify that V({f1,..., fi,gz—1)) = 0.
First, note that V({f1,..., fi,gz — 1)) C V(I). If fi(p) = 0 Vi < t, it follows that
g(p) =0, as g € I(V(I)). However, this would imply that (gz — 1)(p) = —1 # 0.
Thus, any point where f;(p) = 0 for any ¢ < ¢ will not vanish under gz —1, implying
that V({f1,..., fi,92 — 1)) = 0 as desired.

(b) Following the hint, we write 1 = hy fi+- - -+hy fy+hi1(1—g2) where hy, ... hy, by €
K[xy,...,zy,, 2], and pass this through the aforementioned map (hereafter denoted
as ¢). Since (gz—1) — (g(1/g)—1) = 0, it follows that the image of the expression
under ¢ is of the form 1 = @(hy f1)+---+@(hifi). Since fi,..., fi € K[z1,...,x,],
they are fixed under . Thus, the image is of the form 1 = @(hy)f1 + -+ @(h) fi-

Note that each ¢(h;) for ¢ <t can be written as g;/¢™ for some g; € K|x1, ..., 2,
It follows that

1290(h1)f1+"'+90(ht)ft:% 1+"'+% t

Multiplying both sides by % clears denominators, and yields an expression
of the desired form.

N g L\ gntte ST gXir g f,
1= (%fl + e+ )

gnt t gn1+"'+nt - gn1+"'+’nt

(c) It follows from part (b) that we can write g7 = gy fi+. .. g: f;, implying that g7 € I.
Thus, g € V1.

4-4
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Problem 1. Review localization and its universal property:

(a) What is the ring structure on U~'R and why is it well defined? Describe the maps in
the factorization explicitly and understand why they are uniquely determined.

(b) Discuss good ways to understand U 'R explicitly in the following cases:
(1) R=Z,U=7\{0}.
(2) R=2Z,U={2"|n € Zxp}.
3) R=2Z,U=7\2Z.
(4) R=7Z/12Z, U = {1,2,4,8}.
(5) For a fixed non-zero integer n, R = Z[z]/{(nx — 1), U = {n* | k € Z¢}.

(c) Explain how to think of U™'R as a quotient of the polynomial ring R[{X}cr].

Solution:

(a) The operations work as follows:
r/d+s/e=(re+sd)/de, r/d-s/e=rs/de

Ifr/d=1r"/d s/e =5"/e, then there are f1, fo € U such that (rd’ —r'd)f; = 0 and
(se/ — s'e) fo = 0. Manipulating these two equations, we get ((re + sd)d'e’ — (r'e’ +
s'd")de) fifo = 0. So the addition is well-defined. Similarly, (rsd’'e’ — r's'de)(f1 +
f2) = 0. Thus, multiplication is also well defined.

(b) (1) Q. The "denominators” are nonzero integers.

(2) Fractions of the form p/q € Q such that p is odd, and ¢ is of the form 2" for
some n. p is even if and only if ¢ = 1. Let this localization be denoted T for
future use.

(3) Since 0 € Z/2Z, localizing by it yields the zero ring.

(4) As we will soon see, localizing and quotienting are compatible actions. (4) is
simply the case of (2), but in Z/12Z. Thus, the localization is of the form
T /127, where 127 denoted the image of 127Z in the localization.

(5) In R, nx = 1. Since n is inverted, we know that = 1/n. Thus, the localiza-
tion of the form Z[1/n].

(c) Localization is essentially choosing a set of elements and inverting them. If we are
inverting just one element f, then U~'R looks like R[1/f]. In this sense, inverting
elements is akin to adjoining elements that are canonically their inverse. Thus,

U~'R can be thought of as R[{1/f}rev].
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Problem 2. THE KERNEL OF LOCALIZATION

(a) Prove that localization R — U~!R is injective if and only if U contains no zero-divisors.

(b) For a multiplicative set U, define I := {r € R|ru = 0 for some u € U}. Prove that
the localization map R — U~ R factors through the quotient map R — R/I.

(c) Examine what this says about the example in (1) (b) (iv).

Solution:

(a) We prove an equivalent statement, derived from taking the contrapositive both

ways. We show that R — U~!'R has nontrivial kernel if and only if U does contain
zero divisors.

U contains zero divisors
<= du € U nonzero ,r € R such that ru =0
— (r-u)-(1/u)=0,1/u#0in U 'R
«— r=0inU'R
<= 0#7rcker(R—U'R)

(b) Let ¢ : R — U~'R denote the localization map. By construction, ¢(I) = 0. From
the universal property of quotients, it follows that there exists a unique P that
makes the following diagram commute:

R —"— R/

|

| —

1P
X‘ i

U'R

Thus, the localization map factors through the quotient map.

(c) I guess I kind of cheated and assumed this earlier....Oh well.

Problem 3. CONTRACTION AND EXPANSION. Let R % S be a ring homomorphism. The
contraction of an ideal J in S, denoted J N R, is the ideal ¢~1(J) C R. The expansion of

an ideal I to S, denoted 5, is the ideal of S generated by ¢([). [These are denoted J¢ and I¢,
respectively, in Atiyah-MacDonald.]

(a) Show that (J N R)S C J for all ideals J C S,
(b) Show that I C (1.S) N R for all ideals I C R.

(c) Given an example of a ring map R — S and a prime ideal P C R such that PS is not
prime.
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(d) Suppose P € Spec R is disjoint from a multiplicative set U C R. Prove that PU™'R
is prime. What happens if PN U # ()7

Solution:

(a) JN R C J, implying that (JNR)S C JS = J.
(b

(c
(d) Choose ab/u € PUT'R. Since ab € P, a € P or b € P. Without loss of generality,
then let @ € P. Then ab/u = a(b/u), where a € P, and thus a € PU'R, implying
that PUT'R is prime (Notation is being abused quite a bit here, when necessary P
is P C R and when necessary it denotes the projection of P into the localization).

If PNU # (), then PU'R is not prime. The above case is an example of this,
where R = Z,U = Z\{0}.

I CclISsincele S, andI C R,sol CISNR.
Consider ¢ : Z — Q. (pZ)Q = Q, which is not prime.

)
)
)
)

Problem 4. Let U C R be a multiplicative set.

(a) Show that Spec U™'R is homeomorphic to Y = {P € SpecR | PN U = (} with the
subspace topology. [Hint: the maps are given by contraction and expansion.]

b) For f € R, show that Spec R[] is homeomorphic to D(f) C Spec R. [By R[%], we mean
! f
the localization at the multiplicative set {f™|n € N}.]

(c) For P € Spec R, prove that U = R\ P is a multiplicative set and that U 'R is a local
ring, meaning that it has a unique maximal ideal. We denote this ring Rp and call it
the localization of R at P.

Solution:

(a) We've just shown that PU'R is prime if P is prime and PN U = (. Thus, the
maps PUT'R+— PUT'RNR D P and P — PU 'R are well defined, and by the

previous part, are also mutually inverse. It is sufficient to verify that contraction
and expansion are continuous. Choose V(I) C Spec(U'R). Notice that V(I) —
V(IU'R) under the expansion map, and V(J) C Y maps to V(JNU'R).

(b) Notice that R[1/f] = U'R for U = {f}. let p define the localization map. Thus,
Spec(R[1/f]) bijective corresponds to the set

{P € Spec(R) | PN{f} =0} ={P e Spec(R) | f ¢ P} = D(f)

Thus, p* : Spec(R[1/f]) — Spec(R) corresponds to the inclusion map D(f) —
Spec(R). In particular, D(f) is homeomorphic to Spec(R[1/f]).
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(c)

Choose u,v € R\P. Since P is prime, if uv € P then one of u,v must be in P.
Since neither are, we can assume that wv ¢ P, implying that uv € R\P. Thus,
R\ P is multiplicative.

We now verify that Rp is local. Notice that

Spec(Rp) = {Q € Spec(R) | @ N (R\P) = 0} = {Q € Spec(R) | Q C P}

It is clear from this construction that all prime ideals of Rp are contained in the
projection of P into Rp, or PRp. Since any ideal is contained in a prime ideal, it
follows that PRp is the unique maximal ideal of Rp.

Problem 5.

(a) Show that f is nilpotent if and only if f is contained in every prime ideal of R. [Hint:
Characterize nilpotency in terms of R[%] and use the fact that every non-zero ring has a maximal
ideal].

(b) Conclude that the nilradical of R is

Ni(R)= () P= () P

PeSpec R P€ minSpecR

(c) Conclude that R is reduced if and only if (5. minspecr 1 = 0.

(d) Conclude that for any ideal I in R, the radical v/I = Npevin P-

(a)

Solution:

We consider the forward case first. If f® = 0, then since 0 € P, and since prime
ideals are radical, f € P, for any P prime.

We now prove the reverse case. If f were not nilpotent, then we can localize by f,
getting the ring R[1/f]. Prime ideals in R[1/f] directly correspond to prime ideals
P C R where P does not contain any powers of f, including f itself. Well, choose
m a maximal ideal in R[1/f]. This ideal is prime, so we can look at the ideal m’ it
corresponds to in R. This ideal is prime, but does not contain f. Thus, if f is not
nilpotent, there exists a prime ideal which does not contain it, so we can conclude
the reverse case via contrapositive.

The forward case implies that if f € Nil(R), then f € N Pespec(r) > and the reverse
case implies that if f € pespec(r) L> then f € Nil(R). Therefore, we can conclude
that Nil(R) = (Vpespec(r) - The intersection over all primes certainly is contained

in the intersection of the minimal primes, since they are themselves primes. Fur-
thermore, by minimality, each minimal prime lies in a given P € Spec(R), implying
that the intersection over minSpec is contained in the intersection of Spec. Thus,

ﬂPESpeC(R) P = mPG minSpec(R) P
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(c)
(d)

If R is reduced, it has no nilpotents, so Nil(R) = 0. From the previous part, the
result follows.

VT corresponds to the preimage of Nil(R/I) under the quotient map R/I. Since
Nil(R/I) = pespec(r/r) I'» and since Spec(R/I) can be identified with the prime
ideals which contain I, by identifying both Nil(R/I) and () pegpec(r/r) £ With their
counterparts in R, we find that VI = ﬂPeV(I) P.

Problem 6.

(a) Show that Spec(R x S) is homeomorphic to the disjoint union Spec R | Spec S.
(b) Let R be the product ring Z x Z/(24) x Q[z]/{x* — 1). Describe Spec R.

(c) For R as in (b), let P € Spec R be the prime ideal Z x Z/(24) x {(x — 1)). Describe
the set Spec Rp.

Solution:

()

Recall that prime ideals in R x S are of the form Px S, Rx Q for P € Spec(R),Q €
Spec(S). We call this "form R” and ”form S” respectively. It follows that for any
closed set V(I) C Spec(R x S) can be partitioned into Xz U Xg, where X consists
of the prime ideals of form R and Xg consists of the prime ideals of form S. Since
Xr contains ideals of the form P x .S, we can identify this to a closed set in Spec(R)
via the map P x S +— P, and similarly for S. Concretely, we have the following
identifications:

V(I x J)
={X eSpec(RxS)|IxJCX}

={PxSCSpec(RxS)|IxJCPxS}U{RxQ €Spec(RxS)|IxJCRxQ}

+—{P CSpec(R) | I x JCPxS}uU{Q € Spec(S) | I x JC R xQ}
=V(I)uV(J)
{P CSpec(R) | I xJCPxS}=V(I)because  CP <= IxJ C P xS, and

similarly with {@Q € Spec(S) | I x J C Rx @} and V(J). It is easy to see that the
homeomorphism follows.

Spec(Z x Z./(24) x Q[x]/{z* — 1)) = Spec(Z) U Spec(Z/247Z) U Spec(Q[z]/(z* — 1)).
Spec(Z) = {pZ}, and Spec(Z/247) = {pZ | 247 C pZ} = {2Z/247,3Z/247}.

Recall that Q] is a PID. Spec(Qlx]/(2? —1)) = {(f) € Spec(Q[z]) | f|(z*—1)} =
{z + 1,z — 1}. Thus,

Spec(ZxZ/(24) xQ[z] /(x> 1)) = {pZ | p prime} {27 /247, 37,/ 24Z} I {x+1, —1}

This corresponds to the prime ideals of R that are disjoint from P®, implying that
Spec(Rp) corresponds to the the prime ideals of R contained in P. It follows that

Spec(Rp) = {pZ | p prime} U {27 /247,37 /24Z} U {x — 1}

9-95
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Problem 7. (a) Discuss the following two diagrams in the category CommRing. Some
arrows are natural quotient or localization maps; describe these with elements. Other
arrows use the universal property of localizations or quotients. Explain. [Here, U
denotes w(U) where 7 : R — R/I is the natural quotient map.] To what extent are
the diagrams different?

R——U'R R——— U'R
R/I —— T 'R/I R/T —— U'R/IU'R

(b) Prove that there is a unique isomorphism identifying residue class field of the local ring
Rp at its unique maximal ideal with the fraction field of R/P. This field is called the
residue field at P € Spec R and denoted k(P).

(c) Explain why there is a bijection between Spec(U'R/IU'R) and the primes in R
containing I and disjoint from U. What does this say about Spec k(P)?

Solution:

(a) Maps R — R/I send r — T, denoting the image in the quotient. R — U~'R maps
r + r/1, denoting the equivalence class of r in U™ R.

These diagrams are constructed by applying the universal property of localization
and the universal property of quotients. To see how, Consider the natural projection

map 7 : R - R/I — UﬁlR/I. which sends r — 7 — T/1. Tt is easy to see that
m(U) C (U_lR/ I)*, implying this map factors through the localization:

Furthermore, 71(/) = 0, implying this also factors through the quotient:

R— U'R

Furthermore, we can take the projection map m : R — U 'R — R/IU'R,

sending r — 7/1 — r/1. It is easy to see that my(U) € (R/IU'R)*, and that
mo(I) = 0, implying that the diagrams commute.




(b)

The difference in these diagrams comes from the difference between m,m. m
projects to the quotient then localizes, then my projects to the localization and
then quotients.

The unique maximal ideal of Rp is PRp. Thus, the residue field of this localization
is of the form Rp/PRp. This is the ring formed from localizing by P then
quotienting by PRp. This is equivalent to quotienting by P, then localizing by
PC, which is the image of the complement of P in the quotient R/P. Note that
PC s precisely all the elements not sent to zero by the quotient map R/P. Tt
follows then that PC = (R/P)\{0}, implying that

Rp[PRp =P (R|P) = ((R/P)\{0}) *R/P = Frac(R/P)
Thus, x(P) can be viewed as Rp/PRp and as Frac(R/P).

Spec(R/I) is in bijection with the prime ideals of R that are contain I. Spec(U'R)
is in bijection with the prime ideals of R that are disjoint from U. Thus,
Spec(U™'R/IU'R) is in bijection with the prime ideals of U~!R which contain I,
which are in bijection of the ideals of R which are disjoint from U, but also contain
1. It follows then that

Spec(k(P)) = Spec(Rp/PRp) = {Q € Spec(R) | P € Q,Q N (PY) = 0} = {P}
This is because P C @, but @ is disjoint from the complement of P, so ) C P.

Thus, = P. This makes sense, since x(P) is a field, so its spectrum should just
be a single point.

o-7
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Problem 1. Fix a ring R, multiplicative set U C R, and ideal I C R. Let U denote the
image of U under the natural quotient map R — R/I.

(a)

(b)

Describe the canonical isomorphism U 'R/IU'R = U_IR/ I both explicitly (saying

what elements correspond) and using universal properties.

For the natural quotient map R — R/I, review the induced map Spec(R/I) —
Spec(R). Why is it injective and what is the image?

For the natural localization map R — U 'R, review the induced map Spec(U~'R) —
Spec(R). Why is it injective and what is the image?

For the natural localization map R — Rp, review the induced map Spec(Rp) —
Spec(R). Why is it injective and what is its image?

For the natural localization map R — R[1/f], explain why the induced map of spectra
can be thought of as the inclusion of a basic open set D(f) C Spec(R).

Consider the natural map R — U~'R/IU'R, which can be viewed either as a local-
ization followed by a quotient map, or vice versa. Discuss the induced map of spectra
Spec(U'R/IU'R) — Spec(R). Is it injective? What is the image?

For P € Spec(R), define the residue field of P to be k(P) = Rp/PRp. There is a
canonical map R — k(P) (why?). Describe the induced map of Spectra.

Solution:

(a) The canonical isomorphism sends an element of the form (5) +— = Where 7 denotes

the image of r in the quotient R/I, and similarly with u € U,7/u € U"'R. In terms
of universal properties, the isomorphism follows from the following diagrams:

R—— U'R R— S U'R
R/I ——> U 'R/I R/I —— U'R/IU-'R

An explanation for why these diagrams commute can be found in problem 7(a) in
the previous worksheet. Composing the diagrams yield
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R— U'R

[~

R/l —— U 'R/I

T4
U‘lR/[U‘lR

Observe that under the map 7 : R/I — U™'R/IU™'R, n(U) ¢ (U"'R/IU'R)*,

implying that the map factors through the localization. Thus, there exists a unique
map 7 : U_IR/I — U 'R/IU'R. Composing further,

R y U"'R
X /
—1
U R/I
\\\\\A
U'R/IUT'R
~ //////////////////////% \\\\$ +

R/I » U 'R/I

A similar argument to above yields a second map «” : U'R/IU'R — U_IR/ I
that (uniquely) makes the diagram commute, and they must compose to the unique

map U 'R /I — U_IR/ I which makes the diagram commute. Well, Id satisfies this
criterion, so by uniqueness it follows that 7" o 7/ = Id. We can also construct the
following diagram similarly:

R » U'R

U-'R/IU"'R

~
~ 7
N
~_P
~
~
N
~
~

A

U 'R/I
S
V- \\\\Pg N

R/I » U"'R/IU-'R

By uniqueness, it follows that p’ = 7/, p"” = 7", and n’ o #” = Id. It follows that
U-'R/TU'R~T 'R/I.
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(b)

For m : R — R/I, and P € Spec(R/I), this map is defined as 7* : P — 7 1(P),
and is injective because if P € ker(7*), then 77}(P) =0 = P = 7(0) = P = 0.
Thus, 7* has trivial kernel. The image is of the form

im(7*) = V(I) = {P € Spec(R) | I C P}

For p: R — U™'R, and P € Spec(U'R), p* : P+ p~*(P). Choosing P € ker(p*),
we have that p~'(P) = 0, implying that P = p(0) = 0. Thus, p* has trivial kernel,
and is injective. The image is of the form

im(p*) = {P € Spec(R) | PNU = 0}

Notice that because injective maps biject onto images, this allows us to characterize
Spec(R/I) and Spec(U'R) in terms of prime ideals of R.

Notice that Rp = (P®)~!R, making this analogous to the previous case. let p

define the localization map again. p* still sends Q — p~'(Q), and is clearly still
injective.

im(p*) = {Q € Spec(R) | QN P = 0} = {Q € Spec(R) | Q € P}

Notice that R[1/f] = U™'R for U = {f}. let p define the localization map again.
Thus, Spec(R[1/f]) bijective corresponds to the set

{P € Spec(R) | PN{f} =0} ={P e Spec(R) | f ¢ P} = D(f)
Thus, p* : Spec(R[1/f]) — Spec(R) corresponds to the inclusion map D(f) —
Spec(R).

The induced map of Spectra is indeed injective. To see why, consider the sequence
of maps

R—— U'R—— U'R/IUT'R

Recall that Spec(—) is a contravariant functor. Thus this induces a sequence of
maps

Spec(R) +—— Spec(U'R) «—— Spec(U™'R/IU'R)

Since each of these maps is injective, the composition is injective. Recall that
Spec(R/I) is in bijection with the prime ideals of R that are contain I. Spec(U ' R)
is in bijection with the prime ideals of R that are disjoint from U. Thus,
Spec(U™'R/IU'R) is in bijection with the prime ideals of U~!R which contain I,
which are in bijection of the ideals of R which are disjoint from U, but also contain
I. Thus, the image is of the form

{P €Spec(R) | I C P,PNU =0}

There is a canonical map R — Rp — Rp/PRp. We've proven that localizing
and quotienting is equivalent to quotienting then localizing, so it follows that R —
Rp — Rp/PRp is the same map as R — (R/P) — Frac(R/P).

Spec(k(P)) = Spec(Rp/PRp) = {Q € Spec(R) | P C Q,Q N (PY) =0} = {P}

Thus the induced map on spectra maps the single point to P.
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Problem 2. Fibers. Let f : Y — X be the map of spectra induced by each of the ring
homomorphisms ¢ : R — S below. Use the Theorem to (or otherwise) describe the fibers
over each point. Note that there are different kinds of points to consider.

(a) Z — Q.

(b) Clz] = Clz, y].
(c) Z — Zlz].

(d) Rlz] = Cla].
Solution:

(a) Since Q is a field, the map of spectra maps the only point 0 € Spec(Q) to the prime
ideal 0 € Spec(Z). Thus, the fiber over 0 is 0, and any fibers over nonzero primes
in Z are the empty set.

(b) The only prime ideals in C[z] are of the form (0) and (z — a) for some a € C. The
0 ideal (via the theorem) have fibers that are isomorphic to

Spec(C(z)®cpy = Clz, y]) = Spec(C(x)[y])
the ideals in the second case have fibers that are isomorphic to
Spec((CCx)(a—a)/ (#—a)(CC[2](2-a)Ocp Clr, y]) = Spec(CRepClz, y]) = Spec(Cly]

the first isomorphism follows from the fact that residues of prime ideals over alge-
braic extensions of C, and since C is algebraically closed, we know that all residues
are just C, as algebraic extensions of algebraically closed fields are trivial.

(c) The 0 fiber is of the form Spec(Q|z]), and the fibers over p are of the form
Spec(Fp[z]).

(d) Similar to the C case, prime ideals of R[z] are of the form 0 or (f) for f irreducible.
It follows that the fibers over (f) are precisely the ideals generated by the roots
that f now has in C, and fibers over ideals of the form (x — a) for a € R are just
(x — a) itself, but @ € R C C. Over 0, the fiber is just 0, as expected.

Problem 3. Let f : Y — X be the map of spectra induced by the ring homomorphism
p:R—S.

(a) Show that for any P € X, the closure of P in Spec(R) is V(P).

(b) Show that for any P € X, Spec(S/PS) can be identified with {Q € Spec(S) | f(Q) D
P}.

(c¢) Forany P € X, let U be the image of R\ P under the map ¢ : R — S. Prove that U is

a multiplicative set in S. Now show there is a natural bijection between Spec(U~19)
and the set {Q € Spec(S) | f(Q) C P}.



(d) Show that for any P € X, the fiber over P is homeomorphic to Spec(U~1S/PU~LS)
(with U as in (¢)). That is, the fiber over P is Spec(S ®g k(P)) where x(P) is the
residue field of P.

Solution:

(a) It is sufficient to verify that V(P) is the minimal closed set that contains P. Suppose
that P € V() for some I. Then, I C P, implying that V(P) C V(7). Thus V(P)
is contained in any closed set that contains P, meaning it it the smallest such set.
Thus, the closure of P is V(P).

Spec(S/PS) ={Q € Spec(S) | PS C Q}
= {Q € Spec(S) | f71(P) C Q}
={Q € Spec(5) | P C f(Q)}

(c) Since R\P is a multiplicative set, it follows that its image under a ring homo-
morphism is multiplicative. To see why, suppose that ¢(u),p(v) € U. Then
o(u)p(v) = p(uv) € U, since uv € R\ P.

Spec(US) = {Q € Spec(S) | QN U = 0}
={Q € Spec(5) | QN f (R\P) 0}
= {Q € Spec(9) | f(Q) (R\P) =0}
={Q € Spec(S) | f(Q) C P}

(d) Consider the maps S — U~'S — U~1S/PU~'S. Since Spec is a contravariant
functor, this gives us the sequence of maps

Spec(U'S/PUS) — Spec(U™1S) — Spec(S)
With images of the form

{P € Spec(S)} — {P € Spec(9) | f(Q) C P} — {P €Spec(S) | f(Q) C P, P C f(Q)}
= {P € Spec(9) | f(Q) = P}

Thus, Spec(U~1S/PU'S) precisely corresponds to the fiber over P.

6-5
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Problem 1. For each algebra below, discuss whether or not the algebra has the following
properties:finitely generated, module finite, and/or integral.

(a) The Z-algebra of Gaussian integers Z][i].
(b) The Q-algebra C.
(¢) The R-algebra C.
(d) The Z-algebra Z[{y/n | n € N}|.
(e) The quotient C[x,y] — Clz,y]/{z* — y'7)
(f) The inclusion C[z] C Clz, 3]
g) The localization Q[z] — Q[x, 1]
)

(
(h) The polynomial ring Fy[zy,...,7,,...] in infinity many variables over the algebraic
closure of [Fs.

(i) The power series ring C(t)[[x]] over the field C(t).

Solution:

Ring Finitely Generated? | Module Finite? | Integral?

Z[i] Y Y Y

C over Q N N N

C over R Y Y Y

Z[{\/n | n € N}] N N Y

Clz,y]/(2* — y") Y Y Y

Clx,y] over C[z] Y N N

Q[z, 1/x] over Qlx] Y N N

Fy[z1,...] over Fy N N N

C(t)[[x]] over C(¢) N N N
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Problem 2. Prove that every module-finite R-algebra A is finitely generated as an R-
algebra. That is, show that “module-finite” implies “algebra-finite”. Is the converse true?

Solution: Suppose that A is module finite. Then Vx € A day,...,a, such that z =
> i, ra;. Notice that " | 7;a; is a polynomial in a1, ..., a,. Thus, z can be written as
a polynomial in finitely many elements over A. Thus, A is algebra finite.

The converse is NOT true, see problem 1 for some counterexamples. In particular, one
can construct a finitely generated algebra which is not integral.

Problem 3. Let R be Noetherian. Prove that every finitely generated R-algebra is a
Noetherian ring.

Solution: If A is a finitely generated R-algebra, there exists a surjection
7 Rz, ...z, — A
It follows from the first isomorphism theorem that
Rlxy,...,x,]/ker(m) =2 A

Since R is Noetherian, R[zy,...,x,] is Noetherian, so R[z1, ..., x,]/ker(n) is Noetherian,
so A is Noetherian.

Problem 4. Suppose that A — B — C are ring homomorphisms.

(a) Prove that if B is algebra finite over A and C' is algebra finite over B, then C is a
finitely generated A-algebra.

(b) Prove that if C' is a finitely generated A-algebra, then also C' is a finitely generated
B-algebra.

(c) Give an example to show that, even when the maps A — B — C' are injective, finite
generation of C' over A does not imply that finite generation of B over A. [Hint:
Consider the K-sub-algebra B = K|z, zy, xy?, zy3,...] of K[z, y|.]

Solution:
(a) B being finitely generated over A implies that there exists a surjection Az, ..., x,] —
B. Similarly, if C'is finitely generated over B, there exists a surjection B[y, . .., Ym] —

C. Thus, there exists a surjection
Alzy, .. xnlyr, - Ym) = C

Thus, C' is algebra finite over A.
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(b) Choose ¢ : A — B,¢ : B — C. Choose ¢ € C. 3f € Alzy,...,x,] such that
for some cy,...,¢, € C, f(c1,...,cm) = c. Well, notice that A acts on C' by the
composition a - ¢ = (¢ o ¢)(a)c. Thus,

c= fcl,... Zaw HC”Z:Z 90) Qij H Z@am H G

Where the second - action corresponds to the action of B on C, and ¢(a;;) € B.
Thus, since this decomposition holds for any ¢ € C, it follows that C' is finitely
generated as a B algebra.

(c) Consider the case where A = klz], B = k[z,zy,zy? ...],C = k[z,y]. We have
ring homomorphisms A — B — C, where C is clearly finitely generated over A.
However, B is infinitely generated over A.

Problem 5. INTEGRAL EXTENSIONS

(a) Show that a composition of module finite ring maps is module finite.

(b) Let R — S be a ring map. Prove that if s € S is integral over R, then R[s] is module
finite over R.

(c) Prove that if an R-algebra A can be generated by finitely many integral elements
{ai,...,a,}, then A is module finite over R.

Solution:

(a) Suppose A — B — C. If B is module finite over A, there exists by,...,b, such
that Vb € B, Y I, a;b; = b. Similarly, C' being module finite over B means that
Jei, .., e such that Ve € O, 377 bjc; = c. Thus,

C—Zb cj = Zawcj

i,7=1

Because there exists a decomposition over A for each b;. Thus, C' is module-finite
over A.

(b) Choose Y1, ;8" € R[s]. Since s is integral over R, there exists a monic polynomial
[ € R[z] such that f(s) = 0. Suppose that deg(f) = m. Then, s for i > m can be
written as a polynomial of s over R[x] of degree m — 1. Thus, any f € R[s] can be
written in the form

Thus, R[s] is generated by 1,s,s%, ..., as an R-module, implying that R[s] is
module finite.
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(¢) We induct on the number of generators. When n = 1, we have the case proved in

(b). We now proceed with the inductive step, for n = k.

By the inductive hypothesis, R|ay,...,ax_1] is module finite over R. By part (b),
Rlay,...,ak-1]lax] = Rlay,...,ax) is module finite over R|as,...,at_;], which is
module finite over R. Then, by part (a), R[ay, ..., a;] must be module finite over
R, completing the proof.

Problem 6. THE DETERMINANT TRICK. Let B be an n X n matrix with entries in R. We
will now prove the following useful matrix equation (which is well-known when R is a field):

B x adj(B) = det B x Lxn

where adj(B) denotes the adjugate matrix of B-—that is, the transpose of the n x n matrix
whose ij-th entry is (—1)"*7 times the determinant of the n — 1 x n — 1 matrix obtained by
deleting row ¢ and column j from B.

()

Observe that an arbitrary ring has a canonical Z-algebra structure. Use this to show
that R is isomorphic to a quotient of a polynomial ring Z[X] over Z (possibly in
infinitely many variables).

Show that to prove the matrix equation for R, it suffices to prove the formula for Z[X].
[Hint: use the surjection Z[X] — R to lift each entry b;; of B to a,; in Z[X].]

Show that to prove the matrix equation over Z[X], it suffices to prove it over its fraction
field. [Hint: Don’t forget that two matrices are equal means that their corresponding entries are
equal.]

Viola! Conclude the matrix equation above from the well-known corresponding linear
algebra fact (over fields). Be sure to check the field case too, if it’s not familiar to you.
It’s easy, if you know about computing determinants by ”expanding along a row or
column”.

Solution:

(a) Since any abelian group is a Z-module, it follows that any ring is an (assosicative)

(b) Suppose we wish to show a matrix equation holds with coordinate in R, denoted

Z-algebra. Let {a;};cr denote a set of generators for R over Z. It follows that there
exist a surjection Z[z;|;e; — R, implying that R is isomorphic to a quotient of
Z|xilicr. We denote Z[X] := Z[z;)ier.

E({bi;}), bi;; € R. Following the hint, we lift each b;; to a coordinate a;; € Z[X],
since there exists a surjection ¢ : Z[X] — R. We know the a;; satisfy the equation
by hypothesis, implying that the equation evaluates to zero. Thus, we say that
E({ai;}) = 0. Then, passing the entire equation through the ring homomorphism,
we get p(E({ai;})) = ¢(0) = 0. However, because ¢ is a ring homomorphism,
and because matrix equations are linear equations, p(E({a;;})) = E({¢(a;;)}) =
E({b;;}). In particular, E({b;;}) = 0, and the matrix equation is in fact satisfied
over R. Thus, if the equation is satisfied over Z[X], it is satisfied over R.
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(c) Let E//1 denote the term in Frac(Z[X]) corresponding to the matrix equation.

(d) Since we know the result to hold over fields, it (in particular) holds over the fraction

Suppose that this equals zero (i.e. the equation is satisfied over the fraction field).
Recall that in any ring R, 0 =r/1 € U7'R if and only if 0 = r € R. Since taking
the fraction field is simply a localization, it follows that if £/1 = 0, then £ = 0
over Z[X]. In particular, if the equation holds over the fraction field of Z[X], then
it holds over Z[X].

field of Z[X]. We’ve proven that this implies that the equation above holds over
Z[X], and thus over R. Thus the matrix equation is proven!

Problem 7. MODULE FINITE IMPLIES INTEGRAL. Let R — A be a module finite ring
homomorphism. Our goal is to prove that it is integral. [You have considered the converse
in Problem 5.]

Our strategy: Pick any a € A. The idea is a Cayley-Hamilton type result: the R-linear
map A — A given by multiplication by a satisfies its own characteristic polynomial over R.

Take any a € A. Prove that the map A — A sending b + ab is R-linear.

Fix R-module generators ay,as, ..., a, for A. Without loss of generality, assume
a; = 1. Explain how to think of any element of A as a column vector with entries in R
and any R-linear map A — A as given by (left) multiplication by some n x n matrix
with entries in R.

For a € A, let A be the matrix of the map “multiplication by a”. Prove the matrix
equation in A
alyxnv = A Uy

where v is the column vector [I ay ... a,)" made up of our R-module generators

of A.

Let B =(A—al,x,). Show that detB = 0. [Hint: Multiply both sides of the matrix equation
Bv =0 by adj(B). If you are thinking A is a diagonal matrix you are making a big mistake!]

Prove that a € A satisfies a monic polynomial with coefficients in R.

Conclude the that Theorem in page 1 is proved!

Solution:

(a) Define this map ¢,. Let ¢ : R — A be the above module finite ring homomorphism.

@a(b1 + b2) = a(by + by) = aby + aby = @a(b1) + Pa(b2)

wa(r-b) =a(r-b) =a(r)b=1(r)ab=r-ab=1-p.b)




(b)

Given aq,...,a, are R-module generators of A, Va € A Jry,...,r, such that
b = Z?:1 r;a;. Given that these aq,...,a, are known, we can formulate a vec-
tor representation of A, given that we’ve fixed R-module generators, and denote A

as follows:
r
ra
Lj

Since ¢, is R-linear, it is completely determined by where it sends generators
ai,...,a,. Well, the image of a; is itself an element of A, and has its own generator
expansion; i.e. ¢q(a;) = Y7, bjia;. Since {bji};<, Completely determines where
a; is sent by ¢, it follows that ¢, is completely determined by A = {b;;}1<;j<n. In
this way, we can write coefficients in an n x n matrix. It is easy to see that, from
how we’ve chosen our coefficients, matrix multiplication is in the linear algebra case

works just as intended here. In other words, A -b = @,(b).

In this notation, what we defined above as [1,1, ..., 1]T is of the form [ay, as, . . ., a,] 7.

Thus, a Ix,v = [aa1, aaz, . . ., aa,)’, whereas Av = ¢,(v) = av = Y_,_, aa;, which
has the vector representation equivalent to the above expression.

Following the hint, (B x adj(B))(v) = (det(B) X I,xn)v. Since Bv = 0, the left
hand side of the equatlon is zero, implying that (det( ) X Ipxn)v = 0. In particular,
since v # 0 and I,,x,v = v, it follows that det(B) =

det(B) X I,,x, is a polynomial in its coefficients, which live in R. Since any element
in a € A has a vector representation v, and (det(B) X I,x,)(v) = 0, it is clear that
a satisfies a polynomial in R.

7-6
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Problem 1. For each of the rings below, find the dimension using the definition/theorem:

(a) The field C(¢) of meromorphic functions on the Riemann sphere.
(b) Z

(c¢) The algebraic integers A, i.e., the ring of all elements in C which satisfy an equation
of integral dependence over Z.

(d) Qz]
(e) Qlz,y]/(y"" — 2%y’ + 52°)
(f) The polynomial ring K|z, ..., x,]. For this one, just guess, and prove your guess is a

lower bound. To show it’s an upper bound is quite hard; we’ll do it soon enough.

(g) The polynomial ring K[zy,...,zp,...]

(h) Qlx,vy, 2z, w]/{(w? — w?x — yz, 2 — x2y) (use (f)).

Solution:

(a) 0, it is a field.
(b) 1,1t is a PID.
(c
(

d
(e

)
)
) 1, since this is definitionally an integral extension of Z, which has dimension 1.
) 1, it is a PID.

)

1, it is an integral extension of Q[z], since y satisfies the monic polynomial y'7 —
x?y® + 52° over Q[z].

(f) >n.

(g) Infinite. Consider the chain (z1) € (z1,22) € .. ..

h) w and z satisfy a monicpolynomial over Q|x, in particular, w® — w?z — yz and
( y poly y] (in p y

2% — xy), so this is an integral extension of Q[z,y], and has dimension 2.

Problem 2. Explain why dim W~!'R < dim R and dim R/I < dim R.
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Solution: Spec(WW™'R) and Spec(R/I) bijectively correspond to subsets of Spec(R).
Thus, any saturated chain in Spec(W™'R) and Spec(R/I) lift to a chain in Spec(R),
implying that that for any chain of height of height ¢ in Spec(W™'R) or Spec(R/I),
there must be a corresponding chain of height > ¢ in Spec(R), yielding a dimension
bound.

Problem 3. Explain why every principle ideal domain has dimension one.

Solution: Let R be a PID. If (r) C (s), then r|s, implying that (s) was not generated by
an irreducible element, and is thus not prime. Therefore, every prime must be of height
at most 1, so R has krull dimension at most 1. Assuming that this PID is not a field,
then it has krull dimension exactly 1.

Problem 4. Prove that the ring R x S has dimension equal to the larger of dim R and
dim S.

Solution: Spec(R x S) = Spec(R) U Spec(S). Without loss of generality, let R have
higher dimension than S. It follows then that any chain in Spec(Rx.S) must correspond to
either a chain in Spec(R) or a chain in Spec(.S). Thus, the saturated chain in Spec(R x
S) must correspond to a chain in Spec(R) (Since dim(R) > dim(S)), implying that
dim(R x S) < dim(R). Similarly, a chain in P, ..., P, € Spec(R) corresponds to a chain
in (P,S),...,(P,S) € Spec(R x 5), so it follows that dim(R) < dim(R x S). Thus,
dim(R) = dim(R x S).

Problem 5. Prove that the ring R and its reduced ring R,.q have the same dimension.

Solution: Recall that R,.; = R/Nil(R). Since Nil(R) is precisely the intersection of all
prime ideals, P € Spec(R) = Nil(R) C P. It follows then that P € Spec(R) <= P €
Spec(Ryeq), since we know that prime ideals of R/Nil(R) are precisely the prime ideals
of R which contain Nil(R). Thus Spec(R) = Spec(Ryeq). Thus, they clearly must have
the same dimension.

Problem 6. PROOFs OF THE COROLLARIES. Let R < S be an integral extension of rings.
Assume the Lying Over Theorem.

(a) Suppose that @)y € Spec S contracts to Py € Spec R. Prove that the map R/Py, —
S/Qo is also an integral extension.

(b) Given a chain of primes Py C P, in R, prove that there exists a chain of primes @)y C Q)
in S such that P, = @; N R for ¢ = 0, 1. [Hint: Use (a)]
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(c¢) Show that the Going Up Corollary follows from the Lying Over Theorem.

(d) Show also that the Dimension Corollary follows.

Solution:

(a) We want to verify that R/(Qo N R) — S/Qy is integral. Choose 5 € S/Qy and lift
it to s € S. 3f € R[x] monic such that f(s) = 0, since R — S is integral. Now,
consider the projection f € (R/(Qo N R))[x]. It is clear that f(s) =0 = f(5) =0.
Thus, § is integral, and thus so is all of S/Qq, over R/(Qy N R).

(b) Since R/Py — S/Qo is an integral extension, by the lying over theorem, Spec(S/Qo) —
Spec(R/Fy) is surjective. Thus, for P, € Spec(R/F), there exists some Q) €
Spec(S/Qo) such that P, = Q1 N R/Fy. Notice that P; € Spec(R/P,) implies that
Py C Py, and similarly Qo C Q1.

(¢) The process used above to construct ¢ from P; given facts about Py, @)y can be
repeated to construct @, from P,. From part (b) and part (a), we know that
R/P; — S/Q; is an integral extension. mimicing the proof of (b), we find that
there exists a Q)3 € Spec(S/Q1), and thus € Spec(S), such that Q3 = P,N R. This
process can be continued through P, proving existence of Q); € Spec(.S) such that
P, = @Q; N R. This yields the going up corollary.

(d) The going up corollary gives us that any chain in R can be lifted to a chain in S,
and the lying over theorem asserts that if the chain in R consists of incomparable
primes, then the chain in S must also consist of incomparable primes. Thus, for
any chain of length ¢ in R, there exists a chain of length ¢ in .S, implying that
dim(R) < dim(S). dim(S) < dim(R) is clear, so it follows that dim(R) = dim(.5).

Problem 7. INCOMPARABLE FIBERS. Let R < S be an integral extension.

(a) Prove that if R and S are domains, then every u € S has a non-zero multiple in R.

(b) Show that if Q)9 C @1 in SpecS both contract to P in Spec R, then )y = ;. [Hint:
Use 5a.]

(c) Conclude that the fibers of the map Spec.S — Spec R consist of incomparable primes,
and that the ring S ® g Rp/PRp has Krull dimension zero.

Solution:

(a) By integrality, 3f = Y r;z* € R[] such that r,u" + r,_ju™ ' + -+ 4+ ry = 0. This
implies that u(r,u" ' +---+7r;) = —rg. Since R and S are domains it follows that
—7rg # 0. Thus, u has a non-zero multiple in R.

<
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(b)

Suppose that Qg C @1, and P = QoN R = Q1N R. We wish to show that Qg = Q.
Suppose that Qg € (1. By problem 6(a), we know that R/P — S/Q) is an integral
extension. By the previous part, for any u € S/Qp ,u has a multiple in R. In
particular, (u)NR # 0. Choose u € @, where Q) is the projection of Q; into S/Qo,
which is nonzero since Qo € Q. Thus, it follows that 0 # (u) "R C Q; N R =0,
since ()1 N R = P, a contradiction. Thus, Qg = Q.

We have shown above that if Qy, @, € f~(P) (meaning that QyNR = Q,NR = P),
and @y and (), are comparable (meaning either Qg C @1 or Q)1 C Qy), then Qo =
Q1. Thus, a fiber cannot contain comparable primes, so the fibers of Spec(S) —
Spec(R) consist of incomparable primes. Since f~'(P) can be associated with
Spec(S ®g k(P)) = Spec(S ®g Rp/PRp), it follows that chains in S ®g Rp/PRp
must be of maximal height 0 (else they would violate incomparability), implying
that it has Krull dimension 0.

Problem 8. Consider the extension Z < Z[v/2] and the corresponding contraction map
Spec Z[v/2] — Spec Z.

(a) Compute the fiber over the points (0), (2), (3), (7) of SpecZ.

(b) For p > 2 a prime integer, prove that there are at most two points over (p), with
exactly one if and only if 2 is not a square mod p.

Solution:

(a)

We compute f~1(0) explicitly first.

£71(0) = Spec(Z[V2] ®7 Q) = Spec(Q[v2]) = Spec(Q(v2)) = {0}

Now, notice that x(pZ) is simply Z/pZ. This is because Z/pZ is already a field, so
taking the fraction field is a trivial action. Next, we compute f~!(p) for any prime

P.
71 (p) = Spec(Z[V2] @2 Z/(p)) = Spec ((Z/p)la]/(a® ~ 2))
When p = 2, This yields Spec((Z/2)[a]/(a?)) = Spec(Z/260Z/2) = {(Z/2,0),(0,Z/2)}.

When p = 3, a® — 2 is irreducible over Z/p|a], implying that the Z/p[a]/(a* — 2) is
just Fy, a field, and spec {(0)}.

When p = 7, a*> — 2 is not irreducible, and is of the form (a — 3)(a + 3). In this
case, we get a case similar to the p = 2, case, and get 2 points, (Z/7,0),(0,Z/7).

This process above can be generalized. If 2 is not a square mod p, then a? — 2 is
irreducible over Z/pla], and Z/pla]/(a* — 2) = F, implying the spec has 1 point.
This means that f~'(p) has exactly 1 point.

In the other case, if 2 is a square modulo p, we get a factorization, and Z/pla]/(a® —
2) 2 Z/p®Z/p, implying its spectra has two points, so f~!(p) has exactly 2 points.
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Problem 10. EASY LEMMA. Let S be an arbitrary ring, and let U be a multiplicative
set and J an ideal of S. Consider the two subsets, V(J) and {P | PNU = (0}, of Spec S.
Prove that their intersection is non-empty if and only if J NU = (). [Hint: Consider the ring
SU-1/JSU-L]

Solution: Notice that
Spec(U™'S/JU'S) = {P € Spec(S) | PNU =0, J C P}
=V(J)N{P € Spec(S) | PNU =0}

If JNU # 0, then for any P such that J € P, PNU # 0. Thus, V(J)N{P €
Spec(S) | PNU = ()} must be trivial, since P € V(J) = P & {P € Spec(S) | PNU = 0}.

If JNU = 0, then the quotient U~'S/JU~'S is nonzero, implying it has nonempty
spectra. Thus, V(J) N {P € Spec(S) | PNU = 0} is nonempty.

Problem 11. THE PROOF OF LYING OVER. Let R < S be an integral extension.

(a) Let I C R be any ideal. Prove that IS N R C /1. In particular, if I is radical,
ISNR=1. [Hint: Use 8]

(b) Take P € Spec R. Show that, as subsets of S, (R\ P) N PS = (). [Hint: Use 9.]
(c) Use (b) to show that for all P € Spec R, there exists () € Spec S such that QR = P.
(d) Conclude that the Lying Over Theorem holds.

Solution:

(a) Choose u € ISNR. Since z € IS, it satisfies a polynomial with coefficients in /1.
It follows from 9 that drq,...,7, € sqrtl such that

u' e, =0

In particular,

u" = —ru" ==y,

Since u € R, —rqu™ ' — - —r, € VI. Thus, u" € VI, so v € vI. Thus,
ISNRcC VI

We already know that I ¢ ISNR. Thus, if I is radical, then I ¢ ISNR C VI =1,
implying that I = I.S N R.

(b) Notice that R\ P is a multiplicative set and PS is an ideal. Thus, it is sufficient to
verify that V(PS) and {Q | @ (R\P)} have nontrivial intersection by problem 10.
Notice that V(PS) = {Q € Spec(S) | PS C Q} and {Q € Spec(S) | QN (R\P)} =
{Q € Spec(S) | QR C P}. Since P is prime, it is radical, and PSN R = P.
Thus, (Q = PS is contained in both these sets, so they have nontrivial intersection.
It follows that (R\ P) N PS = (.




(c) As in the previous proof, take @ = PS.

(d) This shows the first part of the lying over theorem. Since we've verified incompat-
ibility in a previous part, we can conclude that the whole theorem holds.

Problem 12. Let U be a multiplicative set of a ring R that contains some non-unit. Prove
that R — U1 R is not an integral extension. [Hint: Consider the map of Spec.]

Solution: Suppose that R — U~'R was integral. By Lying over, Spec(U™'R) —
Spec(R) would be surjective. We already know that this is injective, so this would imply
that Spec(U~'R) = Spec(R), which is certainly false, since U contained some non-unit.

Problem 13. Let Fy be the ring of Fy-valued functions on an infinite set X. Prove that
[ is integral over Fy, and compute its dimension. [Hint: Consider the polynomial 22 — z = 0.]

Solution: Choose f € F. Notice that f> = f, (f(p))* € Fa, and 2? = x modulo 2.
Thus, f satisfies 22 — z € Fy[x], and F5 is an integral extension of Fy. Fy is a field, and
thus has dimension zero. Since Fy is an integral extension of Fy, it too has dimension 0.

8-6
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Problem 1. Prove that for any P € Spec R, the height of P equals the dimension of Rp.

Solution: Recall that
Spec(Rp) = {Q € Spec(R) | Q C P}

Thus chains terminating in P are in direct bijection with chains in Spec(Rp). The result
follows.

Problem 2. Prove the Proposition. [Hint: Write an integral element of the fraction field in lowest
terms.|

Solution: Choose u/v € Frac(R) in lowest terms (which we can do, as R is UFD).
Suppose it satisfied some integral dependence over R.

(w/v)" + ap_1(u/v)" - ag=0

= U 4 ap u" o4+ agr =0

= u" = —v(a, u" "+ -+ agr™ )
Now, notice that in a UFD, every nonzero non-unit has a unique factorization into primes.
I claim that v is unit. If not, there exists a prime p that divides v. By above, it would

also divide u", and thus u. This is a contradiction, as we took u/v to be in its reduced
form.

Problem 3. Which of the following are normal?

(a) Z
(b) Zlz,y, 7]
(c) The algebraic integers A, i.e., the ring of all elements in C which satisfy an equation

of integral dependence over Z. [Hint: remember that a composition of integral extensions is
integral.]

(d) Cllz,y, ]].
(e) Q[a?7]
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Solution:

(a) Yes, it is a UFD.
(b) Yes, it is a UFD.

(c) Yes, any element in Frac(A) that satisfies an equation of integral dependence over
A also satisfies it over Z, implying that it is contained in A.

(d) Yes, it is a UFD.
(e) Suppose 3 a polynomial f such that f(1/2?) =
(1/z*)" + - +ay=0
Clearing denominators:

L+ +apx™ =0

Which is a contradiction, as 1, z, 22, ..., 22" are linearly independent. A similar ar-
gument can be made for 1/23. This implies that Q[x?, 23] is normal, since anything
that satisfies a polynomial in the fraction field actually lies in Q[x?, 23].

Problem 4. Let R — S be an integral extension. Suppose that ) € SpecS lies over
P € Spec R.

(a) Prove that height P > height (). [Hint: Use Lying Over.]

(b) Assuming the Going Down Theorem, prove its COROLLARY.

Solution:

(a) We've shown that any chain 0 = Qo C @ € € Qr = (Q contracts to a chain
of incompatibles 0 = By C P, C C P, = P Thus any chain of length ¢ to @
induces a chain of length b to P. ThlS implies that the height of P is at least the
height of ), as we can take a saturated chain in () and lift it to P.

(b) Going Down Theorem tells us that we can lift a chain of P to a chain of @ such
that @Q; N R = P, for each P;,@; in the chain. This implies (by similar logic to
above) that the height of @) is at least the height of P, since a saturated chain of
P can be lifted to a chain of (). It follows from this and the previous part that the
height of P and @) are equal.

Problem 5. Let R = K|x] and S = K|z,y]/{y* — y,zy). Let Q C S be the ideal (y — 1).

(a) Show that R C S is an integral extension.
(b) Show that z € Q.



(c) Prove @ is prime in S and that Sp is a field.

(d) Show that Q@ N R = (x).

(e) Compare the height of @) and the height of its contraction to R.
(f)

f) Why is this not contradicting Going Down?

Solution:

(a) y satisfies a polynomial in z, in particular, y*> —y = 0.

(b) z(y — 1) = zy — = € Q. Since we are quotienting by zy, xy —z = —z € Q. Well,
this implies that 7 € (), and we can conclude.

(¢) y — 1 is irreducible in S, so @ = (y — 1) is prime. Notice that
So = (K2, yl/(v* —y.2y)) ,_y) = Klz. Y-/ * — y,2y) = K[z, ylo/QKz,ylo

Since QK [z,y]g is the unique maximal ideal in K[z,y]q, it follows the quotient,
and thus Sp, is a field.

(d) We've shown that x € @, implying that (z) C @, so (zr) C QN R. k & (y—1)
Vk € K, implying that (x) = Q N R.

(e) @ has height 0, since S has dimension 0. The height of the contraction to R is 1.

(f) S is not torsion free, so going down does not apply.

9-3
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Problem 1. EQUIVALENT FORMULATIONS OF ALGEBRAIC INDEPENDENCE. Let & =
{y1,---, Y, ...} be asubset of an R-algebra A. Show the following are equivalent:

(a) The set S is algebraically independent.
(b) The R-algebra homomorphism
©:Rlxy,...,14...] — A x>y
is injective.

(c) The R-subalgebra of A generated by S is a polynomial ring over R (with “indetermi-
nates” the elements of S).

(d) The collection of all monomials 7' ...y;" (where y; € S and ng € Z>g) is linearly
independent over R.

Solution: (a) = (b): This follows by definition. Choose f € ker(y). This implies that
f(v1,...,y:) = 0. By definition of algebraic independence, f = 0, so ¢ has trivial kernel,
and is injective.

(b) = (c): Since the above map is injective, it bijects onto its image. The image of ¢ is
precisely the R-subalgebra generated by S, and is of the form R[S], which is isomorphic
to R[zy,..., 2y, ...] where z; are all indeterminates.

(¢) = (d): We can consider these monomials in the R-subalgebra of A generated by
S. These monomials y;* ...y under the above bojection correspond to monomials
xt . xyt, where xq, ..., x; are indeterminates. in the ring R[zq,...,], these monomials
are known to be linearly dependent. Thus, 31" ...y are linearly dependent in R[S], and
are thus linearly dependent over R.

(d) = (a): Notice that polynomials are just finite sums of monomials. Because monomi-
als are linearly independent, it follows that if a sum of monomials evaluated on y; € S
is zero, then the coefficients are zero, implying that that initial polynomial is identically
the zero polynomial. Thus, S is algebraically independent.

Problem 2. Find two different polynomial sub-algebras over which each finitely generated
Q-algebra is module finite.

(a) Qz,y,z].
(b) Qlz,y,2]/(2* — zy).
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(C) Q[CL’, y]/(my> [Hint: Try a simple linear change of coordinates].

Solution:

(a) Qlz,y,2],Q[z*,y, 2]
(b) Q[z,y],Qlz?,y]
(c) Qz +y], Qz* + 2zy + ¥

Problem 3. Let A = R[zg,x1...,2,| be a polynomial ring over R. For any ¢1,...,g, €
R|xo], consider the map

¢ =0
Rzo,...,x,] = Rlzo, ..., 2, @ — {§?+g¢(xo) ;>0.

(a) Show that ¢ is an R-algebra automorphism.

(b) When each g; is some power of xg, show that ¢(zg...z,) is monic as a polynomial in

Zo.
(¢) When each g; = 22" for some D > 0, show that ¢(rzl°z%" ... z%) has leading term
rw80+a1D+azD2+~~+anD”
as a polynomial in xg.
(d) Fix f € Rz, ..., z,|, and choose D larger than any exponent a; on any z; appearing in

f. With g; as in (c), show that ¢(f) has leading term of the form 7z} as a polynomial
in xg for some M € N and non-zero r € R. [Hint: Use the uniqueness of the Base D expansion
of a natural number to show there is no troublesome cancellation.]

Solution:

(a) It is clear that this is a homomorphism, as we’ve defined it on generators. We
now verify that this is an automorphism by constructing an inverse map. Let
v~ Rlwg,...,x,] = Rlxg,...,x,] be defined as follows. ¢! : 2y — z¢, and for
i> 1,97 a1 — gi(x). Tt is clear that ¥~ o (xg) = o™ (xgy) = .
Furthermore, for i > 1, ¢¥~! o ¥(x;) = x; — gi(x0) + gi(x0) = 4, and Y o Y~ (z;) =
x; + gi(xo) — gi(xo) = x;. Thus, ¥ is an automorphism.

(b) If this is the case, then

n

i=1 i=1
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The leading term as a polynomial over xy has an exponent which is just the sum
of all the n; terms, and 1, since this is the maximal possible degree that xy term
can attain in this product. Thus,

T 1_[(913z +af') =zt 4 {lower order g terms}

Implying that ¢(xq...x,) is a monic in x.
(c) as before,

n n

i) = rag [ (@ + gi(20)™ = ra® [ [ (i + 2§")"

=1 =1

o(raglalt ... x

The leading term contains the product of all the z{’ " terms, as this is the maximal
possible degree that any xg term attains in the product. Thus, we have:

n
[N 1 24 ... n
rz® H(xl + )4 = ppootaP reeDMdan DTy fower order xp terms}

=1

(d) Suppose

Then,

m o9 L) (J) a(j) )
¢(f):¢(z7”(j)xoo Tt > Z¢( ])xo x! xn")

=1

Citing the previous part, we know that

m
(D) 4 ) Pl @) p2 @) pn
af’+ay’) D' +ay’ D2 +-+a] D
E rxto T 2 + {lower order z, terms}

Thus, assuming there are no cancellations, the leading term is of the form
ro)T a(()])+a(J>Dl+a(J)D2+ +al

tions, suppose that a; ) + a( ) D1 + a( ) D2 + -4 a,(l)D” = a(()) + ag)D1 + ag)D2 +
. -—|—a£L)D” (i.e. two leading terms from different monomials have the same power).
If this is the case, by uniqueness of the base D expansion of a natural number,

S) = ak) for each £ < n, implying that they were from the same monomial af-
ter all. Thus, we cannot have any troublesome cancellations, as each leading term
from different monomials has different powers. In particular, there are finitely many
monomials, so we can choose a unique maximal leading term. Thus, the leading
term of ¥(f) is of the form roz™ for some M € N.

(4
P™ for some maximal j. To show there are no cancella-
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Problem 4. PROOF OF NOETHER NORMALIZATION: Let R be an arbitrary domain, and
let A be a finitely generated R-algebra. We will prove the general Noether Normalization
statement by induction on the number of generators for the R-algebra A.

(a) Check the case where the empty set generates A over R.

(b) Assume we have proven the statement for R-algebras generated by n elements. Let A
be generated over R by 6, ...,0,. Explain why the statement holds for A if the 6; are
algebraically independent.

(c) If {00, ...,0,} satisfy some polynomial in R|xo,...,z,], use (3) to show how to replace
the 6; by some other set of generators for A over R which satisfy a monic polynomial
in 6y with coefficients in R[][0y, ..., 60,] for some non-zero c.

(d) Use induction to complete the proof of the general statement of Noether Normalization.

(e) Deduce Noether Normalization over a field.

(a)

(b)

Solution:

In this case, notice that R[()] = R, thus there exists module finite extension R — A,
where R is a (trivial) polynomial ring over R.

First, recall that the composition of module finite extensions is module finite. If A is
generated over R by 6, ..., 0,, It follows that we have a surjection R|xo,...,z,| —

A where z; — 0;. If §; are all linearly independent, then Rz, ..., x,] = R[01,...,0,]

A is an extension, and thus a module finite extension, and we can conclude.

Suppose ¢; satisty f. By passing our terms through the automorphism in the
previous part, we can replace §; — 6; + 0} for sufficiently large M such that

[0, ...,0,) =rd) + {lower order 6, terms}. While this is not monic over
R[fy,...,0,], this is in fact monic in 6y over R[1/7][0y,...,0,].

Part (c¢) showed that R[1/r]|[01,...,0,] — A[l/r][bo,...,0,] = A[l/r] is an in-
tegral (and in fact, a module finite) extension. By the inductive step, since
R[1/r][0,...,0,] is generated by n-generators, there exists a map R[1/r]|[x1, ...,z —
R[1/7][01, ... ,0,] such that it defines a module finite extension. This yields the se-
quence of module finite extensions

R[1/r][a, ... x4 — R/, ..., 00] — A[1/7]

Since the composition of module finite extensions is module finite, it follows that
we’ve constructed a module finite extension from a polynomial ring to an algebra
on n + 1 generators, completing the inductive step.

Over a field, r # 0 is already unit, so there is no need to localize. In other
words, if R is a field, R[1/r][x1,...,z,] = R[z1,...,x,]. The field case of Noether
Normalization follows.

v
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Problem 5. Let L be a field extension of K, and assume L is finitely generated as an
K-algebra. Use Noether Normalization to prove that L is a finite algebraic extension of K.
[Hint: Recall that you’'ve found a lower bound on the dimension of a polynomial ring over a field.]

Solution: There exists Noether normalization of L such that K C Klyi,...,y4 C L.
We already know that K[y, ..., yq| has dimension > d, but it follows that since L is a
field, L has dimension 0. In particular, K[yi,...,ys] — L is an integral extension, so
dim(L) = dim(K[y1,...,yq]). Since 0 = dim(K [y, ...,ya]) > d, it follows that d = 0.
Thus, L is a (finite) algebraic extension of K.

Problem 6. THE NULLSTELLENSATZ, REVISITED. Let R = K{[z1,...,x,] be a polynomial
ring over an algebraically closed field K. Let m be a maximal ideal of R. Prove that m can
be generated by elements of the form xz; — \; for A; € K. [Hint: Consider the extension of fields
K < R — R/m; Use (5)]

Solution: We follow the hint. Considering the extension of fields K — R — R/m,
we can conclude from the previous problem that R/m is an algebraic extension of K.
Since K is algebraically closed, R/m = K. It follows that m must be of the form
m=(x1— A1, .., Tn — A\p).

Problem 7. Let R and S be finitely generated K-algebras, and let R — S be a K-algebra
homomorphism.

(a) Prove that every maximal ideal of Spec S contracts to a maximal ideal of R. That is,
the map of Spectra restricts to a map of maxSpec. [Hint: Consider K < R/(mNR) < S/m]

(b) Give an example of a ring map for which some maximal ideal contracts to a non-
maximal ideal.

Solution:

(a) Choose m € MaxSpec(S). We follow the hint and consider K <— R/(m N R) —
S/m. 1t is sufficient to verify that R/(m N R) is a field. We know that K — S/m
is a finite algebraic extension from problem 5. Furthermore, taking the Noether
Normalization yields the following diagram:

Finite Alg. Extension

N

K —— R/(mNR) —— S/m

ﬁrjlte Mod-finite

K[yla"'ayd]




It follows that R/(m N R) — S/m is a module finite extension. In particular, they
are integral. Thus, dim(S/m) = dim(R/(m N R)) = 0. Since R/(m N R) is a
domain, we can conclude that R/(m N R) is a field, and that m N R is a maximal
ideal in R.

Consider the inclusion Z — Q. Q has 0 as its maximal ideal, but (0) N Z = (0) is
not a maximal ideal of Z.

10-6
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Problem 1. Using the theorems above, compute the following:

(a) Dimension of Q[x,y, /22 + y°] (a subring of Q(z,y, 2))

(b) Dimension of the localization Q[z, v, %], where [ is some non-zero polynomial in Q[z.y].
[Hint: Use Theorem 3.]

(c) Dimension of R[z,y, 2] /{23 + y23).

(d) Dimension of C[z,y, z],m, where m,, is the ideal of polynomial functions vanishing at
the point (1,1,1) € C3.

(e) Dimension of Fyg[z,y, z]p where P is a height two prime.

(f) The height of (xy,...,2;) in K[zy,...,24. [Hint: Use Theorem 3.]

Solution:

(a) 2. This is an integral extension of Q[z,y|, as /a2 + y° satisfies the polynomial
ZQ - .TL’Q - y5 € @[x,y,z].

(b) 0C (z—1) C (z— 1,y — 1) terminates in a maximal ideal of height 2, so this has
dimension 2.

(c) Integral extension of R[z,y|, so has dimension 2.
(d) Has unique maximal ideal m,C[z,y, 2|m, of height 3, so has dimension 3.

e) Has unique maximal ideal of height 2, so has height 2.

)

)
(e)
(f) Height i, since taking a chain from this to (z1, ..., x4) will have d —i inclusion, and
that is an ideal of height d.

Problem 2. PRoOOF OF THEOREM 1. Let R be a UFD.

(a) Show that every non-zero prime ideal of R contains an irreducible element.

(b) Prove that every height one prime is principal. [Hint: Remember irreducible elements are
prime!]

(c) Prove conversely that non-zero prime ideal that is principal must have height one.



Lecture 11: October 10th 11-2

Solution:
(a) Choose r € P C R prime. Decompose r = r{* ..., This is finite and unique,
since R is a UFD. Since P is prime, dr; € P, where r; is irreducible.

(b) Suppose that P is a prime ideal of height 1. From above, we know there exists an
irreducible r; € P. Thus, 0 C (r;) C P. (r;) is prime, since r; is irreducible. Since
P is height 1, it follows that (r;) = P.

(c) Choose (p) a principal prime ideal, which is generated by an irreducible element p.
Suppose that (p) is of height > 1. Then, A € Spec(R) such that 0 C A C (p).
From part (a), we can choose (q) in A irreducible, implying that C (¢) C A C (p).
This would imply that ¢|p, a contradiction to the irreducibility of p. Thus, (p) has
height 1.

Problem 3. PROOF OF THEOREM 2. Let A = Klxy,...,24] C R be a module finite
extension, where A is a polynomial ring.

(a) Show that dim A > d by exhibiting an explicit chain of prime ideals. [Hint: You did this
before.]

(b) Explain why, to prove Theorem 2, it suffices to show that dim A < d.

(c¢) Explain why, to prove Theorem 2, it suffices to show that for any prime ideal P; of
height one in A, dim A/ P; has dimension d— 1. [Hint: What happens if Py C P; C ... C Py
is a chain of primes of length more than d in A?]

(d) For P, € Spec A of height one, explain why after a change of variables, P, can be
assumed to be generated by some polynomial f which is monic in x4 with coefficients
in k[xy,...,24-1]. [Hint: Use a lemma from last time.]

(e) Use (d) to show that A/P; is integral over a polynomial ring in d — 1 variables.

(f) Complete the proof of Theorem 2 by induction.

Solution:

(a) (z1) C (z1,22) © -+ S (21, ., 2a)

(b) Because R is an integral extension of A, dim(A) = dim(R). Since we already know
that dim(A) > d, if we show dim(A) < d, then dim(A) = d, so dim(R) = d.

(¢) Recall that Spec(A/Py) = {Q € Spec(A) | P, C Q}. If Spec(A/P;) has dimension
d — 1, than saturated chains in Spec(A) which contain P; must be of length d — 1.
Since P; is of height 1, It follows that any saturated chain with P, in the chain
must be of length d. Since this is true for any P; of height 1, it is sufficient to verify
that any saturated chain must contain an ideal of height 1 in the chain.
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First, recall that since K is a field, it is a UFD, so Klzy,...,z4] = A is a UFD.
Thus, any prime ideal P contains an irreducible element r. If P is not height 1,
then 0 C (r) € (P) is a valid chain to P. If a chain 0 C P, € --- C P, is a
saturated chain of prime ideals that does not contain a height 1 ideal, notice that
we can extend it to the chain 0 C (r) € P, € --- C P, violating maximality. Thus,
any saturated chain must contain a height 1 ideal, implying from above that any
saturated chain must be of length < d.

(d) As we proved in the previous part, A is a UFD. In particular, P, = (f) for some
irreducible f € Klzy,...,z4). In the previous worksheet, when we proved Noether
Normalization, we’ve deduced an automorphism (which is just a change of vari-
ables) that takes a polynomial and returns a polynomial with leading term rz},
for some r € K, M € N. Since K is a field, it follows that this polynomial is monic.
Thus, we can rewrite Py as P; = (¢(f)), where f is monic in x4 with coefficients

in K[zq,...,2q4-1].

(e) It follows from above that A/P; is integral over K|[Z7,...,T4_1|, where T; is the
projection of z; in A/P;.

(f) We induct on the number of variables d. When d = 1, we know k[z] is a PID of
height 1. For the inductive step, we’ve shown that A/P; is of the same dimension
as a d — 1 variable polynomial ring, which we know via the inductive hypothesis to
have dimension d — 1. Thus, A/P; has dimension d — 1, completing the inductive

step by part (c).

Problem 4. Let R = K|[z,y, z]/(xz,yz). Find two saturated chains in Spec R of different
lengths. Why does this not contradict Theorem 37

Solution: Notice that the chains (2) € (z,2—1) € (z,2—1,y—1) and (z,y)  (z,y,2—1)
are both saturated chains (the first one is the "normal” way to construct a saturated
chain, and the second one follows from the fact that (x), (y) are not prime in R). This

does not violate theorem 3, since R is NOT a domain. In particular, z # 0,2z # 0 but
rz = 0.

Problem 5. Let R = K|z,y, z,w|/(xz — yw). Let P be the ideal generated by the classes
of x and y.

(a) Show that P is prime of height one. [Hint: Use Theorem 2 on the ring K[z, y, 2, w].]

(b) (*) Show that P not principal. [Hint: If principal, lift to a statement in the UFD K|z,y, 2, w]
and use the grading.!]

(c) Why does this not violate Theorem 1?7 Demonstrate explicitly an instance of the failure
of unique factorization in R.

Mf (z,y) = (f) for some f, note that lifting f to the polynomial ring, it can not have a non-zero constant
term and it must have a non-zero linear term. Using the UFD property, what is this linear term?
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Solution:

(a) P is prime because it is generated by irreducible elements. Notice that the height
of P is the same as the dimension of Rp.

Rp = (K[z,y, 2, w]/(xz = yw)) @y = (K(z,w)[z,y]) /(22 — yw)

Where (zz — yw) denotes the projection into the localization. This equality holds

because localization commutes with quotients. Notice that (zz — yw) = (x — y(w/z))
since z is unit. This implies that (K (z,w)[x,y])/(xy — zw) is an integral extension
of K(z,w)[y|, which is of dimension 1, as it is a 1 variable polynomial ring over a
field. Thus, dim(Rp) = 1, implying that P is of height 1.

(b) (*)

(c) R is not a UFD, so this does not contradict theorem 1.

Problem 6. DIMENSION AND TRANSCENDENCE DEGREE. Recall that if L/K is a field
extension, then a transcendence basis for L over K is a maximal set of elements in L that
are algebraically independent over K. These always exist (by Zorn’s lemma) and have the
same cardinality, which is called the transcendence degree of L/K.

Use Noether Normalization to prove that if R is a domain finitely generated over a field K,
then dim R is equal to the transcendence degree of L/K where L is the fraction field of R.

Solution: Let K[zi,...,24 — R be the Noether Normalization. We wish to show that
L = Frac(R) has transcendence degree d. let L' = K(z1,...,24) = Frac(K|xy,...,z4]).
It follows that L is an algebraic extension of L’ since R is a module finite extension
of Klzy,...,z4]. We also know trdeg(L’) = d. Since extending algebraically does not
change transcendence degree, it follows that d = trdeg(L’) = trdeg(L).

Problem 7. PROOF OF THEOREM 3. Let A = KJz1,...,24] C R be a Noether normal-
ization for a domain R finitely generated over K.

(a) Fix any maximal ideal m in R and consider a saturated chain of prime ideals (0) =
Qo C Q1 C...CQr=min R. Explain why k£ < d and why, to prove Theorem 3, it
suffices to show that d = k.

(b) Explain how we know 1 has height one, and why to prove Theorem 3, it suffices to
show that the induced chain (0) = @Q,/Q1 C Q2/Q1 C ... C Qx/Q1 (in the quotient
ring R/@Q)1) has length d — 1.

(c¢) Let P, = @1 N A. Show that P, is height one. [Hint: Recall (a corollary of) Going Down.|

(d) Use the same method as in the proof of Theorem 2 to show that after changing variables
in A, we have module finite extensions K{z1,...,x4 1] C A/P; C R/Q1, and complete
the proof of Theorem 3 by induction.
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Solution:

(a) We already know that dim(R) = d, so any chain in R must have length at most d.
In particular the chain (0) = Qy C @1 C ... C Q) = m must be of length < d, so
k < d. If we show that d = k, since we’ve picked the maximal ideal arbitrarily, we
know that all maximal ideals have a saturated chain of length d. In particular, all
maximal ideals have saturated chains of the same length.

(b) In our proof for problem 3(b), we’ve shown that every saturated chain must contain
an ideal of height 1. In particular, if we show that the chain to Q5/Q; has length
d—1, then this must lift to a chain Q1 C Q2 C ... C Q, where Q;/Q1 lifts to Q; for
i > 1, and 0 lifts to ;. This is because @); /@1 € Spec(R/Q1), which corresponds to

all the prime ideals containing @;. Thus, if (0) = Q,/Q; C Qg/Ql . CQr/n
has length d — 1, the lift into R must have length (d—1)+1=

(c) A — R is module finite (and in particular, an integral) extension where A =
K[xq,...,24] is a UFD and is thus normal. Thus, from a corollary of Going Down
we proved, we know that V@) € Spec(R), @ and P have the same height for P =
@ N R. Since @)1 has height 1, we know that P, has height 1.

(d) Because P is a height 1 ideal in a UFD, it is principal. Suppose P; = (f) for some
f € Klx1,...,24). As before, we can do a change of variables such that f is a
monic polynomial in x4 with coefficients in K{[z1,...,x4-1]. It follows that we have
the module finite extensions K{z1,...,241] C A/P; C R/Q;.

We now proceed with induction: When d = 1, K{z] is a PID, where all nonzero
prime ideals are maximal. Since all prime ideals in PIDs have height 1, it follows
that all maximal ideals have height 1, and are the same length.

For the inductive step, suppose that all maximal ideals in dimension d — 1 algebras
have height d — 1. If this is the case, we’ve shown above that the chain (0) =
Q1/Q1 C Q2/Q1 C ... C Q1/Qq is in a dimension d — 1 algebra, and thus has
height d — 1. From (b), we can then conclude that 0 = Qg C ... C Q) = m has
length d for any maximal ideal m, completing the inductive step.

Problem 8. Let R = Z,[t| where p is a prime integer. Observe that R is a UFD.

(a) Prove that (pt — 1) is a maximal ideal of height one.
(b) Prove that (p,t) is a maximal ideal of height at least two.
(c) Why does this not contradict Theorem 37

Solution:
(a) We verify that this ideal is maximal. Notice that

Z[tl/(pt — 1) = Zp)[1/p] = Q




Since quotienting by (pt — 1) yields a field, (pt — 1) is maximal. In particular, this
implies that (pt —1) is prime. We’ve shown that any non-zero principal prime ideal
ideal must have height 1. Thus, (pt — 1) is a height 1 maximal ideal.

(b) Zp[t]/(p,t) = Z)/pZy), and since pZ, is the unique maximal ideal of Z,), it
follows this is a field, implying that (p,t) is maximal. Furthermore, this is has a
height of at least 2, since we have a chain 0 C (t) C (p, ).

(c) R is not finitely generated over a field, and thus does not contradict Theorem 3.

11-6
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Problem 1. Prove corollary 1.

Solution: Let K[zy,...,x4 — R be the Noether Normalization of R. We wish to show
that L = Frac(R) has transcendence degree d. let L' = K(x1,...,24) = Frac(K|zy, ..., x4)))
It follows that L is an algebraic extension of L’ since R is a module finite extension of
Klxy,...,z4]. We also know trdeg(L’) = d. Since extending algebraically does not
change transcendence degree, it follows that d = trdeg(L’) = trdeg(L).

Problem 2. Consider the ring R = K|[X,t] and the prime ideal P = (X). Using the results
above:

(a
(b
(c

(d) Consider the polynomial ring K (¢)[x]. What is the maximal cardinality of an alge-
braically independent set in R over K (t)? Over K?

Compute the dimension of R, height of P, and dimension of Rp.
Compute the maximal cardinality of a K-algebraically independent set in Rp.

Why does this not contradict corollary 17

)
)
)
)

Solution:

(a) dim(R) = 2, P is principal prime ideal in a UFD and thus height 1. dim(Rp) is
the same as the height of P, so dim(Rp) = 1.

(b) By Problem 1, since dim(Rp) = 1, the maximal cardinality must be 1.

(c) With corollary 1, since Frac(Rp) = Frac(R), we would expect the answer to be 2.
However, Rp is not finitely generated over K, so we cannot apply the corollary.

(d) Using the corollary, we know that the maximal cardinality over K (¢) is 1. Over K,
the maximal cardinality is infinite, since {1/t?},en prime are algebraically indepen-
dent.

Problem 3. Find the dimension of the following K-subalgebras of K(z,y, z):

(a) Klx,zy,xz]
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(b) Klzy, 1/zy|
(c) Kzt 22yt 2213 1/2y2]
(d) Klz*y*, zy’z, %27

Solution:

(a) 3, as z, xy,yz are algebraically independent.

(b) 1, as the fraction field is just K (xy), which has transcendence degree 1.

(c)

trdeg(K (x*, 2%y™, 22", 1/2y2)) = trdeg(K (z, 2°y™, 22", 1/2y2))
= trdeg(K(aj, y117 Z13> 1/a:yz))
= trdeg(K(z,y,2)) = 3
Thus, the dimension is 3.
(d)
trdeg(K (a%y?, 2y°z, y*2?)) = trdeg(K (zy,yz)) = 2

Thus, the dimension is 2.

Problem 4. Proof of corollary 2. Let R be a finitely generated K-algebra.

(a) Fix prime ideals P C @) in R. Given a saturated chain of primes from P to @ of length
¢, prove there is a saturated chain of primes in the domain R/P of length ¢ from (0)

to Q/P.

(b) Prove corollary 2 follows from the theorem above proved last time.

(c) Assume R is a domain. For P € Spec(R), Prove that the height P = dim(R) —
dim(R/P).

(d) Find a counterexample to (c¢) when R is not a domain.

Solution:

(a) Let P =P, C ... C P. =@ be the chain in question. Recall that Spec(R/P) =
{Q € Spec(R) | P C Q}.Thus, since every prime ideal in the chain contains P, we
can lift the chain to R/P. P, = P lifts to zero, and the rest lift to nonzero ideals
0Ch/PhC--CPR/P=Q/P.
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(b) Suppose P C @Q C M for M a maximal ideal, and P,Q prime. We choose a
saturated chain of length ¢ from P to (), and a saturated chain of length d from
@ to M. The length d chain corresponds to a length d chain from 0 to M/Q in
Spec(R/Q). The theorem from last time told us that this implies that all saturated
chains from 0 to M/Q, and thus from @ to M, have length d. Similarly, the
saturated chain from P to M has length ¢ + d. This corresponds to a saturated
chain of length ¢ + d in Spec(R/P) from 0 to M. This implies that all saturated
chains from P to M in Spec(R) are of length ¢ + d. Thus, if all saturated chains
P C M is of length ¢ + d, and and all saturated chains () C M are of length d, it
follows that all saturated chains P C () are of length c.

(c) Consider any saturated chain 0 C --- C P C --- C M for M a maximal ideal.
Any saturated chain 0 C M has length dim(R), as we've shown before. Any
saturated chain P C M has length dim(R/P) from corollary. Thus, it follows that
any saturated chain 0 C P has length dim(R) — dim(R/P), so the height of P is
dim(R) — dim(R/P).

Problem 5. Consider the following examples. Why do they not contradict Theorem 17

(a) Let R = K|[z]|/(z®). Show that the ideal (z?) is NOT the intersection of all maximal
ideals containing it.

(b) Let R = K|[z,y]m, where m is an arbitrary maximal ideal of K[z,y]. Show that most
radical ideals are not the intersection of maximal ideals containing them. Indeed, only
one ideal has that property: which one?

Solution:

(a) Note that each maximal ideal containing (2?) would also need to contain (), since
(x?) C (z). However, if this were the case, (x) would be contained in the intersection
of all the maximal ideals containing (z?). If (x?) was this intersection, then z € (z?),
which is a contradiction. This does not contradict Theorem 1 because (z?) is not
radical.

(b) K[z, yl, is a local ring with unique maximal ideal mK [z, y|,,. Thus, for an ideal to
be equal to the intersection of the maximal ideals containing it, it must be precisely
mK [z, Y|, since there is only 1 maximal ideal in the (trivial) intersection.

Problem 6. Polynomials as functions. Lemma: Assume K is infinite. For any nonzero
polynomial in K[z1,...,z4], the function K¢ — K sending p — f(p) is a nonzero function
of K.

(a) Prove the lemma when d = 1.

use induction to prove the lemma in general. int: write f € Klzy,...,24 as a
b induction t the 1 i 1. [Hint ite f € K
polynomial in 1 variable with coefficients as polynomials in the others.]



(c¢) For K finite, find a non-zero polynomial in K[z] which determines the zero function

on K.

Solution:

(a) We want to show that the map K — K sending p — f(p) for f € K[x] is nonzero
for any choice of (nonzero) f. Well, suppose p — f(p) was the zero map. If this was
the case, then f(z) =0 Vz € K, implying that f is the zero map, a contradiction.

(b) Note that our proof above did not use the fact that K is a field. Thus, we write
f € Klzy,...,x4-1][z4]. Notice that the map K — K{z1,...,x4-1] which maps p —
f'(p) is nonzero for any choice of f, where f'(p) = f(z1,...,24-1,p). Now, notice
that f’(p) is a polynomial in K[zy,..., 24 1]. This then induces a map K% 1 — K
which sends ¢ = (¢1,...,q94-1) — f'(¢). By the inductive hypothesis, this map is
nonzero, so the map K¢ — K which sends (qi,...,q4-1,p) — f(q,--.,q4_1,p) is
nonzero. Since p, g were chosen arbitrarily, as was f, we can conclude.

(c) If K is finite, then |K|= g, for ¢ = p™ for some power of p. Consider the polynomial
29 — z. This is a nonzero polynomial in F,[z] which is identically zero under the
map p — f(p), since 9 = x mod p.

Problem 8. Let R be a Noetherian ring.

(a) Show that the arbitrary intersection of radical ideals is radical.

(b) Prove the corollary to Theorem 1. [Hint: Use the fact that V(I) = V(v/T).]

Solution:

(a) Let {I)}ren be a collection of radical ideals.

g=fre(VLh=fel,VAeA=fel,,VAcA= fe (]|l
AEA AEA

(b) We already know that the radical /T is the intersection of all maximal ideals
containing it. Recall that V(I) = V(v/T). This implies that the prime ideals that
contain I are precisely those that contain v/I. Since maximal ideals are prime, we
know they contain v/I if and only if they also contain I. Thus,

Vi- N m= ] m

meV(+/T) maximal meV(I) maximal

12-4
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Problem 1. Review the following facts about the Zariski Topology on Spec(R):

(a) The closed sets are V({fi}rea) = V({Frhrea)) = V(v ({r}ren)).
(b) For any subsets I C J, V(I) D V(J).

(©) Mea V) =V (U)\GA [A)'

() N, V(L) =V(Ln...n L) =V(I,...T,).

(e) If N C R denotes the Nilradical of R, then V(N) = Spec(R).

(f)

f) For any ideal I, contraction for the quotient map R — R/I induces a homeomorphism
Spec(R/I) = V(I), where V(I) C Spec(R) has the subspace topology.

Solution:

(a) Since S C (S), by the next part we have that V((S)) C V(S). Now, we choose
P € V(S). Thus, S C P. Since P is an ideal, it follows that if any elements are in
P, then their products and sums are in P. Thus, (S) C P, so P € V((S)).

I c V1,s0V(/I)cC V(I). For the converse, choose P € V(I). Thus, I C P. We
wish to show that v/I € P. Choose f € VI. f* € I C P for some n. Well, since
P is prime, and because f* = f""!f, either f € Por fo°t ¢ P. If f! € P,
repeat the process with f, f*~2. It follows from this logic that f € P, so VI C P,
so P e V(\I),so V(I) =V(\/I).

(b) Choose P € V(J). Then J C P, implying that I C J C P, so P € V(I).
(c)

Pe (V) <= ILLCP VA€l < |JLCP PEV(UIA>
AEA AEA AEA

(d)
PeV(S...5) < S51...5CP < Ji,S;CP < PeV(S)U...UV(S))

The claim S;...S5; C P < di, S; C P follows from P being prime.
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(e) Recall that the nilradical is the intersection of all prime ideals in R. In other words,

Vi) =V () P|l= |J V(P)=Spec(R)

PeSpec(R) PeSpec(R)

(f) Form: R— R/I, and P € Spec(R/I), this map is defined as 7* : P — 7~ !(P), and
is injective because if P € ker(r*), then 77}(P) = 0= P = n(0) = P = 0. Thus,
7* has trivial kernel. In particular, 7* defines an isomorphism onto the image. The
image is of the form

Spec(R/I) = im(7*) = {P € Spec(R) | I C P} =V(I)

Problem 2. Using the theorems above, which of the following are irreducible topological
spaces? Count the number of components for those that are not.

(a) Spec(Z)
(b) Spec(Z/247)
(c) Spec(Z/257Z)
(d) Spec(K|[z,y, z,w]/(zy® + z3y* + wz)) [Hint: Eisenstein with the prime (z,w).]
(e) Spec(
(£) Spec(

(

(g) Spec(R), where R is the product over all prime integers p, of Z/pZ.

) Spec(Klz,y, 2 wl/(zy, 2z, 21))
) Spec(Ly x Ly), L; fields.

Solution:

(a) There are infinitely many components. (2),(3),...,(p) V primes p all define com-
ponents of Spec(Z).

(b) Notice that 24 = 2 x 2 x 3. Furthermore,
Spec(24Z) = V(24) = {(2), (3)}
Thus, we have 2 components.

(c) Similarly, Spec(25Z) = V(25) = {(5)}. Thus this has just 1 component, and is
thus irreducible.

(d) Via Eisenstein, we know that zy® + 23y + wx is irreducible. In particular, it
generates a prime ideal, and quotienting by it yields a domain. By Theorem 1, this
implies that Spec(K |z, y, z, w|/(xy® + z3y* + wx)) is irreducible.
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(e) Spec(K|x,y,z,w|/(xy, zz,2w)) = V(x) UV (y, z,w). Thus, this has 2 components.

(f) Spec(Ly x Ly) = Spec(L1)USpec(Ls). Ly, Ly are fields, so they both have a spectra
of a single point. Thus, their product spectra is just the disjoint union of two
points, implying it has 2 irreducible components as a topological space.

(g) We can decompose this like before at first:

Spec (H Z/pZ) = |_| Spec(Z/pZ)

After this, to be honest, I wasn’t sure how to conclude. I believe this decomposes
into finitely many parts, but I forgot how to do it and can’t seem to figure it out
now, either.

Problem 3. Proof of Theorem 1. Let R be arbitrary.

(a) Prove that if Spec(R) = V(z), then z is nilpotent.

(b) Suppose that R is reduced. Show that if Spec(R) is irreducible, then R is a domain.
[Hint: recall that V(zy) = V(z) U V(y)]

(c) Assume R is a domain. Prove that Spec(R) is irreducible. [Hint: Say Spec(R) =
V(I)UV(J). Find z € I\J,y € J\I so that Spec(R) = V(z) UV(y).]

(d) Show that every irreducible set of Spec(R) has the form V(P) where P is a minimal
prime of R.

(e) Prove that Spec(R) = Upeminspec(r) Y (L)-

Solution:

(a) If V(z) = Spec(R), then (z) C P VP € Spec(R). If = is contained in every prime
ideal, it is contained in the intersection of every prime ideal, which we know to be
the nilradical. Thus, x is nilpotent.

(b) Suppose that R was not a domain. Then, we can choose z,y # 0 such that zy = 0.
Now, notice that

Spec(R) = V(0) = V(zy) = V(z) UV(y)
But V(x),V(y) ¢ Spec(R), since R is reduced, which is a contradiction.

(¢) We verify that if I is prime, then V(I) is irreducible, a more general claim. If R is
a domain, then 0 is a prime ideal, implying that if we replace I with zero, we get
that V(0) = Spec(R) is irreducible.

Suppose that V(1) = X; U Xy, for X, X closed sets. Then, since X, Xo C V(I),
it follows that I(X;) 2 I, and I(Xs) 2 I. Choose f; € I(Xy), fo € I(X5), but
f1, fo € I. However, ffs € I, violating the condition that I is prime.
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(d) We know irreducible sets are closed, so if X is irreducible, then X = V(I) for some
ideal 1. We wish to show that I is prime.We want to check that if ab € I, then
a €l orbel. Observe that

V((1,a)) UV((L,0)) = V((I,a)(1,0)) = V(I)

Thus, one of a,b € I, implying that I is prime. We now verify that I is minimal.
If not, then there exists some prime ideal P C I. However, this would imply that
V(I) C V(P), contradicting that V() is a component (i.e. a maximal irreducible
set).

(e) V(P) C Spec(R), 80 Upeminspec(ry V() C Spec(R). In addition, Because V(P)
is minimal with respect to prime ideals, V(P) is maximal, since V(—) is order
reversing. Since P € V(P), it follows that

Spec(R)C | J V(P c |J V(P

PeSpec(R) PeminSpec(R)

ThllS, SpeC(R) = UPEminSpeC(R) V(P)

Problem 4. Proof of Theorem 2. We will use Noetherian induction.

(a) Explain why Theorem 2 is equivalent to the statement that every Noetherian ring has
finitely many minimal primes.

(b) To prove Theorem 2, fix a Noetherian ring R. Consider the set of all ideals in R that
have infinitely many minimal primes. Show that this set has a maximal element if it
is nonempty.

(c) To prove Theorem 2, show that it suffices to prove it for R with the property that
every proper quotient has finitely many minimal primes.

(d) Explain why, if R in (c) is a domain, the proof of Theorem 2 is complete.

(e) With R as in (c), suppose that x,y are nonzero and zy = 0. Show that every minimal
prime in R contains either x, y, or both.

(f) With R as in (c¢), Show that (z) and (y) have only finitely many minimal primes. [Hint:
Use the Noetherian Induction hypothesis (c).]

(g) Prove Theorem 2 and its corollary.

Solution:

(a) Minimal primes of [ in R are equivalent to the minimal primes of the (Noetherian)
ring R/I. Thus, if we show every Noetherian ring has finitely many minimal primes,
it follows that any ideal will have finitely many minimal primes.
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(b) We can put a poset structure on this set with respect to inclusion. Due the ascend-
ing chain condition on Noetherian rings, every ascending chain of ideals (elements
in this set) is bounded. Thus, if the set is nonempty, there exists a maximal element
by Zorn’s Lemma.

(c) Let J denote the maximal element of the set in the previous part. Notice that every
proper quotient of R/J, by construction, has finitely many minimal primes. Thus,
if we prove the statements for rings with the above property, we can conclude.

(d) If R is a domain, (0) is a prime ideal. In particular, it is the only minimal prime
ideal, since any prime ideal contains 0. Thus there is only 1 minimal prime ideal.
In particular, the number is finite.

(e) Notice that 0 € P for any minimal prime P. Thus, zy € P. Since P is prime, this
implies z € P,y € P, or both.

(f) If every proper quotient of R has finitely many minimal primes, it follows that
R/(z) and R/(y) have finitely many minimal primes, implying that (z) and (y)
have finitely many minimal primes.

(2) When R is a domain, we’ve already proven theorem 2. When R is not a domain,

we’'ve shown that ideals generated by zero divisors have finitely many minimal
primes. In particular, we know that any minimal prime P must contain x or y, and
(z) and (y) both have finitely many minimal primes. This implies the whole ring
only has finitely many minimal primes, as all minimal primes are minimal primes
of (z) or (y), and there are only finitely many of those. This completes the proof
of Theorem 2.
Recall that we've previously shown that irreducible components of Spec(R) corre-
spond precisely to V(P), where P is a minimal prime. Since there are only finitely
many such P, there are only finitely many such V(P), implying that Spec(R) has
finitely many irreducible components, proving the corollary.

Problem 5. Fix a vector space over an infinite field. Let {Wy,...,W,} denote a finite
collection of vector subspaces. Prove that if V' is a subspace contained in (J;_, W;, then
VvV C W; for some i.

Solution: Let V' be a vector space over an (infinite) field . We wish to show that V'
cannot be written as a finite union of proper subspaces. We proceed by contradiction.
Suppose that V' = |J;_, W;, where each W; is a proper subspace of V. Without loss of
generality, we stipulate that W; ¢ W; for ¢ # j, since if this were the case, we could just
omit W; from the union.

Choose w € W;, and v € V\W,. Since F' has infinitely many elements, the set {w +
cv | ¢ € F} also has infinitely many elements in V. Thus, there must exist W, such
that {w + cv | ¢ € F} N W, has infinitely many elements, since W, is a member of
a finite decomposition of V. Observe that j # 4, since {w+cv | c € F}NW; = 0
by construction. Choose w + cjv,w + cpv € W distinct. Since W; is a vector space,
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w+cv—(w+cev) = (1 —cg)v € Wj. Since w+cyv, w+cv € W are distinct, ¢ —cp # 0,
sov € Wj.

Since v € W;, it follows that w € W;. Thus, we’ve shown that an arbitrary w € W;
is contained in W; for j # 4, implying that W; C W, a contradiction. Thus, we can
conclude that every vector space over an infinite field is not a finite union of proper
subspaces.

Problem 6. In the ring C[z,y, 2], let U = C|z,y, 2]\((z) U (y, 2)). Let R = U 'C|x,y, 2].
Describe Spec(R): What are the maximal and minimal primes? How many components?
What is the dimension? What are the heights of the different maximal ideals? How does
this look as a poset? as a subset of Spec(C[z,y, z])? What is its closure in Spec(Clz,y, 2])?

Solution: This is like localizing by ”2 primes”. The maximal ideals are precisely (z)R
and (y, z) R, which have heights 1 and 2 respectively.

Spec(R) = {P € Spec((Clz,y, 2]) | PNU =0} = {P € Spec(C[z,y,2]) | P C (x)U(y, 2)}

Minimal primes should just be the same as in R. R is a dimension 2 ring, since 0 C
(y) C (y,2) forms a valid saturated chain, but no chains of length 3 can be made. R is
a domain, and thus Spec(R) is irreducible.

Problem 7. Prime Avoidance Lemma. Let R be any rink, and let I, ..., I; be ideals of R.
Suppose that J =1, U...U.

(a) If R is an algebra over an infinite field, Prove that J C I for some index k.

(b) More generally, assume that at most 2 ideals (without loss of generality, I; 1, I;) are
not prime. Prove that J C I for some index k.

Solution:

(a) First, observe that this is (not so secretly) a statement about vector spaces, as an
algebra over a field is a vector space equipped with a billinear product. Ideals of
algebras over a field are precisely vector subspaces.

We prove this by contradiction. Suppose that J ¢ I; for 1 < j <¢. This implies
that JNI; € J. However, since J C I U...U I, it follows that

t

J=Jnn)

j=1

Where each J N [; is a proper subspace of J. However, any vector space over
an infinite field is not a finite union of proper subspaces (a proof of this will be
given at the end of the homework), which is a contradiction. Thus, it follows that
JNI; =J. for some 1 < j <t implying that J C I;.




(b) We prove the contrapositive. Suppose J ¢ I; Vj < t. We wish to show that
J ¢ U;zl I;. To do this, we construct an element r € J such that r ¢ I; for each
7 <t
We prove such an element exists by inducting on ¢. The t = 1 case is immediate,

so we assume the statement holds for ¢ — 1 ideals, then show it holds for ¢ ideals.
From the inductive hypothesis, we know that for any ¢ < t,

A ((U))

is nonempty. This is because J is not contained in any /; (in particular, all the I;
where j # 7). Since the collection of ideals {/;};«; has t — 1 ideals, by the inductive
hypothesis it follows that J ¢ i 1j; 80 J; is nonempty.

Choose r; € J; C J for each i < ¢. Define
=171+ 7Tor3...7T

Since each r; € J, it follows that r € J. I claim that r € I; V5 <t. Suppose r € I;
for j # 1. Notice that rors...7, € I;. It follows then that r —rors...r, =1 € I,
a contradiction.

Now, we just need to verify that r &€ I;. Suppose it is. Then since ry € I, it follows
that r —ry = rorg...1ry € I;. If t = 2, this implies that r, € I, a contradiction.
If t > 2, then we know I; is prime. Thus, rors...r; € I; implies that one of
ro,73,...,7: € I1, which is a contradiction in every case.

13-7
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Problem 1. Show that Z,) is a valuation ring.

Solution: Note that Zg C Q. Choose r/s € Q such that r/s is in lowest terms.
Because of this, we have 3 cases. If p|r, then r/s € Z,. If p|s, then (r/s)™' = s/r € Z,.
If p does not divide r or s, then r/s and s/r are in Z,. p cannot divide both r and s
since r/s is written lowest terms. Thus, we can conclude that Z,) is a valuation ring of

Q.

Problem 2. Which of the following sets is a valuation ring of C(z,y):
(a) R =Clz,yly)

(b) Clz, Yl(a)

(c) Let S be the subset of rational functions f(z,y)/g(z,y) such that the order of f is >
the order of g. (order is the degree of the lowest degree term)

Solution:

(a) This is a valuation ring, using the same argument as above. Writing f(z,y)/g(z,y) €
C(z,y) in lowest terms, we split into three cases as in the problem 1 case.

(b) This is not a valuation ring, because both z/y and y/x are not contained in
(C[JI7 y] (z,y)-

(c) Choose f(z,y)/g(z,y) € C(z,y). If the order of f is > the order of g, then f/g € S.
If the order of g is > the order of f, then g/f € S. Thus, S is a valuation ring.

Problem 3. Prove that every ordered abelian group is torsion free.

Solution: Choose x in our ordered abelian group, which is an ordered Z-modules.
Choose n € Z positive. We have two cases. If v > 0, then nx = 2+ ---+ 2 > 0,
sonr #0. If x <0, thennx =2+ ---+x <0, sonx # 0. Now suppose n < 0; Then, if
x>0, nr=—-x+ -+ (—x) <0jsonx #0. If £ <0, then nx = —x+--- 4+ (—x) > 0,
so nx # 0.

Thus, = has no torsion, and our ordered abelian group is torsion free.
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Problem 4. Let v be an arbitrary valuation on K. Say f,g € K*.
(a) Show that v(1/f) = —v(f).
(b) Show that v(f) = v(—f).
(c) Show that if v(f) > v(g), then v(f + g) = v(g). [Hint: (f +9)+ (—=f) =g.]

Solution:

(a) A valuation is a group homomorphism, so it sends inverses to inverses.

(b) v(—f) = v(—=1) + v(f). We just need to verify that v(—1) = 0. Well, v(1) = 0,
since v is a group homomorphism, and 0 = v(1) = v((—1)(—1)) = v(— 1) v(—1).
We've just proven that ordered abelian groups are torsion free, so if 2v(—1) = 0,
then v(—1) = 0, and we can conclude.

(c) Following the hint,

v(g) > min(v(f + g),v(—f)) = min(v(f + g),v(f))

This is v(f + g), since if it was v(f), then that would contradict v(f) > v(g). This
implies that v(g) > v(f + ¢), Conversely,

v(f +g) > min(v(f),v(g)) = v(g)

Thus, v(f +g) = v(g), so v(f +g) = v(g).

Problem 6. Let v be an arbitrary valuation on K.

(a) Prove that the set V' C K of elements f such that v(f) > 0 is a valuation ring on K.
We call this the valuation ring of v.

(b) Show that f is a unit in V' if and only if v(f) = 0.

(c) Show that V is local with maximal ideal {f € K | v(f) > 0}.

(d) Show that Vy € T, the sets {f € K | v(f) >~} and {f € K | v(f) >~} are ideals of
V.

(e) Show that if £ C K is a subfield such that v|x= 0, then V is a k-algebra.

Solution:
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(a)

From 4(a), we know that v(f™') = —v(f). Thus, either v(f) > 0, in which case
feV,orv(f)<0,s0v(f)>0,s0 f~t€V. Thus, if V is in fact a ring, it is a
valuation ring. 1 € V, since (1) = 0. By convention v(0) = oo, so 0 € V.

To verify the existence of additive inverses, notice that v(f) = v(—f), so v(f) >
0 < v(—f) > 0. For closure, choose f,g € V.

v(f +g) > min(v(f),v(g)) > 0

v(fg) =v(f)+v(g) >0+0=0

Thus, V is a valuation ring.

Choose f € V. v(1/f) = —v(f), so it follows that v(1/f) < 0. Thus,

1/feV <= v(1/f) >0 <= v(1/f)=0 < v(f)=0

By the previous part, we know that every element outside of the ideal is a unit.
Thus, the ring must be a local ring, with the unique maximal ideal being the one
described above.

These are abelian groups, from similar logic to part (a) (notice that 0 is contained
in both of these, since v(0) = oo by convention). To show these are ideals, choose
v eV, fe K such that v(f) > 7.

v(vf)=v(w)+v(f) >0+ =7y
Thus, {f € K | v(f) > ~} is an ideal. The case where v(f) > = is similar.

It is sufficient to verify that there exists a ring homomorphism & — V. Well, k is
a subfield of K, and in particular, it is a subring. Furthermore, £ C V', implying
that k is a subring of V. Thus, we can take the natural inclusion map k — V as
the ring homomorphism.

Problem 7. Fix a prime number p.

(a) Using the UFD property of Z, explain why every non-zero element a/b of Q can be
written (up to sign and reordering) as pi'...py" where the p; are distinct primes and
a; € 7.

(b) For non-zero a/b € Q, define v,(a/b) = a,, the exponent of p where a/b is written as
in (a). Show that v, is a discrete valuation on Q.

(c) Show that the valuation ring of v, is Z,).

Solution:
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(a) We can decompose a, b into irreducibles, since a,b € Z. Thus,

al
a 2 p _ _
Z = —11)1 ¢ pl . .pgtql by .. .qs bs
a' g

Where a;,b; € N, implying that a;, —b; € Z. Thus, we have a decomposition into
prime ideals, with powers in Z. if any of these primes are the same, then they can
be absorbed into the same exponent term, i.e. if p; = ¢;, then p?iq?j = p?ﬁbj for
a; + bj € 7.
(b) We first check this is a group homomorphism.
vp(a/b-c/d) = v (PP (a/b) - pr D (c/d)) = v, (p T I D (afb - c/d))

Where this is just = v,(a/b) + v,(c/d), as we've factored p out of both a/b, c/d
completely. Furthermore, v(1) = v(p°) = 0.

Our value group is clearly Z from part(a), so it is sufficient to verify that valuation

axiom.
vp(afb+c/d) = vy(p™ " (a/b) + p'/D(c/d))
If v,(a/b) < v,(c/d), then v,(a/b) can factor out of both terms, and v,(a/b +

c/d) = vp(a/b). If vy(a/b) > v,(c/d), then v,(c/d) factors out of both terms, and
vp(a/b+ c¢/d) = vy(c/d). The valuation axiom follows.

(c) Choose n/m € Zy). Since p does not divide m, v,(n/m) = v(n) > 0. Similar logic
shows that if we plck a/b € Q in reduced form, then if v,(a/b) > 0, then a/b € Zy).
Thus, Z) is the valuation ring of v,,.

Problem 8. Let V be a valuation ring on K.

(a) Show that for any nonzero elements x,y € V, x|y or y|x.
(b) Show that every finitely generated ideal of V' is principal.

(c) Prove that the ideals of V' form a totally ordered set. That is, for any two ideals I, J
in V, either I C Jor JC I. [Hint: if z € I,x & J, consider whether y € J can divide

(d) Prove that valuation rings are local.

Solution:

(a)

= x(:v ), * = y(y~'z). Notice that (z7'y)™' = y 'z, implying one of
y € V, implying that one of the equalities y = z(z71y), 2 = y(y ')

Yy
yla,
holds in V Thus x|y or y|z.
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(b) We induct on the number of generators. A finitely generated ideal with 1 gen-
erator is principal, so we continuous with the inductive step. Suppose that [ =
(f1,--., fn)- Notice that either fi|f, or f.|f1, implying that I = (f1,..., fn_1) oOr
I = (fa,...,fn). In either case, I is generated by n — 1 generators, and by the
inductive hypothesis, any ideal on n — 1 generators is principal, so I is principal.

(c) Suppose that I and J are two distinct ideals. Choose z € I, and y € J. Since [
and J are distinct, either z ¢ J or y & I. In the former case, this implies that y
does not divide z, so x divides y, so y € I, so J C I. In the latter case, this implies
that x does not divide y, so y divides x, so x € J, so I C J.

(d) All rings have a maximal ideal. If V' had 2 maximal ideals, my, my where m; # mo,
then by the previous part, m; C msg or ms C my, both of which would be a
contradiction. Thus, V has only 1 maximal ideal, and is local.

Problem 9. Explain why a Noetherian valuation ring is a local PID. Compute its Krull
dimension. [Use (8).]

Solution: If a Noetherian ring R is a valuation ring, then all of its ideals are finitely
generated. By 8(b), we know that all of its ideals are principal, so R is a PID. 8(d) shows
us that R is local, so R is a local PID.

Since R is a PID, it has Krull Dimension 1.

Problem 10. Let v : K* — Z be a discrete valuation on K, and let (V,m) be the corre-
sponding discrete valuation ring.

(a) Let I C V be any nonzero ideal, explain why we can choose an element f € I such
that v(f) is minimal (among elements in 7).

(b) Prove that every ideal of V is principal. In particular, a discrete valuation ring is
Noetherian.

(c) Let t generate m. Show that all other ideals V' are generated by " for some n € N.

Solution:

(a) Recall that the valuation ring corresponds to the set of elements with valuation
> 0. Thus, we can choose an element f € I such that v(f) has minimal valuation.
We've shown that v(f) = 0 implies that f is unit, so assuming we are working in
a proper ideal, the minimal valuation will by > 1.

(b) T claim that I = (f), for f minimal. To show this, it is sufficient to show that f|x
Vo € I. Well, either z|f or flx. If the former is true, then xy = f for some y.
Thus, v(f) = v(z) + v(y). However, minimality of v(f) tells us that v(f) = v(x)
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or v(f) =r(y). Well, v(z) # 0 since z € I and is thus non-unit, so it follows that
v(y) = 0 and y is unit. This then implies that y~!f = x, and f|z as desired. Thus,

= (f).

Since V' is a PID, we can write m = (). Since m is the unique maximal ideal,
I =(f) C (m) for all ideals I C V. In particular, for all f € R f = yt for some
y. This implies that v(f) = v(y) + v(t), and that v(y) < v(f), as v(t) > 0. Now,
notice that y = yst for some 1o, and by similar construction v(y,) < v(y). This
would imply that f = yt = y,t%. Since this valuation ring consists of elements with
positive valuation, with zero valuation elements being units, we can keep repeating
this process, strictly decreasing valuation, until we hit a unit u where v(u) = 0.
This implies that f = utttttt...t = ut™. In particular, I = (t").

Problem 13. Let V be a valuation ring on K.

(a) Let I be the set of nonzero principal ideals in V. Show that I” has the structure of a
totally ordered abelian monoid (under multiplication). What is the identity element?

(b) Explain how to extend I” to an ordered abelian group I" whose elements are rank 1
free V-submodules of K.

(c) Construct a valuation v : K* — I' whose valuation ring covers V.

(d) Show that if V' is Noetherian, then the corresponding valuation is discrete- that is,
r=7z.

Solution:

(a)

The identity element here is V', with operation (p) - (¢) = (pg). We've already
shown that the ideals of V' form a totally ordered set with respect to inclusion, so
we can just restrict this ordering to the principal ideals. However, given out choice
of identity element, we need to implement the ordering in reverse. In other words

(p) <(a) = (») > (9)-
This allows us compatibility. In other words, with (z) C (y), (2) C (w), (z)(z) C

(¥)(2) C (y)(w).

Given that V' C K for K a field, we can define (1/f) as the rank 1 free VV-submodule
(1/f)V. This is naturally an inverse of the ideal (f) C V.

The map a — (a)V forms a valuation. It is by construction a group homomorphism,
and if (a) C (b), then (a) + (b) C (b), and if (b) C (a), then (a) + (b) C (a). Thus
(a) + (b) is contained in the larger of (a), (b).

While in problem (10) we assumed that V' was a DVR, notice that if we restrict
to making a statement on principal ideals, then the proof for (¢) will hold in this
case. Now, this implies that each principal ideal is of the form #". Furthermore,
if (f) = (™), then that ideal corresponds to the index n, and (1/f)V corresponds

14-6




to the index —n. Thus, we have a bijective map Z <> ' mapping n — (") for
n >0, and n — (1/(t™)V for n < 0. By this construction, notice that 0 — V| so
this sends the identity to the identity. This map is clearly bijective and is a group
homomorphism, as (¢™)(t") = (t"™*") — m + n, so we can conclude that I' = Z.
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Problem 1. Let R be an A-graded ring.

(a) Show that 1g is homogeneous of degree 0 € A. [Hint: For r € Ry, consider 1-7. Use the fact
that the multiplicative identity in a ring is unique.]

(b) Show that Ry is a subring of R, so that R is an Rj-algebra.

(c) Show that each homogeneous component R, has a natural Ry-module structure.

Solution:

(a) Notice that 1g - R, = R,. Thus it follows that 1 € Ry.

(b) By construction Ry is an abelian group, so it is sufficient to verify that it is a ring.
Well, notice that if r, s € Ry, then

(rs)- Ry, =r1(s-R,) =71(R,) = R,

thus, rs € Ry, implying Ry is a subring. the inclusion map Ry — R makes R an
Ry algebra.

(c) Since Ry - R, = R,, there is a natural Ry action on R,. The action is clearly
distributive, since ring operations are distributive. It follows that R, has a Rg-
module structure.

Problem 2. Let R = K|[x,y|. Verify that each of the following uniquely defines a graded
ring structure on R, and describe the homogeneous components R, for arbitrary a € A.
Show that none are isomorphic as graded rings.

a

(
(b

THE STANDARD GRADING BY N. Here z,y both have degree 1 € N.

A NON-STANDARD GRADING BY N. Define degx = 2 and degy = 3.

)
)

(¢) ANOTHER NON-STANDARD GRADING BY N. Define degx = 0 and degy = 1.

(d) THE STANDARD MONOMIAL GRADING BY N2. Define degx = (1,0) and degy = (0,1).
)

(¢) A NON-STANDARD GRADING BY N2. Define degx = (1,0) and degy = (0,2).

Solution:
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(a) Recall that Ry for N € N has a natural Ry, module structure. Here each graded
component corresponds to the span of the subset of K [z, y] consisting of degree N
monomials. More concretely, Ry = spang (z'y’ | i +j = N), for Ry = K.

(b) Utilizing the construction in the last part, under this grading we find that Ry =
spang, (¢'y’ | 214+ 3j = N), for Ry = K.

(c) Since all = terms have degree 0, and all y terms have nontrivial degree, it follows
that Ry = K|[z]. Viewing our ring as K|[z,y| = K[z][y] allows us to default to the
grading in a), so Ry = span e, (y").

(d) In this case, R(mn) = spang (2™y"), for Ry = K.

(e) Ry = K. For n even, Ry, = spang, (z™y"?). For n odd, it necessarily cannot
contain any y components, so for n odd R,,, = spang (z™).

It follows that none of these rings are isomorphic as graded rings. (a)-(c) are in a
different category than (d)-(e), and it is clear that (a)-(c) and (d)-(e) all have distinct
graded components.

Problem 3. Let R = K[z,y|/(y" — 2°(z + 1)). Show that R has a natural Z/7Z-grading
whose zero-th graded piece is K[z]|. [Hint: Note that R is a free K|[z]-module of rank 7 with basis
classes of (certain) powers y.]

Solution: Set deg(y) = 1,deg(x) = 0. Notice that in R, y" = z°(z + 1). Thus, we can
define Ry := spany,;(y") and have it be well defined, since any polynomial in R will

have y degree < 7 due to the identification y” = z°(z + 1).

Problem 4. Let R be an A-graded ring, and let I C R be any ideal. Show that the following
are equivalent.

(a) I can be generated by homogeneous elements of R.

(b) As an abelian group, I = @44l N R,. [Hint: Note that an arbitrary R-linear combination of
the homogeneous generators for I is a sum of homogeneous elements of I.]

(c) I is an A-graded R-submodule of R—that is, the inclusion I < R is a map of graded
R-modules.

(d) Whenever f = 3" _, fo is in I, where the f, are homogeneous of degree a, it follows
that all components f, € I.
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Solution: First we verify that (a) implies (b). Since INR, C I, it is clear that @, , 1N
R, C I. We just need to verify that opposite direction. Choose r € I. Since [ is generated
by homogenous elements of R, we know that r = Zai caTiTa; Where 14, € Ry, I. Well,

this implies that r,, € I N R,,, and in particular that r € € INR,, CH,.,INR,,
completing this direction.

a;€A acA
To show (b) implies (a), pick (74,)icr, as generators for each R,. From the decomposition
given by (b), we know that I = (rg,)icr, aca, completing the proof. Furthermore, (b)
implies (c) follows by definition of a graded ring. (c) also implies (d), since if [ is a
graded submodule of R, then I = @, I, for some graded components over a € A. It
follows that if f =" ., fa, then f, € I.

To conclude we verify that (d) implies (b). Choose f € I. If f =" _, fa, for fo € R,
by (d) we know that f, € I, so fo € INR,. Thus, f € @,.,1 N R, Since any
f € R D I can be written this way, it follows that I C @,., I N R,. The other direction
is immediate, so (b) is proven. Thus, (a) <= (b) = (¢) = (d) = (b), so all 4 statements
are equivalent.

Problem 5. Show that if I C R is a homogenous ideal, then there is a natural A-grading
on the quotient ring R/I such that the quotient map R — R/I is a morphism in the category
of A-graded rings.

Solution: Recall that I = &, , I N R,. As abelian groups, we have that
R/T =@ R,/ @10 R = @(R/(10 Ry)
acA a€A acA

This defines a natural A grading on R/I. It follows that the map R — R/I is an
A-graded isomorphism.

Problem 6. All of the following quotients of K|x,y, z, w] have N-gradings. Describe one
non-trivial grading for each.

(a) Klz,y, 2z w]/(zy — 2w)

(b) Klz,y,z,w]/{z? +y* + 2° + w")

(C) K[I7y7 va]/<xy - 227w4 - JIy)

Solution:

(a) This ideal is homogenous, as it is generated by a polynomial comprised of only
degree 2 monomials, i.e. xy — zw € Ry. Thus, we can just endow it with the
induced grading from the standard grading, as in problem 5.
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(b) Notice that 2-3-5-7 = 210. Further notice that in this ring, x? is identified
with —1(y® + 2% + w"), with similar identifications for 33, 2%, w". Thus, we impose
a 7/210Z grading, where deg(z) = 210/2 = 105, deg(y) = 210/3 = 70,deg(z) =
210/5 = 42, deg(w) = 210/7 = 30.

(c) If we set deg(z) = deg(y) = deg(z) = 2, we see that zy — z € R4. Setting
deg(w) = 1 gives us that w* — zy € Ry as well. Thus, both of these polynomials
are homogenous of the same degree. This implies that we can use problem 5 and
induce a grading on the quotient with respect to the initial grading given above.

Problem 7. For the rings in 6(a) and 6(c), find

(a) An N%-grading that has zero-th graded piece K.
(b) An N-grading that has zero-th graded piece Klx].

Solution:

(a) For both 6(a) and 6(c), let the new (n,0) graded components be the old n-graded
components, and let R, ,,, = 0 for m # 0.

(b) We want to pick a grading where deg(z) = 0, and the other terms have positive
degree, but the quotiented ideal is still homogenous.

In 6(a), let deg(y) = 2, deg(z) = 0, and deg(z) = deg(w) = 1. Thus, zy — 2w €
Ry. In 6(c), Let deg(y) = 4, deg(z) = 2, deg(w) = 1, and deg(x) = 0. Then,
xy — 22, wh — vy € Ry.

Problem 8. Let K be an algebraically closed field, and let S be the polynomial ring K[z, y]
with its standard grading.

(a) Show that every homogeneous polynomial in S factors into homogeneous polynomials

of degree one. [Hint: For f(z,y) homogeneous of degree d, show % = f($:1)]

(b) Describe the homogeneous prime ideals in S. There are three types. Describe their
heights.

(c) Define a bijection between the set of non-zero, non-maximal homogenous prime ideals
in S and the set of one dimensional vector subspaces of K2.

Solution:

(a) This follows from the hint, and the fact that K is algebraically closed. A polynomial
of degree n will have precisely n roots, and will factor into those roots.




(b) Prime ideals are of height 0,1, or 2. If height 0, this is precisely the zero ideal. If
height 1, then it must be generated by nonzero linear combinations of x,y, since
x —a,y — b are not homogenous polynomials, and polynomials of any higher powers
of x or y are homogenously reducible by the previous part. The only height 2 ideals
are (z,y) and (1), by similar logic to the height 1 case.

(¢) The nonzero, non-maximal, homogenous prime ideals are precisely the height 1
prime ideals, which are the form (ax + fy), where one of «, § is nonzero. Thus,
the bijection is of the form

(ax + Py) «— spang (ae; + Peg)
Where e, ey are basis vectors of K2. The backwards direction is well defined

because we can choose a singular basis element up to scaling, which corresponds
to a generator of the ideal, which is also defined up to scaling.

Problem 9. Let S be an N-graded ring.

(a) Show that S = €p,,., S» is an ideal of S, called the irrelevant ideal.

(b) Show that a homogeneous ideal I C S is prime if and only if for all homogeneous
f,g € S,if fg € I then either f or g is in I. [Hint: If fg € I, use induction on the total
number of non-zero terms in f and g together.]

(c) Show that S, is prime if and only if Sy is a domain, and S, is maximal if and only if
So is a field.

Solution:

(a) Sy is the direct sum of abelian groups, and is thus an abelian group. For r € S|s €
S, with deg(r) = m > 0,deg(s) = n > 0, notice that deg(rs) = m+n > 0. Thus,
rs € S;, and S, is an ideal.

(b) The forward direction follows from the definition of a prime ideal. Thus, we tackle
the reverse case. Choose fg € I, for f, g not necessarily homogenous. However
fg is a homogeneous polynomial. We follows the hint and induct on the total
number of non-zero terms f = >, fi and g = >, g; share. If they share no

graded components, then it is immediate that f, g are both homogeneous, so we
can conclude by our hypothesis.

If f,g share n graded components, denoted fi,... fn,91,-- ., gn, notice that (f —
fn)(g - gn) = f.g - fng - gnf + fngn = fg - fn(f +g) + fga 1mp1y1ng that

fa=(—F)g—ga)+ fulf +9)— [7

In particular, fg can be written as a sum of terms which each satisfy the inductive
hypothesis, allowing us to conclude.

(c) So = S/S,, so the result follows from what we already know about quotients and
maximal/prime ideals.

15-5
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Problem 1. THE TorPOoLOGY ON PRrROJ S. Fix an N-graded ring S.

(a) Show that every closed set of Proj S has the form V(I) = {P € Proj S| I C P} for
some homogeneous ideal I. [Hint: Recall that I is homogeneous if and only if, whenever f € I,
then all graded components of f are in I.]

(b) Let f be homogeneous in S;. Show that the set D (f) = {P € Proj S| f ¢ P} is

opern.

(c) Show that Proj S has a basis by sets of the form D, (f) where f is homogeneous.

Solution:

(a) We know all closed sets of Spec(S) are of the form V(I) for any I. Given we
have restricted to homogenous prime ideals, it follows that any ideal contained in a
homogeneous prime ideal must be homogenous. Thus, V(I) = {P € Proj(S) | I C
P} is closed only if I is itself a homogeneous ideal in Proj(.5).

(b) Dy (f) = S\V(/).

(c) We know that sets of the form D(f) form a basis for Spec(S). It follows that when
restricting to homogeneous ideals that the only elements of the basis remaining are
of this form, implying that the basis of Proj(S), which must be a subset of the
basis of Spec(.S), consists of sets of the form D, (f) for f homogeneous.

Problem 2. THE COMPLEX PROJECTIVE LINE. Let S = K[z, y| with its standard grad-
ing. Consider Proj S with its Zariski topology, and let X C Proj S be the subspace of closed
points.

(a) Prove Proj S has exactly one dense point—that is, a point 7 in every non-empty open
set.

(b) Show that X = Proj S\ {n}.

(¢) Thinking about Krull dimension, what do you think should be the dimension of Proj
S?

(d) Show that every non-zero homogeneous polynomial in C[x,y] factors into linear poly-
nomials. [Hint: For f of degree d, show that U—fd = f(%, 1).]

(e) Assume K = C for the remaining problems. Show that if P € X, then P = (ay — bz)
for some a, b, € C. To what extent are a,b unique?
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(f) Show that X' can be natural identified with the set of lines through the origin in C2.

(g) Show that there is a bijection between X and C U oo given by sending a line to its
slope.

(h) Show that the Zariski topology on X is the finite-complement topology.

Solution:

(a) Just as in Spec(.S), the dense point is at (0).

(b) Recall that all ideals are of height 0,1, 2 in Proj(.S). The 0 height ideal is the dense
point, leaving just the height 1 and 2 ideals. Height 2 ideals contain S, leaving
just height 1 ideals, which all lie in the subspace of closed points.

The dimension *should* be 1.

)

) See problem 8 on the previous worksheet.
) See problem 8 on the previous worksheet.
)

See problem 8 on the previous worksheet; a line in C? is precisely a 1 dimensional
vector subspace of C2.

(g) X bijectively corresponds to 1-dimension vector subspaces of C?, which are just
lines through the origin. Lines through the origin are uniquely determined by their
slope. The line corresponding to (x) has infinite slope, and the line corresponding
to (y) has slope 0. This implies that X’ bijectively corresponds to the set of possible
slopes, which is precisely C U co.

(h)

Problem 3. EAsy LEMMAS. Let S be an N-graded ring. Take any homogeneous f € S of
positive degree.

(a) Show that S [%] has a naturally induced Z-grading.

b) Recall that R = [S[]]y is subring of S[%]. Show that every ideal of R expands to a
f f

homogeneous ideal of S[%] [Hint: The elements of R have the form % where g is homogeneous.]

(c) Show that in an arbitrary A-graded ring, if I is homogeneous, so is V.

Solution:

(a) Any element of S[1/f] is of the form sf* for z € Z. We define the grading to be
with respect of f in the term.
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(b) Notice that R = {r € S | f does not divide r}. Thus, r - s for s homogeneous in
degree n is still homogeneous of degree n. It follows that any ideal I C R expanded
over S[1/f]I retains the homogeneity of S[1/f].

(¢) Choose r™ € /I, where 7 € I is homogeneous of degree m. Notice that 72 is then

homogeneous of degree 2m, as 2 = r - r. This logic clearly extends, implying that
r" =r-...-r is homogeneous of degree nm. Applying this to each generator of I,

it follows that /7 is still a homogeneous ideal.

Problem 4. Consider S = K[z, y, z] with its standard N-grading.

a) Show that [S[L]]o = K%, %] (a polynomial ring in two variables s = £ and ¢ =

IS

() )
(b) Given f € Sy, show that £ € [S[1]]o, and that % is f(s,t,1) € K[s, 1.

(¢) For P in Proj S, prove that PS[2] N K[£, ¥] is prime or z € P.
)

(d) For each P in Proj S below, compute generators for PS[1]NK[%, 4] in the ring K|s, t]:

(a) P=(x—azy—bz)
(b) P=(r—y)
(c) P=(z"+y*—2%.
(d) P=(z,2)

(e) For each of your answers in (d), sketch the closure in Spec Ks, t], or in MaxSpecK [s, t],
when K = K. How is this different from sketching the point itself?

Solution:

(a) We know that [S[1]]o = spany(a'y/z" | i + j + k = 0). Notice that ¢, > 0 while
k € Z, since only z is inverted. In particular, if 2'y’2* € [S[L]]o, i + j = —k, and
we can rewrite it as (z/z)"(y/z)’, grouping i of the 1/z terms together and the
remaining j together. It follows that [S[1]]o = K[, ¥].

2z

(b) Without loss of generality, let f be a monomial of the form x'y2*. We know that
since f € Sy, i+ j+k =d. Thus, f/2%is of degree i + j + k — d = 0, and thus is
contained in [S[1]]o. Following the identification [S[1]]o = K[%, %] in the previous
part, it is clear that f/2¢is f(s,t,1) € K|s,t]. where s = x/2,t =y/z.

(¢) This is simply contraction and expansion along the inclusion i : [S[2]]g — S[1/z],
given that z ¢ P. If z € P, then PS[1/z] = (1).

(d) (1) (z/z—a,y/z—10)
(2) PS[1/z] = (x —y), and intersection down gets (z/z — y/z).
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(e) (1) is just the point (a,b), (2) is the curve x/z = y/z, (3) is the cone centered at

(3) ((x/2)* + (y/2)* = 1).

(4) PS[1/z] = (1), since z is inverted, so the intersection is all of K|x/z,y/z].

(0,0,0) and going up in the z direction. (4) is the empty set, as it is the vanishing
set of the whole plane.

These are the exact same as sketching the point itself, except the last one. (z,2)
corresponds to a point, but in projective space it corresponds to the empty set.

Problem 5. PROJECTIVE SPACE Pg. Let S = Klxg,x1,...,x,| with its standard grading.
Assume K = K.

(a)
(b)

(f)

Show that | J;_, D+ (x;) = Proj S.

Show that each D, (z;) is homeomorphic to Spec K%, ..., —f?, ooy 22] (the Zi means
+ T; T; T; T;
that the ¢ — th term is omitted).

Show point P of Proj S is closed if and only if its height is n. (You don’t need K = K).

For an arbitrary closed point P € Proj S lying in the open chart D, (z), describe
P looking “locally” in an appropriate open neighborhood D, (x;), identified with
SpecK[i—?,...,%,...,%].

Describe the same closed point P as a homogeneous prime in S (by describing gener-
ators). Prove that the algebraic set V(P) in K™ is a line through the origin.

Prove that the subspace of closed points of P can be identified with the set of lines
through 0 € K™*!. [Hint: Use 6d.]

Solution:

(a) It is immediate that |J;_, D4 (z;) C Proj(S). It is sufficient to verify that, for any

(b) We can extend the statement in problem 4(a) to the statement that S[1/x;]p =

homogeneous polynomial f, Dy (f) C |J;—, D+(x;), since these form a basis of S.
Well, Choose P € Proj(S) such that f ¢ P. We want to show that there exists

some x; ¢ P. Well, suppose there was. Then, zg,...,x, € P. In particular, any
polynomial would be in P in variables zg,...,x, would be in P, including f, a
contradiction.

Thus, we can conclude that (J;_, D (x;) = Proj(s5).

Klxo/xiy ... 2 )z, ... 2, /2], Thus, it is sufficient to verify that

D, (x;) = Spec(S[1/x;]o). From 4(c) we know the primes of S[1/z;]o are precisely
the primes in S that do not contain x; (since if they did, their expansion/contraction
would yields the whole space).
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(c) A prime ideal cannot be of height n + 1, since then it would contain S,. Thus,
since closed points correspond precisely to maximal ideals, and ideals are maximal
if and only if their heights are maximal, it follows that a point is a closed point if
and only if its height is n.

: : : o).
(d) We consider P in the open neighborhood Spec(S[1/z;]o). This looks like a point
(ag,...,a,) up to scaling by the ith coordinate. In other words, it looks like

(ao/ai, ... aifai, ..., an/a;).

(e) P is generated by a linear combination of x1, ..., z, of the form ajzq + - - + a,x,.
Replacing z1, . .., x, with ey, ..., e, (basis vectors of K"™!) and taking the span of
the resultant yields a n-dimensional hyperplane. It follows then that its vanishing
set is an n-dimensional hyperplane that passes through the origin.

(f) We've characterized one point above, so all closed points of P} = Proj(S) form the
set of all lines/hyperplanes through the origin.

Problem 6. PROOF OF THE THEOREM. Let S be an N-graded ring. Take any homoge-

neous f € S of positive degree. Set R = [S[%]]o.

(a) Find a continuous map D, (f) — Spec R. [Hint: Factor through Spec S[}].]

(b) Show that the map in (a) is surjective. [Hint: For P € Spec R, use (3) to show that |/PS[§]

is a homogeneous prime of S [%] which contracts to P. You might want to frst try the case where
deg f =1]

(c¢) Show that the map in (a) is one-to-one. [Hint: If g € Q\P, consider ?j—ii in R.]
(d) Show that the map in (a) is an homeomorphism. [Hint: Show Spec R — Spec S[] sending

P PS[%} is continuous.]

(e) Conclude that Proj S is covered by open sets each of which is homeomorphic to a
topological space of the form Spec R (for different R). [Hint: Remember P € Proj S means
P55

(f) If S is finitely generated as an Sp-algebra, prove that Proj S is covered by finitely many
open sets of the form Spec R.

Solution:

(a) Notice that we have a map D, (f) — Spec(S[1/f]) sending P — PS[1/f]. As
we've seen before, we know that PS[1/f] is prime. Since we have an inclusion

map S[1/f]o — S[1/f], by contravariance of Spec we now have a map D, (f) —
Spec(S[1/f]) — Spec(R).




(b)

(c)

We've already shown in 4(c) that PS[1/f] N R is prime provided that P is prime
and f ¢ P. The hint combined with this result immediately gives us that (a) is
surjective.

Suppose that P,Q € D, (f) and map to the same element of Spec(R). We wish
to show that P = @. Well, if not, then if we choose g € Q\P, say of degree m,
then deg(g*#) / f°5)) = deg((m deg(f))/ (m deg(f))) = 0, s0 g*=)/ /=) € R
A slight adjustment of 4(b) forces that the fiber of ¢ is in P, which would be a
contradiction.

The fact this is a homeomorphism follows from similar logic to problem 4.

We already know that the sets D, (f) for f homogeneous form a basis for Proj(.S).
We've just shown that D, (f) is homeomorphic to Spec(R) for different Rs (namely,
R = S[1/f]o). Thus, we can conclude that Proj S is covered by open sets each of
which is homeomorphic to a topological space of the form Spec R.

We know from problem 1 of the previous worksheet that any graded ring R has
a natural Ry-algebra structure. If S is finitely generated as an Sy-algebra, this
implies that S, is finitely generated, and in particular, only finitely many f are
needed to cover the space. Thus, Proj(S) is covered by finitely many sets of the
form D, (f) = Spec(R).

16-6




Lecture 17: November 5th 17-1

Math 614: Commutative Algebra IBL Lab Notebook

Class 17: November 5th
Name: Vignesh Jagathese Collaborators: Noah Luntzlara

Problem 1. TENSOR PRODUCTS OF VECTOR SPACES. Let M and N be finite dimensional
vector spaces over a field K of dimensions m, n respectively.

(a) Fix bases so that M = K™ and N = K™ are identified with spaces of column vectors
in the usual way. Using the matrix multiplication map

K™ x K" — K™ (§,@) = 7@,

prove that K™ ®y K" is naturally? isomorphic to the space K™ ™ of m x n matrices.

(b) Conclude that M ®x N has dimension mn, and describe an explicit basis in terms of
bases for M and N.

(c) Let X € K™ be the image of the bilinear map in (a). Explain why X consists of
the matrices of rank at most 1, and why this is an algebraic set.

(d) How likely is it that a randomly chosen element of M ®x N can be written as m ® n?

Solution:

(a) It is sufficient to verify that K™*™ satisfies the universal property of tensor prod-
ucts. Using the map given above, notice that if I have any map f : K x K" — P,
for some K-vector space P, it factors through uniquely to a map f : K™*" — P

where f(e;;) = f(e;, e;), for standard basis vectors e;; of K™*™ and e;, e; standard
basis vectors of K™, K.

(b) dim(M ®k N) = dim(K™ ") = mn. The basis of M ® N is of the form e; ® f; for
t <m,j <nand e; a basis of M and f; a basis of V.

(c¢) All matrices in X are outer products, and must have rank at most 1. In general,
matrices of rank < ¢ are an algebraic set, since they are the vanishing set of all the
t x t minor determinants (which are polynomials).

(d) It almost certainly will not be.

Problem 2. Explain why the tensor product of finitely generated modules is finitely gen-
erated, and why the tensor product of free modules (of rank m and n respectively) is free
(of rank mn).

Zmeaning that the isomorphism can be described without chosing a basis.
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Solution: Suppose M, N are finitely generated modules, with generators my, ..., m; and
ni,...,ns. It follows from the logic of problem 1 that M ® N has generators {m;®n; | i <
t,7 < s}, and this set clearly has cardinality mn, implying that M ® N is finitely
generated. Repeating that same string of logic but replacing ”generators” with ”free
basis” yields the desired statement about free modules.

Problem 3. RIGHT EXACTNESS OF TENSOR. For fixed M, consider the covariant functor
M ®g — from R-mod to R-mod given by N +— M ®gr N.

(a) Prove that M ®p— is right exact. [Hint: Find a surjection M ®g My /im(M ®@gM;) — M ®g M.
To show it is an isomorphism, construct a bilinear map M x M3 — M ®g My /im(M ®@g M;). Be sure
to check your bilinear map is well-defined.]

(b) Prove that M ®g — is not left exact in general. [Hint: Take M = R/I and consider a sequence
0>RLR— R/(f) where f € I is a non-zero-divisor of R.]

(c) Prove free modules are flat. Conclude that V ®x — is exact in the category K-Vector
spaces, for any V.

Solution:

(a) Consider the short exact sequence

00— A"y B "4 (C

@)

~
~

We want to verify that

AoM 2% Beom ™Y co M —— 0

is exact. Well, it is clear that 7 ®1d is surjective, since for any > . c;@m; € C@ M,
notice that each ¢; has a preimage b; such that 7(b;) = ¢;, due to surjectivity of .
Thus, it follows that 7 @ Id (3, b; @ m;) = >, ¢; @ m.

Now we just need to verify that im(: ® Id) = ker(r ® Id). Well, I claim that as
R-modules,

ker(m ® Id) = ker(n) ® M = im(i) @ M = im(i ® 1d)

We can verify these with universal properties. Notice that any map f : ker(w) x
M — P factors through ker(r ® Id) to get a map f : ker(r ® Id) — P such that
F Q2 ks @my) =320 fkjsm;).

Similarly, any map ¢ : im(i) x M — P factors through im(i ® Id) via a unique map
g:im(: ® Id) — P where g(>_x; ® m;) = > g(z;,m;). Thus, the result follows.

(b) We take the short exact sequence as in the hint. Tensoring yields the sequence
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0 —— R R/ Re RIT =2 RI(f) @ RJT —— 0

However, notice that for any r ®3, rf ® 5= f(r®3) =r® fs =r®0 = 0. Thus,
this is the zero map, and is clearly not injective, implying the sequence is not exact.

(c) Suppose M is a free module, i.e. M = R®™ for some m € N. Tensoring the short
exact sequence in part (a) by M yields the following short exact sequence:

0 — AR — 5 BRQRY — s CQ R —— 0

However, from here we have the following short exact sequence isomorphisms:

0 — A®R¥ ——— BQR*" ——— C®QR"" —— 0

| ! !

0 — P  RA— P | R®B — P  RC —— 0

l ! l

0 — @?:114—> @?:13—> @?:10—> 0

Where the maps in the lowest sequence are precisely the initial ¢, 7 acting on each
of the n components. It follows that this sequence is exact via the exactness of the
initial sequence.

Problem 4. LOCALIZATION. Let U C R be a multiplicative system. For an R-module

M, define UM as the set of equivalence classes = where m € M and u € U with 7 ~ 2
if there exists v € U such that v(u'm —um’) = 0.

(a) Explain why M — U~'M is a functor from R-mod to U~!R-mod.

(b) For R=7 and U = Z \ {0}, show that the localization functor kills torsion modules.
(
(d) Prove that the localization functor is exact.

)
)
c¢) Prove there is a unique isomorphism U 'R ®r M = U~'M. [Hint: Universal properties.]
)
(e) Show that U™'R is a flat R-module.

Solution:

(a) We need to verify M +— UM acts on morphisms. Notice that for any R-module
homomorphism f : M — N, passing it through the functor yields the U ~1 R-module
homomorphism f : U™'M — U~'N such that m/u — f(m)/u.
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(b) Suppose M is a torsion Z-module, i.e. Ir € Z\0 such that rm = 0Vm € M. We
wish tho show that localizing by Z\0 kills M. Well, choose m/u € UM, for
U = Z\0. Suppose zm = 0 for z € Z\0.

Thus, UM = 0.

(c) Any map f : U‘lR_x M — P factors uniquely through U~'M via the map f :
UM — P where f(m/u) = f(1/u,m).

(d) Take a short exact sequence as in 3(a). Localizing yields

0 — U A Y g e g

We call these new maps ¢/, 7. Notice that Ve/u € U'C, 3b/u such that 7' (b/u)
7(b)/u = ¢/u, via surjectivity of 7. Furthermore, notice that 7’ o i'(a/u) = (7
i(a))/u = 0, so im(i) C ker(w). Furthermore, if b/u € ker(n’), then b € ker(m)
im(7), so b/u € im(¢'). Thus, im(i") = ker(7’).

Finally, notice that if a/u € ker(i’), then i(a)/u = 0, so i(a) = 0. Since i is
injective, a = 0, implying that ker(i’) = 0, and ¢’ is injective. This completes the
proof of exactness.

o Il

(e) Since we know, for any short exact sequence as in 3(a), that

0 —— U A e

is exact, since U™'A =2 U ' R® A, and similarly for B, C, this yields an isomorphism
of short exact sequences

0 U-14 a/u—i(a)/u U-1B b/u—m(b)/u U-1c 0

! ! !

0 — U'R®A — U 'R®B — U 'R®(C —— 0

Since isomorphisms preserve exactness, it follows that U ! R® — is an exact functor,
so UL R is exact.

Problem 5. BASE CHANGE. Let ¢ : R — S be a ring homomorphism.

(a) Show that M +— S ®p M is a right exact functor from R-mod to S-mod.

(b) In particular, show that S®gR/I = S/1S for allideals I C R and S®gR[z1,...,x,]/J =
Slxy, ..., xn)/ ISz, ..., x,] for all ideals J C R[xy,. .., x,].
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(c) Show that this functor is not left exact in general. [Hint: Use (5).]

(d) For any multiplicative system U C R, show that the functor from R-mod to U~ R-mod
sending M +— U™'R ® M is exact.

(e) Show that if S is a flat R-algebra, then S ®g I = IS for all ideals I C R.

Solution:

(a) This is immediate from the proof that M — S ®xr M is a right exact functor from
R-mod to R-mod, as the functor behaves identically on morphisms. the R-action on
S acts via the specified homomorphism, but this does nothing to change exactness.

(b) Consider the exact sequence

0 > 1 > R > R/I > 0
By right exactness, we know that
IS — R®S — R/I®S —— 0

Where R ® S = 5. Notice that the image of I ® S — S is precisely IS, implying
that ker(S — R/I ® S) = IS. Notice that this map is surjective, implying via the
first isomorphism theorem that S/IS = R/I ® S, and we can conclude.

(c) We can let S = R/I and let ¢ be the quotient map, and reduce to part 3(b), where
the map that needs to be injective for exactness to hold is in fact the zero map
(both as an R-module and as an S-module homomorphism).

(d) This follows from U~'R being a flat R-module,so tensoring preserves exactness in
the category of R-modules. Given the way the functor acts on morphisms, it is clear
that similar logic holds when viewing this as a functor from R-mod to U~! R-mod.

(e) Consider the sequence as in part (b). By flatness, we have the following short exact
sequence:

00— I®S —> R®S —— RII®S — 0

We know that the kernel of (R® S — R/I ® S) is 1S, implying via exactness that
I ® S can be identified with 1.S.

Problem 6. ADJOINTNESS OF TENSOR AND HOM. Let R — S be a ring homomorphism.
Let M and N be S modules, and let () be an R-module.

(a) Discuss natural R-module structures on M and N.

(b) Discuss a natural S-module structure on Hompg(N, Q).
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(c) Given a R-bilinear map M x N — @, describe a natural R-module map M —
Hompg(N, Q).

(d) Show that there is an R-module isomorphism

Hompg(M ®gr N, Q) = Homg(M, Homg(N, Q)).

(e) Show that there is an S-module isomorphism

Homg(M ®s N, Q) = Homg(M, Homg(N, Q)).

Solution:
(a) r-m = ¢(r)m, and similarly for N.
(b) Choose f € Homg(N,Q). - f(n) = f(e(r)n).

(c) Given a map b : M x N — @, we have a map M — Hompg(N, Q) such that
m +— b(m, —).

(d) We know that any bilinear map M x N — @ extends uniquely to amap MQN — Q.
Thus we have the naturally inverse maps

b(m®n)—(m—b(m®—))

/_\

HomR(M ® N, Q) HOIHR(M, HOIHR(N, Q))

\_/

(mi= fn (1)) = (m@n— fin (1))

It is easy to check that these are R-module homomorphisms.

(e) We have nearly identical maps:

b(m®n)—(m—b(m®—))

/_\

HOHlR(M &® N, Q) HomS(Ma HOIHR(N, Q))

‘\_/

(m'_ncm (n))'_) (m®n'_>fm (n))

And these are similarly easy to verify as S-module homomorphisms.

Problem 7. TENSOR PRODUCT OF ALGEBRAS. Let A and B be R-algebras.

(a) Show that A ®g B has the structure of an R-algebra.



(b) Show that there are R-algebra maps A - A ®r B and B — A ®p B which make
A ®pg B into a coproduct in the category of R-algebras. [Meaning: given any R-algebra T
to which both A and B map, 3! R-algebra map A®pg B — T making the relevant diagrams commute.

Solution:

(a) Let ¢ : R — A and ¢ : R — B denote the defining ring homomorphisms. Define
the map ¢ ® ¢ : R — A® B such that r — ¢(r) ® ¢(r). This ring homomorphism
makes A ®g B an algebra.

(b) Suppose there exists R-algebra homomorphisms f; : A — Y, fo, : B — Y, along
with inclusions A - A®r B,B - A®r B which map a — a® 1,0 —» 1 ® b
respectively. We want to find a map f that makes the following diagram commute.

Y
/I\
fi

fi f2

A—— A®RrB «+—— B

Well, consider the map f': A x B — Y where f'(a,b) = fi(a)f2(b). This is R-
bilinear, and thus extends uniquely to a map f : A ®zg B — Y which makes the
diagram commute.

Problem 8. Let K be an algebraically closed field, and let V' C K™ and W C K™ be
algebraic sets.

(a) Show that V' x W is an algebraic set in K™,

(b) * Show that its coordinate ring is isomorphic to K[V] @k K[W].

Solution:

(a) Let V =V(I),W =V(J), for I C K|xy,...,2,],J C K[y1,...,Ym|. Observe that
VxW ={(a1,...,an,b1,....bn) | fla1,...,;a,) =0,9(by,....by,) =0Vfecl ge J}
Notice that f + g is a polynomial in n 4+ m variables. Thus, this becomes
VxW ={(ar,...,an,b1,...,bw) | (f+g)(ar, ... an,by,....by) =0,Vf €1, g€ J}
It follows that V + W = V(I + J).

17-7
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Problem 1. LoCAL PROPERTIES. For any P € SpecR, let Mp = (R\ P)""M be the
localization of M at P € Spec R. Show the following:

(a) There is a natural R-module map M — Mp sending m — T, the “localization at P”
map.

(b) Localization at P gives an ezact functor M — Mp from R-modules to Rp-modules.

(¢) For any R-module map M LN , the formation of the kernel, cokernel, and image of
f commute with localization at all P € Spec R (equivalently, MaxSpecR). That is,

(ker f)p = ker fp, (coker f)p = coker fp, and (imf)p = imfp.

For any m € M, show that anngm = {r € R | rm = 0} is an ideal of R,.

Show anngm is proper if and only if m # 0.

Show that 7 € Mp is nonzero if and only if anngm C P.

Show m is zero if and only if ©* € Mp is zero VP € Spec R (equivalently, MaxSpecR).
Show M = 0 if and only if Mp =0 VP € Spec R (equivalently, MaxSpecR).

For any R-module map f: M — N, f is injective (respectively surjective) if and only
if fp is injective (respectively, surjective) for all P € Spec R (equivalently, MaxSpecR).

(j) Two submodules Ny, Ny of M satisfy Ny C N if and only if (N1)p C (N3)p in Mp for
all P € Spec R (equivalently, MaxSpecR). [Hint: Ny C Ny if and only if (N7 + Na)/No = 0.]

(k) Prove the theorem.

Solution:

(a) rm +— rm/1 =r(m/1), so this is well defined.
(b) Follows from 4(d) from the previous worksheet, just localize by (R\P).

(c) Let f : R — S be a ring homomorphism. Notice that we have a short exact
sequénce

0 —— ker(f) > R > im(f) —— 0

Localizing at P gives us
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(h)
(i)

0 —— ker(f)p » Rp 2" im(f)p —— 0

This sequence is still exact, and in particular, fp is surjective, so im(fp) = im(f)p.
Furthermore, exactness tells us that ker(fp) = im(ker(fp) — Rp) = ker(fp). To
verify the statement with cokernels, we can take a different short exact sequence:

0 —— im(f) » S —— coker(f) —— 0

that we can localize:

™

0 —— im(f)p » Sp —— coker(f)p —— 0

Notice that coker(fp) = im(7p) = coker(f)p via exactness.

Om = 0, so 0 € anng(m). Furthermore, if r,s € anng(m), (r + s)m = rm +
sm=04+0=0,s0r+s € anmg(m). Furthermore, —r(m) = —(rm) = 0, so
—r € anng(m). This tells us that anng(m) is an abelian group. To conclude, for
t € R, (tr)m = t(rm) = t0 = 0, so we can conclude that this is an ideal of R.

anng(m) is proper if and only if 3 € R such that rm # 0, if and only if m # 0.

Suppose that u € R\ P.
m/1#0 <= (um/1)(1/u) #0
< (um/1)#0
< um #0
<= anng(m) N (R\P) =10
<= anng(m) C P

m/1 =0 <= anng(m) ¢ P VP € MaxSpec(R). Well, since maximal ideals are
prime, this implies that anng(m) = R, thus
m/1 =0 <= anng(m) ¢ P VP € MaxSpec(R)
<= anng(m) =R
<~ m=0

Follows immediately from the previous part.

fp is injective VP € Spec(R) <= ker(fp) =0 VP € Spec(R)
<= ker(f)p =0 VP € Spec(R)
<~ ker(f)=0
<= [ is injective

fp is surjective VP € Spec(R) <= coker(fp) =0 VP € Spec(R)
<= coker(f)p =0 VP € Spec(R)
<= coker(f) =0
<= f is surjective
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(j) We use the hint:

Ny C Ny <= 0— Ny — Ny + Ny — 0 exact
<= 0— (Ny)p = (N1 + No)p — 0 exact VP € Spec(R)
<= (N1 + N2)p/(Na)p =0 VP € Spec(R)
< (N1)p C (N2)p VP € Spec(R)

(k) Localizing the sequence in the theorem yields
0 —— (Ml)p i) (Mg)p L (Mg)p — 0

Well, notice that fp is injective VP € Spec(R) if and only if f is injective, and gp is
surjective VP € Spec(R) if and only if g is surjective via part (i), so it is sufficient
to verify that im(f) = ker(g) if and only if im(fp) = ker(gp) VP € Spec(R). Here
we use part (j).

im(f) = ker(g) <> im(f) C ker(g), im(f) > ker(g)
< im(f)p C ker(g)p,im(f)p D ker(g)p VP € Spec(R)
<~ im(f
(

< im(fp) = ker(gp) VP € Spec(R)

And now we can conclude.

Problem 2. Fix any R-module M. Prove the following exactness properties of the following
functors from R-mod to R-mod.

(a) Show that the covariant functor N +— Hompg(M, N) is left exact.

(b) Show that the contravariant functor M — Hompg(M, N) is left exact.

Solution:

(a) Let

0 vy At s BT, (O s 0

be a short exact sequence. We need to show that

0 —— Hom(M, A) === Hom(M, B) —=5 Hom(M, C)
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is exact. Choose ¢ € ker(i o —). This implies that i o ¢ = 0, so im(y) C ker(7).
Well, ker(i) = 0, so im(¢) = 0, so ¢ = 0. It follows that i o — is injective.

Next, choose ¢ € im(i o —), i.e. ¢ =101 for some ¢ € Hom(M, A). This implies
that To @ = moio =0, since moi = 0. Thus, ¢ € ker(m o —), implying that
im(i o —) C ker(m o —).

Finally, choose ¢ € ker(m o —). This implies that 7o ¢ = 0, so im(p) C ker(n) =
im(7). It follows that one can construct an R-module homomorphism ¢ that maps
an elements lift via i to the lift via ¢, implying that i o 1) = ¢, so ¢ € im(i o —).

(b) Given the same short exact sequence above, we wish to show that
0 — Hom(C, M) —s Hom(B, M) —=+ Hom(A, M)

is exact. First, choose ¢ € ker(— o m). This implies that ¢ o # = 0. Thus, via
surjectivity of 7, we know that ¢(c) = ¢ om(b) =0, so ¢ = 0, implying that — o7
is injective.

Next, we verify that im(—om) C ker(—o4). Choose 1)o7 € im(—o7). Notice that
(Yom)oi=1po(moi)=1(0)=0.,s01om € ker(— o) as desired.

Finally, choose ¢ € ker(— o). This implies that ¢ o ¢ = 0. Thus, ker(y¢) C
im(i) = ker(m). Via a similar extension argument to part (a), we can conclude that
p=1om, so0p€im(—om).

Problem 3. PROJECTIVE MODULES.

(a) Show that P is projective if and only if for every surjection g : My — Mz and morphism
¢ : P — Ms, there exists ¢ : P — M, such that ¢ = g o ¢.

(b) Show that every free R-module is projective. [Use (a) and the Universal property of free
modules.]

(c¢) Show that if P is projective, then every surjection M — P splits in the category of
R-modules. [Hint: Use (a).]

(d) Show that if P is projective, then P is a direct summand of a free module. [Hint: Map
a free module surjectively onto P.]

(e) Conversely, suppose that P be an R-module with the property that there exists an
R-module @) such that P@® @ is free. Show that P is projective. [One straightforward way
uses (a) and (b).]

Solution:
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(a) Let 0 » L - M — N — 0 be a short exact sequence.

P is projective <= Hom(P, —) is exact
<= Hom(P, —) is right exact
<= Hom(P, M) — Hom(P, N) is surjective

< Vf:P— N dg: P — M such that the following diagram commutes:

P
g .-~
/// lf
k.
A\
w

The first <= is definition, the second comes from the fact that Hom functors are
left exact. The final <= follows from the definition of that map being surjective
(i.e. we can pick preimages).

M > 0

(b) We wish to show that R®! is projective. Suppose we have a short exact sequence
as above, and let {e;};c; denote a free basis of R®!. Recall that maps from free
modules are completely determined by where the free-basis is sent.

Suppose we have a map f : R®! — N. Let f(e;) = n; Vi € I. Furthermore, we
can pick preimages m; such that m; — n; via the map M — N, since this map is
surjective. Thus, we can define g : R®! — M such that g(e;) = m;. This is well
defined, since maps are uniquely defined by where they send free bases, and this
obvious allows the diagram to commute.

(c) Let 0 : M — P denote the surjection. Notice that this gives us a short exact
sequence

0 —— ker(o) y M —T— > 0
Via projectivity of P, we have the maps

P
w// lld
k/
7% P

0 —— ker(o) > M »

~
o

This gives us a map 1 such that o o 1) = Id. By the splitting lemma, this implies
that o splits in the category of R-modules, i.e. M = P @ ker(o).

(d) Notice that we have a surjection o : R®Y — P. From the previous part, we know
that R®” = P & ker(c). Consider a short exact sequence as in (a). Since P & Q
is free it is projective, and P — P & () defines a natural inclusion map. Next,
notice that for any map f : P — N, there exists a map f : P ® Q — N such that

f(p,q) = f(p), i.e. any map P — N factors through P & (). This implies that if
we have a map
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0 s A > B s C

o

It factors through P & Q:

I

PoQ |r
7|
y C

0 s A s B

=}

But via projectivity of P @ Q, f factors through B:

P

I

PoQ |r
, ?l
-7 g

s C

g

0 s A s B

Composing g with the inclusion map yields the desired map g that makes P pro-
jective:

Problem 4. PROJECTIVITY CAN BE TESTED LOCALLY FOR FINITELY PRESENTED MOD-
ULES. Assume the Proposition above on commutation of Hom with flat base change.

(a) Prove that a finitely presented R-module @) is projective if and only if @ p is a projective
Rp-module for all P € Spec R (or MaxSpecR).

(b) Prove that if R is Noetherian, then this statement holds also for finitely generated
R-modules. [Hint: Map a finitely generated free module onto M and consider the kernel.]
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Solution:

(a) We know that Rp is a flat R-algebra. thus, using the proposition, we see that
RP X HOHIR<M, N) = HOHlRP<RP (%9 M, Rp X N) = HOmRP(Mp,Np)

In particular, since the composition of exact functors is exact, we know that VP €

Spec(R),

() projective <= Hompg(Q, —) exact
<= Rp ® Homg(Q, —) exact
<= Homg,(Qp, —) exact
< (@p projective

(b) Over Noetherian rings, being finitely presented is equivalent to being finitely gen-
erated.

Problem 5. THE PROOF THAT HoM COMMUTES WITH FLAT BASE CHANGE. Let S be
an R-algebra. Fix an R-module N.

(a) For any R-module M, describe a natural S-module map

S ® Homp(M, N) 2% Homg(S @5 M, S @5 N).
[Hint: First find an R-linear map.]

(b) Fix N. Show that = ), defines a natural transformation from the functor
S@RHOHIR(—,N) to HOHIS(S@R —,S@R N)

This means that, given an R-module map M; % M,, an appropriate diagram involving
On, and 6y, commutes.

(c) Show that g is an isomorphism.

(d) Show that €y,4n, can be identified with 6, @ 0yy,. In particular, show that € is an
isomorphism if F'is a finitely generated free module.

(e) Prove the Proposition. [Hint: Show the map in (a) is an isomorphism by using (2b) and right
exactness of tensor to construct a commuting diagram from a presentation of M. The desired isomor-
phism will come from the kernels of isomorphic maps.]

Solution:

(a) We first define a bilinear map
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(b) Given the morphism g : M; — M, we want to verify that the following diagram

S x Homp(M, N) —2 Homg(S ® M, S ® N)

(s, ) ———— (f @m > s’ ® f(m))
This is clearly bilinear, and thus extends to the map 6, above.

commutes:

S KRR HOIIlR(Ml,N> _— HOIIIS(S KRR M1,5®R N)

S RRr HOI’HR(MQ,N> _—> HOHIS(S KRR MQ,S@R N)

Following along the top, we get s® f — s(Id® f) — s(Id®go f). Going along the
bottom, we get s® f+— s®@go f > s(Id® go f). Thus, this diagram commutes
commutes (we've only proven it for basic tensors, but for general tensors the proof
is identical, just much harder to read).

We want to show that
S ®R HOIDR(R, N) = HomS(S ®R R, S ®R N)
Well,

S@R HOHIR(R7N) = S@RN
=~ Homg(S,S ®g N)
= HOIIls(S ®R R,S@R N)

This follows because direct sum commutes with Hom, i.e. Hom(M; & M;, N)
Hom(M;, N) & Hom(Ms, N). In particular, Homg(S ® (M; & M), S ® N)
Homg(S® M;,S® N)@®Homg(S® My, S® N), so the maps 0, an, and Oy, @ 0y,
can be identified with each other.

If F is a finitely generated free module, then 6p = fre» can be identified with
P" 0r, which we know to be an isomorphism. Thus, 05 is just n copies of an
isomorphism, and is thus an isomorphism itself.

[l 11

Since M is finitely presented, we have a short exact sequence

R®" —— RO™ > M > 0

For m,n € N. We now pass it through hom functors and tensors in different orders.
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0 ——— Homg(M, N) ——— Hompg(R®™, N) ———— Hompg(R®", N)

0 —— S®Hompg(M,N) —— S ® Homg(R*™, N) —— S ® Homg(R®", N)

Here we pass the above short exact sequence first through Homg(—, V), then S®@—.
Exactness is preserved because Hom is left exact, and S is flat, so S ® — is exact.

Similarly, we can take the first shor exact sequence and the get the following short
exact sequences:

SR — 5 SQRY — 3 SO M —— 0

0 — Homg(S ® M,S ® N) — Homg(S ® R®", S ® N) — Homg(S ® R®",S® N)

First passing through S® — and then through Homg(—, S® N). This still preserves
exactness, since tensoring is right exact and Hom is left exact. This yields two short
exact sequences with ) maps between them:

0 0

v ~

S ® Homp(M,N) ——2 Homg(S ® M,S @ N)

~ ~

) ) :
S ® Hompg(R®™ N) —" 5 Homg(S ® R®™, S ® N)

~ ~

S ® Hompg(R®" N) _Onen | Homg(S ® R®", S ® N)

The latter two are isomorphism via the previous part, and by exactness, we can
conclude that #,; is also an isomorphism.

Problem 6. INJECTIVE MODULES.

(a) Show that J is injective if and only if for every injection g : My < My and morphism
¢ : My — J, there exists ¢ : My — J such that ¢ = g o ¢.

(b) Show if J is injective, then every inclusion J < M splits in R-mod. [Hint: Use (a).]

(c) * Prove the converse of (b).

Solution:




(a) Let 0 » L - M — N — 0 be a short exact sequence.

J is injective <= Hom(—, J) is exact
<= Hom(—, J) is right exact
<= Hom(M,J) — Hom(L, J) is surjective
< Vf:L— J 3dg: M — J such that the following diagram commutes:

This follows from similar logic to the projective case.

(b) This also follows from similar logic to the projective case. Let o : J — M be an
inclusion. Then we have a short exact sequence:

0 y JJ 2> M > coker(o) —— 0

— = M > coker(o) —— 0

Implying that o has a left inverse that is an R-module homomorphism, implying
it splits in the category of R-modules.

18-10
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Problem 1. Let M be a module over (R, m).

(a) Verify that M/mM really is a vector space over R/m.

(b) Show that M/mM = R/m ®g M.

(c) Compute the R/m-dimension of M/mM in the following cases:
(1) R = K[z,y](,) and M = R%.

(2) R= Klx1,x9,...,2Ty|m where m = (z1,...,x,), and M =m.
(3) R= izl and M = m.
Solution:

(a) M/mM has an associated R/m action, implying it is an R/m-module. R/m is a
field, and modules over fields are vector spaces. Thus, M/mM is a vector space
over R/m.

(b) Consider the short exact sequence

0 > m > R >» R/m —— 0
Tensoring via M is right exact, so we have a right exact sequence
mM — R®M —— R/m@ M —— 0

Recall that R @ M = M. This would implies that the image of m ® M — M is
precisely mM C M under the above isomorphism. Via exactness, we can conclude

that
R/m®M = (R® M)/mM = M/mM
Observe that this holds for any ideal I C R, not necessarily the maximal one.
(c) (1) b, since M is free.
(2) n.
(3) 3.
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Problem 2. Let R = K|[[z]] and let M be the R-module K|[z]][z™!]. Show that mM = M
for the ideal m = (z). Why doesn’t this contradict Nakayama’s Lemma?

Solution: Since z is unit in M, it follows that mM = M. This does not contradict
Nakayama’s lemma since M is not finitely generated.

Problem 3. PROOF OF NAKAYAMA’S LEMMA. Fix M finitely generated over (R, m).

(a) Prove Nakayama’s Lemma in the case M is generated by one element.
[Hint: If 2 generates M, show there exists € m, such that rz = x; now observe that » — 1 is a unit.]

(b) Show that if M is generated by zi,...,z, and mM = M, then M’ = M/Rz, is
generated by n — 1 elements and M’ = mM’.

(c) Prove Nakayama’s Lemma by induction on the number of generators of M.
[Hint: For the inductive step, use (b) and then (a).]

(a)

Solution:

Suppose n generates M, i.e. M = Rn. f mM = M = Rn, then mRn = mn = Rn.
It follows that 3z € m such that zn = n, so (x — 1)n = 0. Notice that x — 1 & m,
because then 1 € m. Thus, x — 1 is unit.

Furthermore, x — 1 € Anng(n). Thus, we have a unit in the annihilator, and

M =0.

It is clear that M’ is generated by n — 1 elements. We just need to verify that
mM' = M’'. Since M = mM, we know that V> r;z; € M, In € m,s; € R such

that . .
n Z X, = Z Sjl’j
i=1 i=1
Projecting down one side to mM /R, and the other to M/Rx,, yields

n n
n E X, = E Sjl'j
i=1 i=1

Notice that n) | rz; = nd .  rz;, since n € m C R and is independent of a
quotient by a module generator. It follows then that

n n
n E T, = E SjCL’j
i=1 i=1

for any "7 rix; € M’ so mM' = M'.

The induction is immediate from the previous steps. The base case is part (a) and
the inductive step follows from (b).
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Problem 4. THE SECOND VERSION OF NAKAYAMA’S LEMMA. Let M be finitely gen-
erated over (R, m) and fix {x,..., 24} C M. Assume that {771,...,7T5} C M/mM spans
M/mM over R/m. Use the first version of Nakayama’s Lemma to show that {z1,...,z4}

generate M.
[Hint: Let N C M be generated by {z1,...,24}. Show M = N 4+ mM, and that this implies M/N =
m(M/N).]

Solution: We follow the hint. We know that x1,...,z4 € M, so we can take the
submodule N generated by zi,...,x4. Notice that if » ¢ mM, then ¥ € M/mM is
nonzero, and can be written as a sum of generators 77, ..., T4. This summation can then
be lifted, implying that r € N. It follows that M = N &mM. Quotienting both sides by
N yields (M/N) =mM/N = m(M/N). By Nakayama’s Lemma, since M/N is finitely
generated over a local ring, we can conclude that M/N =0, so M = N.

Problem 5. Show that every minimal set of generators for a finitely generated module over
a local ring has the same cardinality. [Minimal generating set means no proper subset also
generates. |

Solution: The minimal set of generators of a finitely generated module M over a local
ring (R, m), by the previous result, correspond to the minimal spanning set of M/mM
as an R/m vector space. All minimal spanning sets of vector spaces are bases, and have
a fixed cardinality. It follows that their lifts in M must also have the same cardinality.

Problem 6. Let (R,m) be a local domain that is not a field. Prove that the fraction field
of R is not a finitely generated R-module. [Hint: What would Nakayama say about a minimal
generating set?]

Solution: It is clear that mFrac(R) = Frac(R). If Frac(R) was finitely generated, then
Nakayama’s lemma says that Frac(R) = 0, which is false. Thus, Frac(R) is not finitely
generated.

Problem 7. Suppose IM = M for some finitely generated R-module M and proper ideal
I in a local ring. Prove that M = 0.

Solution: Since I C m, as R is a local ring, we can see that IM C mM C M. If
IM = M, then it follows that mM = M, so M = 0 by Nakayama’s Lemma.

Problem 8. Let M -2 N be a morphism of finitely generated modules over a local ring
(R,m).
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(a) Prove g is surjective if and only if the induced map of R/m vector spaces M /mM —+
N/mN is surjective. [Hint: Consider the right exact sequence M 2> N — cokerg — 0. Use

(1b).]

b) Show that both imphC&tiOﬂS of the Correspondin statement about injectivity are false.
g y Y
[Hint: Let R = Zy. Consider R 2 R and R — R/(p).]

Solution:

(a) Consider the sequence given in the hint. Tensoring the whole sequence preserves
exactness by right exactness of tensor. This this induces a map of sequences:

R/m & M BN R/m® N —— R/m & coker(g) —— 0

! ! l

!

M/mM —— N/mN —— coker(¢)) ——— 0

Under this isomorphism, coker(g’) can be identified with coker(g) ® R/m. Since
R/m # 0, it follows that coker(¢') = 0 <= coker(g) = 0, so g is surjective if and
only if ¢’ is surjective.

(b) We follow the hint. Recall that Z, is a local ring with pZ, as its unique maximal
ideal. Notice that the first map R — R (the multiplication by p map) is injective,
however, over Z,/pZ, it is the zero map and is not injective. However, the projec-
tion map Z, — Z,/pZ, is most certainly not injective, but its projection to Z,/pZ,
is just the identity map, and is clearly injective.

Problem 9. PROJECTIVE VS FREE MODULES. Let M a finitely generated module over a
local ring (R, m).

(a) Suppose that xy,...,x, € M is a minimal generating set for M. Explain why there is
a surjection R - M sending e; — ;.

(b) Assume is M is projective. Show there is an R-linear map M -+ R®" such that the
composition M —+ R®" " M is the identity map.
(¢) Prove o is an isomorphism. [Hint: Apply the functor R/m ®g — and use Nakayama’s Lemma.]

(d) Prove that a finitely generated module over a local ring is projective if and only it if is
free.

(e) Prove that a finitely presented module M over an arbitrary ring is projective if and
only if M is locally free. [Hint: You proved last time that projectivity is local for finitely presented
modules.]
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Solution:
(a) For any m € M, m =" r;x;. Thus, under this map n(rq,...,r,) = m. Since
this holds for all m € M, it follows that = is surjective.
(b) If M is projective, we have that

M
o .7
-
k/
s M

-
\
7

~
o

0 —— ker(m) —— R®"

By projectivity of M. Thus we have maps M —— R®" s M that compose to the
identity.

(c) Applying the functor to M -2 R®" "5 M yields maps M ® R/m — R®" ®
R/m — M ® R/m. This then yields map M/mM — (R/m)®" — M/mM. Recall
that tensoring is right exact, and preserves surjections, so (R/m)®" — M/mM is
surjective. Notice that (R/m)®" is an n dimensional vector space surjecting onto
a space with n generators.

Having n generators means that it has dimension < n, and being surjected to from
an n dimensional vector space means it has dimension > n. Thus, M/mM is an
n dimensional vector space, and since (R/m)®" — M/mM is surjective, it is an

isomorphism. This implies that ¢ projected down is an isomorphism, and that the
initial o was also an isomorphism.

(d) Free modules are projective, and we’ve just shown that finitely generated projective
modules over local rings, are free, so the result follows.

M is locally free <= Mp is free VP € Spec(R)
<= % Mp is projective VP € Spec(R)
<= *xx*x M is projective

x follows from the fact that Mp is an Rp-module, where Rp is a local ring. x*x
follows from the fact that projectivity can be tested locally on finitely presented
modules.

Problem 11. FLAT VERSUS FREE MODULES. Let M be a module over an arbitrary ring
S.

(a) Show M is flat if and only if Mp is flat over Sp for all P € SpecS (or all P €
MaxSpecS). [Hint: Recall that exactness is local and note U ' R®g (M @5 Ma) = (U™ M) ®@p-15
(U™ Ms) ]

(b) Show that if M is flat over (R, m), then the map m ® g M — M sending r ® x — rx
is injective.
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(c¢) * Show that a finitely presented flat module over a local ring (R, m) is free.
[Hint: If M is minimally generated by n elements, we have an exact sequence 0 - N — R" — M — 0.
Build a diagram from this by tensoring with each term in the sequence 0 - m — R — R/m — 0.]

(d) Prove the Theorem on the equivalence of flat, projective and locally free for f. p.
modules.

Solution:

(a)

Recall that U~1S is flat. Notice that if M ® — is an exact functor, then U~1S ®
(M ® —) is an exact functor, since the composition of exact functors is exact. But
U'S®@M=U"M,so UM ® — is an exact functor, so UM is flat. Letting
U = (S\P) solves that half of the proof.

Next, suppose that Mp is flat VP € Spec(R). Recall that a sequence is a short
exact sequence if and only if the localization is exact. Thus, consider a sequence

0 S| s B s C s 0

We want to show this is exact under M ® —. Well, Notice that

0 s Ap s Bp s Op —— 0
Is exact VP € Spec(R). Since Mp is flat, we know that
0 —— MpR®Ap —— Mp®®Bp —— MpCp —— 0
is exact. From the hint, we know that this short exact sequence is isomorphic to
0 — M®A)p — MeB)p — (MC)p —— 0
Well, this is exact VP € Spec(R), so the following sequence is exact:
0 — M®A—> M®B — M®C —— 0

Implying that M is flat.

The inclusion map m — R is obvious injective. Since M is flat, it preserves
injectives. In particular since m — R is injective, m @ M — R® M = M is
injective.

(*)

We've already shown that flatness and projectivity can be locally tested, so without
loss of generality we just need to show that flat, projective, and free are all equiva-
lent over Mp, for any P € Spec(R). We already know that projective and free are
equivalent, and we know that flat modules are projective. It is sufficient then to
verify that projective modules are flat, when the module is finitely presented over

a local ring, which is what Mp is. Well, this is the statement of (c), so we can
conclude.




Problem 12. Show Q is a flat Z-module which is not locally free. Why doesn’t this con-
tradict the Theorem?

Solution: Q is clearly not locally free, since any localizations of Q are just Q, and Q
is not free. @ is a flat module because it is torsion free and over a PID. This does not
contradict the theorem because Q is not finitely presented.

Problem 13. NAKAYAMA’S LEMMA FOR ARBITRARY RINGS. Let S be an arbitrary ring,
and let J be an ideal contained in every maximal ideal of S (that is, contained in the Jacobsen

radical ﬂmeMaxSpecS m)
(a) Show that if JM = M for some finitely generated S-module M, then M = 0.

(b) Let S = U'K[xz,y,x, 2] where U = K[w,z,y,2] \ (PJP) where P, = (z,y), P, =
(z,w). Show that J = P;.S N RS is contained in every maximal ideal of S.

(c) If R is a finitely generated algebra over a field K, what ideals J have the property that
J C m for all m € MaxSpecR? What is the Jacobsen radical of R?

Solution:

(a) If JM = M, then (JM)p = Mp VP € Spec(R). Let J' denote the projection of
J to the localization. We know that J'Mp = Mp. From problem 7, since J' is
a proper (by construction) and M is finitely generated, that Mp = 0. Since this
holds for all P € Spec(R), we know that M = 0.

(b) The maximal ideals in S are precisely P1.S and P,S. J is thus necessarily contained
in both.

(¢) The only ideals contained in every maximal ideal must necessarily be contained in
the intersection of all maximal ideals, i.e. it must be contained in the Jacobson
radical. The Jacobson radical is precisely what it is defined to be, mmEMaxSpec R M.

19-7



Lecture 20: November 14th 20-1

Math 614: Commutative Algebra IBL Lab Notebook

Class 20: November 14th
Name: Vignesh Jagathese Collaborators: Aniruddh Agarwal

Problem 1. Let M be an arbitrary R-module over an arbitrary ring R.

(a) Show the support M is empty if and only if M = 0. [Hint: Remember the worksheet on

localization!]

(b) Show that if P € Supp(M), then V(P) C Supp(M). [Hint: If Q O P, describe a natural
map Mg — Mp.]

(c¢) Show that the support of R/I is V(I) C Spec R.

Solution:

(a) We know that Mp =0 VP € Spec(R) if and only if M = 0, so this result follows.

(b) Since @ D P, R\Q C R\P. Thus, the natural inclusion map My — Mp is well
defined. In particular, M has less inverted elements than Mp, so if Mp # 0, then
Mg cannot be zero, so ) € Supp(M).

(¢) Recall that quotient commute with localization. Thus, (R/I)p = Rp/IRp. This
is nonzero if and only if I C P, since PRp is the maximal ideal of Rp. It follows
that the support is precisely V(7).

Problem 2. Consider the Z-module M = @p odd prime 2 /pZ. Find the support of M and

prove it is not closed in Spec Z. Why doesn’t this contradict the Proposition? [Hint: Remember
® distributes over @.]

Solution: Suppose that ¢Z € Spec(R). Notice that

Mg = <@ Z/pZ) ®Z,= P zizez,~ P z,/vZ,

p odd p odd p odd

If ¢ = 2, then this is zero, since (p) ¢ (2) for any odd p. Furthermore, (p) ¢ (q) for
any p # ¢q. Thus, for g-odd, this direct sum reduces to Z,/qZ,, which in particular is
nonzero. Also, notice that if ¢ = 0, then Zy = Q, and all these quotients are zero. Thus,
Supp(M) = Spec(Z)\{0, 2Z}

Problem 3. PROOF OF THE PROPOSITION. Let M be a finitely generated module over an
arbitrary R.
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(a) Show that anngM is an ideal of R.
(b) Show that if my, ..., m, generate M, then anng(M) = (., anng(m;).

(¢) Prove Supp(M) = V(anng(M)).

Solution:

(a) We've already shown that anng(m) was an ideal for m € M. This is the same
proof.

e already know that anng C anng(m;), so it follows that anng C

b) We already k that M it foll that M
N, anng(m;). To show the converse, pick r € (., anng(m;). Now choose
m € M. In generator form, m = ", r;m;. Next, notice that

m m m

rm:rZrimi :Zn(rmi) :ZOZO

i=1 i=1 i=1
Thus, r € anng(M), and the claim is proven.

(c) We've proven that m/1 € Mp is nonzero if and only if anng(m) C P. It follows
that Mp is nonzero if and only if 3m/1 € Mp nonzero if and only if anng(m) C P.
It follows then that Mp is nonzero if and only if (7, ., anng(m) C P. Well,
Ninens a0ng(m) (), anng(m;) = anng(M), so we know that

P e Supp(M) <= Mp #0 <= anng(M) C P < P € V(anng(M))

The result follows.

Problem 4. Let M be an arbitrary R-module over an arbitrary ring R. Fix P € Spec R.

(a) Show that P € Ass(M) if and only if P = anngz for some non-zero x € M.
(b) Show that if R is a domain, the only associated prime of R is (0).

(c) Let R = K|z, y| and let M = R/{xy, x?). Show that {(x), (z,y)} C Ass(M). [Hint: Use
(a). It might also be useful to remember that K[z,y] is a UFD.]

Solution:

(a) We prove the forward direction first. Suppose there exists an injection f : R/P —
M. Then f(F) = 0 only if 7 = 0, or r € P. In particular, If » € P, then
r- f(I) = f(F) = 0, and we know that f(I) # 0 by injectivity. It follows that
P =anng(f(1)).
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The converse follows similarly. Notice that R-module homomorphisms from R/P —
M are determined by where they send 1. Thus, choose f : R/P — M such that
f(1) = 2. We verify that this is injective. Suppose that f(7) = 0. Then r- f(1) = 0,
sor-x =0, but Then r € anng(z) = P. Thus, 7 = 0 and we can conclude that f
has trivial kernel.

(b) If R is a domain, (0) is indeed a prime, and an associated prime at that. Let
P = anng(z) be an associated prime, for x # 0. Well, then for any r € P, rz = 0,
so r = 0, since we are in a domain. Thus, P = 0.

(c) Notice that (z,y) = Anng(z), since zy = 0,zx = 22 = 0 over M. (z) = Anng(y),
since zy = 0. These aren’t any bigger because these are the only relations imposed.

Problem 5. Show that Ass(M) C SuppM for any M. [Hint: Use the fact that Rp is a flat
R-module, so it preserves injections.]

Solution: Choose P € Ass(M). Then, we have an injection R/P — M. Recall that Rp
is flat, and thus preserves injections. Thus, we have an injection R/P ® Rp — M ® Rp,
which is the same as an injection Rp/PRp — Mp. Thus, we have an injection k(P) —
Mp. k(P) # 0, so it follows that Mp # 0.

The reverse inclusion is not true in general.

Problem 6. Let R = K[x,y|. Fix any maximal ideal m such that R/m = K. Let M =
Homg (R, R/m).

(a) Describe a natural R-module structure on M.

(b) Show that the R-linear map R — M sending 7 to the composition R == R —» R/m
induces an embedding R/m <— M.

(c) Show that m is an associated prime of Homg (R, K).

Solution:

(a) 7 f(s) =rf(s), (f +9)(s) = f(s) + g(s).

(b) Let the map R — M be denoted ¢. The image of r is the map sends x — 7z for
7T the projection of rx to R/m. This map is the zero map if and only if rz € m
Vx € R. In particular, this holds if and only if » € m. Thus, ¢(m) = 0, implying
that the map ¢ : R — M uniquely extends to an embedding R/m — M by the
universal property of quotients.

(c) Tt follows from the above result that m € Ass(M) by definition.
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Problem 7. Let R = K|vy,79,73,...]/J where J = (zi™ |t € N). Prove that Spec R
consists of one point and that AssR is empty. Why doesn’t this contradict Theorem 17 Is
the reverse inclusion in Problem (5) true?

Solution: Notice that Spec(K[z1,...,]/J) = V(J). V(J) is precisely {((z¢):en)}, which
is just one point. We claim that Ass(R) = ). Since this is the only maximal ideal of
R, it is sufficient to show that there is non nonzero element killed by ((xt)en). Suppose
that f # 0 and z; does not occur in f (we can do this because polynomials have finitely

many terms, and there are infinitely many variables). Then, z;f # 0, and our claim is
proven.

This does not contradict the theorem since this isn’t a module over a Noetherian ring.
(the infinite variable polynomial ring is clearly not noetherian).

Problem 8. A UseruL LEMMA. Let R be Noetherian ring and M a non-zero R module.
Show that the set of ideals {J € R| Im € M \ {0} s.t. J = anng(m)} has a maximal
element, and any such maximal element is prime. [Hint: If zy € anngm, consider anng(xzm).]

Solution: We know that this set contains all associated primes since J = anng(x) for
some nonzero x. This set is nonempty, since M is nonzero, and every ascending chain
(via Noetherianity) is bounded. Then, by Zorn’s Lemma, there exists a maximal element
of the set. Suppose J = anng(m) is our maximal element.Pick zy € J. anng(zm) D
anng(m), which implies thatanng(zm) = anng(m) or xm = 0. If anng(xm) = anng(m),
then it follows that y € J, since zym = 0, so x € anng(xm) = anng(m). If xm = 0,
x € J by construction. Thus, J is prime.

Problem 9. PROOF OF THEOREM 2. Let M be a finitely generated module over a Noethe-
rian ring.

(a) Let P € Assg(M). Prove every element of P is a zero-divisor on M. [Hint: Use (4a).]

(b) Assume that rm = 0 for some non-zero m € M. Show that there exists s € S such
that anng(sm) is prime and contains r. [Hint: Use ideas from (8).]

(c) Prove Theorem 2.

Solution:

(a) P = Assg(x) for some x € M. Thus, Vr € P, rz =0, so r is a zero divisor.

(b) We know that r € anng(m). If this is prime, we are done. If not, notice that
we can multiply m by s and get that anng(m) C anng(sm). By (8), this process
terminates, i.e. 3rys such that anng(rym) = anng(r'rym) for any v € R. This is
the maximal element in (8), which we know to be prime. Letting s = 7, allows us
to conclude.
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(c) Part (a) tells all elements of associated primes are zero divisors, so the union of all
associated primes is contained in the set of all zero divisors. Part (b) tells us that
all zero divisors are contained in some associated prime. Thus, the union over all
associated primes is necessarily the set of all zero-divisors of M.

Problem 10. PrRiIME CycLIC FILTRATIONS. In this problem we show that every non-zero
finitely generated module M over a Noetherian ring R admits a filtration

O=MyCcMyCcMyc.. M, .CM,=M

such that each subquotient M;/M; | = R/ P; for some P; € Spec R.

(a) Use Noetherian Induction to reduce to the case that every quotient of M has a prime
cyclic filtration. [Hint: Recall Noetherian Induction—if we have a counterexample M, mod out by
a submodule N maximal with respect the property that M/N is also a counterexample.]

(b) Use (8) to find z € M such that R/P = xR C M for some P € Spec R.

(c) Prove that every finitely generated module over a Noetherian ring has a prime cyclic
filtration. [Hint: Splice together R/P and a filtration for M/zR.]

Solution:

(a) Suppose we have a counter example M. Consider the set of all quotients M /N
where M/N is a counter example. Then, via Noetherianity if this is nonempty,
there exists some maximal element. Then, any quotient of M /N will have a prime
cyclic filtration. In particular, a quotient where (M/N)/L = R/P for some L,
if it existed. Well, that would imply that M/N has a prime cyclic filtration, a
contradiction. Thus, it is sufficient to verify that if every quotient of a module has
a prime cyclic filtration, then so does it.

(b) Choose x € M such that P = anng(z) is maximal as in problem 8. It follows that
R/P = xR, under the isomorphism r — rz. This is clearly surjective, and injective
because anng(x) = anng(rz) for any » € R by maximality. Thus, if rx = 0, then
repP.

(c) Suppose that every quotient of M has a prime cyclic filtration. Let 0 = M; C
... C My = M/xR be a prime cyclic filtration for M /xR. This lifts to a filtration
zR = M{ C ... C Mé = M, as M'L/+1/Mz, = (L’RMH_l/(L’RMZ = Mi—l—l/Mi = R/QZ
for some @; € Spec(R) by construction. Well, notice that xR/0 = R/P for some
P. thus, we have that

OCazR=M{C...CM;=M

Is a prime cyclic filitration of M.

Problem 11. PROOF OF THEOREM 1. Fix an arbitrary ring R.



(d)
(e)

Prove that if P is prime, then Ass(R/P) = {P}.

Show that if 0 - M; — My — Ms; — 0 is an exact sequence of R-modules, then
ASS(M2> C ASS(Ml) U ASS(Mg). [Hint: If P = annz, consider two cases: either Rz N M; = 0 or
if not. Use (a) for the second case.]

Suppose that My C M; C My C ...M,_,

C M, = M. Show that Ass(M) C
U?:l ASS(Mi/Mi_l). [Hint: Use induction on n and (b).]

Prove that Ass(M) C {P, P,,..., P,}, the prime ideals appearing in a prime cyclic
filtration of M.

Prove the Theorem on the finiteness of Ass(M) for Noetherian M over Noetherian R.

Solution:

(a

) It is clear that P € Ass(R/P). We've shown that in a domain, the only associated
prime is 0. Well, since P is prime, R/P is a domain, so the only associated prime
is (0), which corresponds to P.

(b) We can assume without loss of generality that M; C My and M3 = M,/ M;. Choose

x € M; such that P = anng(z). If Re N M; # 0, 30 # y € Rz such that y € My,
and y has annihilator P. It follows that P € Ass(M;). Otherwise, if Rz N M; =0,
then Rx = R/P embeds into Mj, so P € Ass(Ms), as desired.

(c) We induct, where the n = 1 case is immediate. Because we have a short exact

sequence 0 — M, 1 — M — M /M, 1 — 0, it follows that Ass(M) C Ass(M,,_1)U
Ass(M/M,_1). Via the inductive hypothesis, Ass(M, 1) C I, Ass(M;/M;_,),
so Ass(M) C U, Ass(M;/M;_y).

(d) Recall that M;/M,;_y = R/P; for some P; € Spec(R). , so Ass(M;/M;_1) = {P;}.

Thus,
Ass(M) C | JAss(Mi/M;y) | {P} ={P1...., P}
=1 =1

(e) Notice that prime cyclic filtrations are of finite length, Implying that the set above

is of finite size. Since Ass(M) is a subset of a finite set, it is itself a finite set.
Furthermore, we know that it is nonempty, so we can conclude.
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Problem 1. (a) Show that if p is prime, then p is primary.

(b) Show that if q is primary, then ,/q is prime. So, a primary ideal is p-primary for some
prime p.

(¢) Let R = Clz,y, 2] and q = (2*, zy). Show that ,/q is prime but that q is not primary.
Thus, the converse of (b) fails.

Solution:

(a) If P is prime, then if zy € P, x € P or y € P. This is precisely the criterion for
being primary, except there is one more possible case, which can be disregarded.

(b) Suppose that P is primary. Then for all zy € P, x € P,y € P, or 2" € P. This
implies that if zy € P € /P, thenxz € P C /P,y € P C /P, or 2" € P, implying
that = € v/P. It then follows that one of z,y € v/P, so v/P is prime.

(¢) v/@ = (z,zy) = (x), which is prime. g is not primary because zy € ¢, but z,y € ¢
and y" € q for any n.

Problem 2. Show that q is primary if and only if every zero-divisor of R/q is nilpotent.

Solution:
g primary <= xy€q=x€q,yE€q, orx" €q
— 7y=0,7=0,7=0,2"=0 (€ R/q)
<= z (a zero divisor) is nilpotent in R/q

Notice that in the reverse direction, since x is a zero divisor, it and y are necessarily not
zero in R/q, so only the third option holds.

Problem 3. PRIMARY DECOMPOSITION IN PIDS.

(a) Prove that and ideal q in a PID is primary if and only if it is generated by a power of
an irreducible element.

(b) Express the ideal (12) N (18) of Z as an intersection of primary ideals.
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(c) Is your intersection in (b) irredundant? Are the radicals of your primary components
distinct? If not, remove redundant components and/or combine components with the
same radical to get a minimal primary decomposition of (12) N (18).

(d) Find a minimal primary decomposition for the ideal (z* — z?) in K|x].

Solution:

(a) Notice that
(r) a primary ideal <= zy € (r) = rlz, rly,r|z"

Continuing this process down to a product of irreducible elements (we can do this
because PIDs are UFDs), we see that r must divide either an irreducible element
(and thus r is the irreducible element) or r must divide a power of an irreducible
element (in which case r is a [possibly smaller| power of an irreducible element. It
follows that (r) is primary if and only if r is the power of some irreducible element.

(b) Notice that (12) = (2)(2)(3), (18) = (2)(3)(3). It follows that (12) N (18) = (2)% N
(3)%.

(c) Yes, it is irredundant.

(d) (z*—2?) = (2*(2* - 1) =2}z —-1D)(z+1)=@)N(z -1 N(x+1)

Problem 4. CHARACTERIZATIONS OF PRIMARY. Fix a prime ideal p containing an ideal
q. Show that the following are equivalent.

(a) g is p-primary.
(b) The nilradical of R/q is p/q and every zero-divisor of R/q is nilpotent.

(c) The radical of q is p and q = qR, N R. [Hint: Show z € qR, N R implies 3y ¢ p s.t. zy € q.]

Solution: We verify (a) <= (b) first. From problem 2, this reduces to verifying that a
primary ideal ¢ is p primary provided that the nilradical of R/q is p/q. Well, we already
know that the nilradical of R/q is /q/q, so it is sufficient to show that ¢ is p-primary if
and only if /g = p, which holds by definition.

We now verify that (a) implies (c).We’ve proven the hint on homework, so we assume it.
The first part is immediate, so it is sufficient to verify that ¢ = ¢R, N R. We know that
q C qR, N R, so we just need to show D. Pick z € ¢R, N R. that means Jy ¢ P such
that zy € ¢. Because ¢ is primary, we know that x € ¢,y € q, or y" € q. Well, if x & ¢,
then y € g or y" € ¢. If either of these are true, then y € /¢ = p, a contradiction. Thus,
x € ¢, and ¢ = gR, N R, completing this case. Following this logic in reverse gives (c)
implies (a) for free, so we conclude here.
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Problem 5. Show that if \/q is maximal, then q is primary. Is the converse true? [Hint:
Note R/q is local.]

Solution: Suppose that xy € ¢, and = ¢ ,/q. By maximality of ,/q, and the fact that
any prime ideal containing ¢ must also contained /g, no maximal ideal contains both ¢
and z. This implies that (z) + ¢ = R, so (y) = y(¢ + (x)) C g+ (zy) = ¢, implying that
y € q, and that ¢ is primary.

Problem 6. Which of the following ideals in K[z, y, z| is primary: (22,93, 2°), (zy—27), (vy, yz, x2).

Solution: The radical of (22,43, 2°) is (z,v, 2), so it is primary. (zy — 27) is prime via
Eisensteins Criterion, so it is also primary. zy € (zy, yz,zz) but z,y, ", y™ & (zy,yz, x2)
for any n, m, so this is NOT primary.

Problem 7. Let R = Clz,y]. Let J = (a2, zy).

a) Show that J = (x) N (x?, zy,y") for any n > 1. [Hint: the UFD property might be useful.]

(
(b) Show that J = (z) N (22, y — ax) for any a € C.

(
d

)
)
c) Show that all decompositions in (a) and (b) are minimal primary decompositions.
) Use Theorem 2 to compute Ass(R/J).

)

(e) Verify that this example comports with Theorem 3 by computing JR, N R.

Solution:

(a) Tt is clear that J C (z), (22, zy,y"), so J C (z) N (2% xy,y"). Next, choose r in
the intersection. Then we can write r = 712? + ryxy + r3y”, and similarly write
r = riz. Since r € (z), x|r, and thus it divides all monomials of r. Since x|rsy”,
it follows that z|rs, and that xy|rsy™. Thus, this can be lumped in with the roxy
term. Implying that r = ry2? + rhzy, sor € J.

(b) We do the same process as before. It is clear that J C (x)N (22, y—azx), so we prove
the reverse case. Choose r € (z) N (22, y—az). We can write r = riz% +ry(y — ax).
Notice that x|r since r € (z), implying that it divides each monomial, and in
particular, divides r5(y — az) = roy — roax. Thus, z|ray, so x|re. This means we
can write ro = rhz, implying that r = ri2? + rhzy(y — ax) = r2® + (ry(y — ax))zy,
sor e J.
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(c) In (a), the radicals corresponds to (z) and (z,xy,y) = (z,y), which are distinct
radicals. In (b), we have radicals (z) and (x, y—ax), which are also distinct radicals.
Thus, we have irredundancy.

(d) Ass(R/J) contains all these radicals, and is thus of the form {(x), (z,y), (z,y —
ax) | a € C}.

(e) Here, () is the only minimal associated prime of J. Notice that JR N R = {b €
R | Ja ¢ (x) such that ab € J} If ab € J, we know that x|ab. x does not divide a,
so it divides b. Thus, b € (x). It follows that (z) = JR(;) N R.

Problem 8. IRREDUCIBLE IDEALS. We say that a proper ideal is irreducible if it is not
the intersection of two strictly larger ideals.

(a) Define (I : z) :={y € R | yz € I}. Prove that (I : z) is an ideal (proper iff z ¢ I).
(b) Prove that (I : 2") is proper for all n € N if and only if 2 ¢ /.

(c) Assume R is Noetherian. Fix x € R. Prove there exists N € N such that (I : 2™) =
(I:aN) foralln > N.

(d) Prove that for any ideal I in a Noetherian ring, and any € R, (I+(z™))N (I : ™) =1,
for n > 0. [Hint: For i € I, say i +ra™ € (I : ") for n > N. Use (c) to understand r.]

(e) Prove that an irreducible ideal of a Noetherian ring is primary. [Hint: Say zy € I but

Solution:

(a) If yz,xz € I, then yz+ 22z = z(y+2) € I, soy+x € (I : z). Furthermore,
02 =0¢€ 1,500 € (I:z). Similar logic shows inverses are contained in (I : z) is
an abelian group. To show [ is an ideal, pick r € R, y € (I : z). Well, then yz € I,
soryz € I,sory € (I : z). It follows that (I : z) is an ideal.

Notice that z € [ <= 1z€] < 1€ ([:2) <= (I:z) is proper.
(b) (I :z") is proper Vn € N if and only if 2" ¢ I Vn € N if and only if = & /1.

(c) Notice that if zz™ € I, then zz"*! € I. This induces a chain of ideals
(I:x)c(I:2*)C...

By the ascending chain condition, it follows that this chain terminates, yielding the
desired result.

(d) We know that I C ({ : 2") and I C I+ (2"), so it is contained in their intersection.
We thus need to prove the converse. Suppose that u = ¢ + rz™ is contained in the
interesection, for ¢ € I,r € R. Then, 2" multiplies into I, so uz"™ = ix™ +ra®" € I,
further implying that rz?" € I, so r € (I : **) = (I : 2™) by part (c). But then
re"™ € I, so u € I, as desired.
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(e) From (d), we know that any ideal I can be decomposed as (I + (z")) N (I : z") = 1.
If I is irreducible, then either I = (I : ™) or [ = I + (2") for any x € R. In either
case, if xy € I, and = ¢ I, this would imply that either y € I or 2™ € I, so [ is
primary.

Problem 9. Fix a prime ideal p. Prove that a finite intersection of p-primary ideals is
p-primary.

Solution: Let ¢, ..., q be p-primary ideals. First, we need to verify that \/¢g: N... N¢q =

Van...Nyq =p.
TeENGN...Ng

— "eqn...Nq
— 2" €q,...,q

= V@,V
S zeyan... Ny

next, we verify that this is indeed primary. Via an inductive proof, we just need to check
this in the case of t = 2. Choose xy € ¢ N ¢qo. This implies that xy € ¢, .. First,
consider the case where x € ¢;. Since /g1 = /g2, we know that since z € \/q1 = \/qq,
x™ € @9 for some n, and we can conclude since ™ € ¢; N ¢qy. The y case is similar, as
is the case where 2™ € ¢; (some sufficiently high power of x will be contained in the
intersection via an identical argument.)

Problem 10. EXISTENCE OF PRIMARY DECOMPOSITION. Assume that R is Noetherian.

(a) Prove that every ideal of R is an intersection of finitely many irreducible ideals.

(b) Prove Theorem 1. [Hint: Use (8) and (9).]

Solution:

(a) Let X denote the set of all ideals which do not lie in an intersection of finitely
many irreducible ideals. We proceed by a proof by contradiction, and assume this
is nonempty. Then, by Noetherianity of R, this family of ideals has some maximal
element with respect to inclusion. Let m be the ideal maximal with respect to this
property. If m is irreducible, then we have a contradiction. Thus, m = I, N I, for
I, I strictly larger, yet proper, ideals. By maximality of m, we know that Iy, I,
must admit finite irreducible decompositions. Since m lies in their interection, it
must as well, a contradiction.




(b) Let I be any ideal of R. Notice that I = I;N...I;, for I1,..., I, irreducible, by the
previous part. We know that irreducible ideals are primary, so we have a primary
decomposition of 1. Without loss of generality we can let this decomposition be
irredundant. We just need to verify that there ideals have distinct radicals.

Suppose that I;, I; have the same radical J. It follows that [;, I; are J-primary, so
by 8, I; N1, is J-primary as well. Thus we can view the intersection here as one of
the minimal prime components. Repeat this process of " collapsing” ideals with the
same radical and no such ideals remain. We will end with at least 1 ideal, implying
that a minimal primary decomposition has been achieved.

21-6
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Problem 1. LEMMA 1. Prove that finite intersection commutes with taking radicals, local-
ization, and computing colons. That is, for any finite set of ideals Jp, ..., J; in an arbitrary
ring R, prove that

(@) /(N o NJ)) = VI NVT 0T

(b) (LN NJHUR = JU RN LU R--- N JU 'R for any multiplicative set
U C R; and

(c) (indn---NJ):x=(Jr:z)N(Jy:x)N---N(J;: z) for arbitrary = € R.

Solution:

(a) This was used to solve problem 9 in the previous worksheet.

(b)

v/uc (JiN..NJ)U 'R < zcJn...NJ,
< zxeJ,. ...,y
< z/uc JU'R,...,JJU'R
— z/uc JU'RNLU'R---NnJU 'R

yG(JlﬂJgﬁ---ﬂJt):x <~ y$€(J1ﬂJ2m"'ﬂJt)
<~ yr e J,...,J;
— ye(Si:x),...,(Jy: 2)
— ye(Si:x)N(J:z)N---N(J:x)

Problem 2. LEMMA 2. Prove that in any ring, if P, N\ P, N ... N P, is an intersection of
mutually incomparable prime ideals, then minimal primes of this intersection are precisely
the P;. In particular, when is such an intersection prime? [Hint: PiP,--- P, C PLNPyN...NP,.]

Solution: Let PP N P N...NFE, C @ for () some prime ideal. We want to show
that P, C @ for some i. Well, suppose not. Then choose r; € P\(Q N F;) for each i.
The product of these elements is contained in P, N ... N P,, but not in ¢). This is a
contradiction.
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Problem 3. MINIMAL PRIMES.

Let J be an ideal in an arbitrary ring which admits a

primary decomposition qi () q2...[)q:-

(a) By grouping together primary ideals with the same radical, explain why we can assume
the g; have distinct radicals p;. [Hint: A finite intersection of p-primary ideals is p-primary.]

(b) Prove that vJ = (._, p:-

(c) Prove the minimal primes among {pi, ps, ..., p;} are precisely the min primes of J.

(d) Observe that (a) and (c) together establish part of the Theorem on Uniqueness of
Primary decomposition.

Solution:

(a)

This was proved as part of 10(b) on the previous worksheet. Here is the logic
from there: "Suppose that I;, I; have the same radical J. It follows that I;, I; are
J-primary, so by 8, I; N I; is J-primary as well. Thus we can view the intersection
here as one of the minimal prime components. Repeat this process of ”collapsing”

ideals with the same radical and no such ideals remain. We will end with af least
1 ideal, implying that a minimal primary decomposition has been achieved.”

VIi=Van. Ng=van..0Jyg=pmnN...0p

This follows from the previous part and problem 2. J is this intersection, and
the minimal primes of the intersection are precisely the (minimal) primes in that
intersection.

We can assume the decomposition ¢; N ... N ¢ is minimal. We now know that
the radicals of these are distinct, and that the minimal primes of those radicals
are just the minimal primes of J. We just need to verify that the set of radicals
is independent of choice of decomposition, and that the decomposition is uniquely
determined via the formula ¢; = JR,, N R.

Problem 4. LEMMA 3. Let q be any p-primary ideal in an arbitrary ring R.

(a) Prove that p C \/(q: x). [Hint: First show q C (q: z).]

(b) Prove that

q:2) = {%} for z ¢ g

for x € q.

(c) Prove that for x ¢ p, we have (q:z) = q.

Solution:

22-2
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(a) It is clear that ¢ C (q : ), since if r € ¢, then rz € ¢, so r € (¢ : x). Taking the
radical on both sides yields the desired result.

(b) We know that (¢ : ) = R for x € ¢, so we just verify that /(¢ : x) = p for = & q.
We have one inclusion, so we just verify the other. Suppose that u & P. It is
sufficient to verify that u & /(¢ : x), or rather, that u'x & q. However, since u ¢ p,

ut & p for any t, so u' € q, so if u'xz € ¢, then this implies that z € ¢, which is a
contradiction.

(¢c) We know that ¢ C (q : x), so we just need to prove the D direction. Choose
r € (¢ : x). thus, rx € ¢q. Since ¢ is primary, we know that either r € ¢, € ¢, or

x™ € ¢ for some large n. Since © € p, x &€ q, and 2" & q. Thus, r € ¢, and we can
conclude.

Problem 5. UNIQUENESS OF THE p;. Let J =qi()qz2...()q: be any primary decomposi-
tion of J in which the radicals p; of g, are distinct.

(a) Use Lemmas 1 and 3 to show that for any = € R,

vJ:m:ﬂpi.

TEq;

(b) Fix 7. Explain why, if the decomposition is irredundent, we can find z in every q;
except q;.

(c) With z as in (b), show that v/.J : x = p;.

(d) Show that if g1 Ng2N...Nq; and ) Ng, N...Nq,, are two different minimal primary
decompositions of an ideal J, then

(VA Vg VA = (VA Vb V)
In particular t = m. [Hint: Use (a), (c) and Lemma 2.]

(e) Conclude that part of the Theorem on Uniqueness of Primary decomposition is proven.

Solution:

(a) If z € J, then both sides are R, so we’re done. Thus, assume that x & J

Viiz=+v(@an...Nng):z=(g:2)N...0(q:2) = (q: 2)N...0/(q : )

We know that /(¢ : x) = p; if * & q;, and if = € g;, then this is R. Since we're
intersecting, we can ignore those cases. Thus, we have that

VJ:x=+(gg:z)N...0 (¢ :x) = ﬂpi

T€q;
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(b) If the decomposition were redundant, then ¢; C M;;¢;, which it is not. ¢; ¢ Nix;q;,
(and obviously ¢; A Nixjq; ), so we can choose an x in N;.;q; but not g;.

(€) VJ:iw =g, pi =D

(d) Notice that \/g1 ... Nq = /¢, N...N+/q,. Since taking radicals is compatible
with intersections, we know that \/g1 N ...N /g = \/¢1 N...N/q],. These are all
prime ideals, implying that the minimal primes of .J are precisely {,/q1,...,/@}

and precisely {\/q—’1 ..,/ }, implying these sets are the same.

(e) We now know all parts of the theorem except for the fact that, given a primary
decomposition J = ¢ N ... N g, that ¢; = JR,, N R (i.e. minimal decompositions
are uniquely determined).

Problem 6. MINIMAL COMPONENTS. Let J = q1Ng2N...Nq; be a primary decomposition.

(a) Let q be p-primary and P be any prime ideal such that p ¢ P. Show that qRp = Rp.

(b) Suppose that p; is minimal among {\/q,,/4,,--.,+/q,}. Prove that JR, N R = g;.
[Hint: Use Lemma 1(b) and (a).]

(c) Complete the proof of the Uniqueness Theorem for Primary Decomposition.

Solution:

(a) If p ¢ P, then 3r € ¢ such that r” is unit in Rp. In particular, this implies that r
is unit in Rp, so r € ¢ is the unit ideal over Rp. Thus, ¢Rp = Rp.

(b) First, notice that

t
JR, NR=(qpN...0q)R,, NR=()qR,, NR

J=1

By in compatibility, we know that ¢; ¢ ¢; for i # j. This implies that /q; = p; ¢
V@ = p;i for 1 # j. Thus, ¢;R,, = R, for ¢ # j. Thus, this intersection reduces to
¢iR,, N R. Since g; is p; primary, we know that ¢; = ¢; Ry, N R. It follows that

t
mqupi NR= qiRpi NR= qi
j=1

Thus, JR, N R = g;.

(c) This is all we had left to verify for the theorem, so it is proved.
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Problem 7. Let R be the ring of all sequences of real numbers. Show that R has in-
finitely many minimal prime ideals, and therefore the zero ideal does not admit a primary
decomposition.

Solution: Let R = R*°. The minimal prime ideals of this ring are of the form

O.R,R,....)
(R,0,R,...,)
(R7R707 ?)

Any finite intersection of these is necessarily nonzero, as the intersection will kill only
finitely many indices and each minimal prime contained all of R in infinitely many indices.
It follows that the zero ideal does not admit a primary decomposition.

Problem 8. LEMMAS ON ASSOCIATED PRIMES. Let M and N be arbitrary R-modules.

(a) Show Ass(M @ N) = Ass(M) U Ass(N). [Hint: Consider 0 + M — M @& N — N — 0.]
(b) Show that Ass(R/Jy N J2) C Ass(R/J1) U Ass(R/J2). [Hint: Find R/J < R/J, ® R/ J.]

(c) For all multiplicative sets U C R,, we have the following inclusion of sets in Spec U ! R:

{PUTIR| P € Ass(M)and PNU =0} C Ass(U™'M).
(d) * Prove the converse to (c¢) when R is Noetherian.

(e) * For R Noetherian, show that every minimal prime of J is in Ass(R/J).

Solution:

(a) We know from problem 11(b) that for a short exact sequence 0 — M; — My —
M;z — 0, Ass(Ms) C Ass(M;) U Ass(M;3). Using the exact sequence as in the hint,
the result follows.

(b) From the previous problem, we know that Ass(R/.J;) U Ass(R/Jy) = Ass(R/J; &
R/J5). Now, consider the map R/(J; N Jo) = R/Jy & R/Jy such that 7 — (7,7).
This is injective, because if (7,7) = (0,0), it follows that r € J; and r € Js, so it is
contained in J; N Jy, implying that 7 = 0 in R/J; N J,. It follows that we have the
short exact sequence

0 —— R/(J1N.Jy) —— R/J, & R/J, — coker(i) — 0

Implying that
Ass(R/J1) U Ass(R/Jy) = Ass(R/J, @ R/ Jy) = Ass(R/(J1 N Jy)) U Ass(coker (7))
It follows that Ass(R/(Jy N Jy)) C Ass(R/Jy) U Ass(R/Js).




(c) Suppose P € Ass(M). Then 3 an injection R/P — M. Localizing is exact, and
thus preserves injections. In particular, U~'(R/P) — U~'M is an injection. Since
UNP = (), we can commute localizations with quotients and get something tangible,
i.e. we get an injection U'R/PU'R — U'M, so PUT'R € Ass(U™'M).

22-6
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Problem 1. PrROOF OF KRULL INTERSECTION THEOREM. Let (R, m) be a local Noethe-
rian ring. Suppose that (), .y m” = J. We want to show that J = 0.

(a) Explain why (two words!) it suffices to show that m.J = J.

(b) Let g1 Ng2N...N¢q; be a primary decomposition for m.J. Explain why it is enough to
show that J C q; for all 7.

(c) Show that if Vi # m, then J C q;. [Hint: Take 2 € m \ p; and observe z.J C m.J C q;.]

(d) Finally, show that if \/q; = m, then J C q;. [Hint: Show there exists n such that J C m" C q;.]

Solution:

(a) Nakayama’s Lemma.
(b) This proves that J C m.J, which implies that J = m.J.

(c) Choose x € m\(y/q: N'm). Then, xJ C mJ C ¢;, but x € ,/g;. Thus, J C g;, by ¢,
being primary.

(d) Since m is finitely generated (as we are in a noetherian ring), we know that m =
(m1,...,my,). Because \/q; = m, we know that m;* € ¢; for each i. Taking
N = max(n;) implies that m" C ¢. But, we know that J C m® for any N, so
JcmY Cq,soJCyq.

Problem 2. NAGATA’S IDEALIZATION TRICK. Let R be any commutative ring (with 1)
and M any R-module.

(a) Let S = R® M and define a multiplication by (r &m) - (r' & m’) = rr’ & (rm' +r'm).
Show that S is a commutative ring with 1.

(b) Show that M = 0@ M C S is an ideal of S, that M? = 0 and that S/M = R.

(c) Prove that every prime in S has the form P & M for some prime in R. In particular,
Spec R and Spec S are homeomorphic.

(d) Prove that if R is local, so is S.
(e) Prove that if R and M are Noetherian, then so is S.
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Solution:

(a) this clearly has additive identity and multiplicative identity, and be the definition
of the multiplication operation, it is multiplicatively closed. Notice that r» & m
has natural additive inverse —r @ (—1)m. Thus, this is a commutative ring with
identity.

(b) 0 & M is clearly an abelian group. For any r&m € S, (rém) - (0 & M) =
(r0) & (rM +0m) =04 M, so this is an ideal. Furthermore, (0 M) - (0 M) =
02 ® (0M + M0) = 0® 0 = 0. The identification (R @® M)/M = R is clear, as the
kernel of the (surjective) projection map R & M — R is precisely 0 & M = M, so
we conclude by the first isomorphism theorem.

(c) For any ideal of S of the form I & N, we want to show that if r’ @ (rm/ +1'm) is
in I ® N, then r®m or ' &m’ is. It follows that for this to be true, that I must
be prime, since for the coordinates rr’ @ 0, it follows that one of r @ 0,7’ & 0 must
be in the ideal, implying that I is prime. Similar logic shows that we need N = M.
Thus, all prime ideals are of the form P & M for P C R prime.

This immediately implies that these have homeomorphic spectra, via the homeo-
morphism P& M +— P.

(d) If R is local, then it has only one prime ideal. Since S and R have homeomorphic
spectra, Spec(R) and Spec(S) have only one closed point, so S also only has one
maximal ideal, so S is local.

(e) Recall that rings are noetherian if and only if all their prime ideals are finitely
generated. Since all prime ideals of S are of the form P ® M, where both P and M
are finitely generated by hypothesis, it follows that all prime ideals of S are finitely
generated, and S is Noetherian.

Problem 3. COROLLARY OF KRULL’S INTERSECTION THEOREM. Let M be a Noetherian
module over a Noetherian local ring (R, m). Prove that (), .ym"M =0

[Hint: Use Nagata’s trick and apply the Krull intersection theorem to (m @ M) in S.]

Solution: We know from the previous problem that R @& M has the structure of a local
noetherian ring. Its unique maximal ideal is m & M, and (m & M)"™ = m"* @ m"M.
Any element of [)m™M thus must be in every power of the maximal ideal of R® M, so it
therefore it must be 0 or some infinite, power, so therefore it is 0. Thus, (), .y m"M = 0.

Problem 4. Let J any ideal of R such that V(J) is a finite set {my,...,m;} of mazimal
ideals. Prove that J has a primary decomposition as follows:

(a) Show that \/JR,, N R =V JRy, MR = (miNmaN- - -Nmy) Ry, NR = mq Ry, NR = my.
(b) Set q;, = JR,,, N R. Prove that g; is m;-primary.

(C) Show that J = q; N qgaN--- N gy [Hint: Check M = 0 by checking it each maximal
ideal.]
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(d) Explain (using a theorem you’ve proved!) why this decomposition is unique.

(e) Use the Chinese Remainder theorem to show also that R/J = R/qi X R/qa x -+ - X R/q;.
[Hint: Check q; + q; is the unit ideal by computing its radical.]

Solution:

(a) This follows precisely from problem 6(b) in the previous worksheet.

b) m; is maximal, and thus prime. We already know this to be an equivalent condition
y
for being m; primary, from problem 5 on the worksheet deriving the existence of
primary decompositions.

(c) We also know this from the uniqueness of primary decompositions. my,...,m; are
the minimal primes of J by construction, so the minimal primary decomposition

of J is precisely ﬂf;:l JR,, "TR=q N...Ng.

(d) We know this is unique because minimal primary decompositions are unique (up
to reordering).

(e) Because this decomposition is unique and irredundant, we know that each of the ¢;
are comaximal. To verify this, we follow the hint: the radical of ¢; + ¢; is strictly
larger than m;, m;, so it is all of R. if \/¢; +¢; = R, then ¢; + ¢; = R, so we have
comaximality. Thus, via the Chinese Remainder Theorem we can conclude.

Problem 5. (a) Show that M is a simple R-module iff M = R/m for some maximal ideal
m of R.

(b) Show that for any R module M, ¢(M) = ¢(My) + ¢(M/M,) for any submodule M.

Here we interpret oo + d = oo.
(c) Prove that any module of finite length over R is both Noetherian and Artinian.

(d) Show that if R = K is a field, then for any K-module M, finite length, Noetherian
and Artinian are all equivalent.

(e) * A module M over a Noetherian ring has finite length if and only if M is finitely
generated and Ass(M) contains only maximal ideals.

Solution:

(a) If M =2 R/m, R/m is a field, and since ideals of a ring are precisely its R-
submodules, and since a field’s only ideals are 0 and itself, it follows that M is
simple.

If M is a simple R-module, it admits a trivial prime cyclic filtration. i.e. 0 C M
is the only possible prime cyclic filtration. Since these always exist, we know that
0 C M is a prime cyclic filtration, so M = R/P for some prime ideal P. Well,
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from the correspondence of ideals and submodules we discussed earlier, the ideals
of R/P are just 0 and R/P if and only if P is maximal, so by simplicity of M,
M = R/P with P maximal.

(b) Notice that we can take a filtration of 0 C Ny C ... C Nyar)M/M; and lift it
to a sequence M; C N C ... C N(f(M/Ml) = M. Thus, suppending a filtration of
M; to this yields a filtration of M. Thus, ¢(M/M;) + ¢(M;) = ((M).

(c) What the above statement tells us is that all submodules of finite length modules
have finite length.

Suppose that M was not Noetherian. Then, there would exist a chain M; C M, C
... that does not terminate. Well, M,/M; has finite length by the previous part, as
does M; .1/ M; Vi € N. It follows that if all of these have finite length and this chain
never ends, M must then have infinite length, as by appending these sequences to
each other we’ve created a sequence of infinite length in M, a contradiction.

The proof for M being Artinian is similar. Suppose we have a descending chain
M D> My D My D .... M;/Ms, has finite length, as does M;/M,,; for each i.
If this was infinitely long, appending these all together gives us an infinite length
sequence, which is a contradiction to the finite length of M.

(d) In this case, M is a vector space. Notice that M having finite length means that
there exists a filtration M; C ... C M,, = M such that M;/M;_; is simple, but the
only simple vector spaces are 1 dimensional. Thus, finite length, Noetherian, and
Artinian are all equivalent to M being finite dimensional as a K vector space, and
in particular, being finite length, Noetherian, and Artinian are all equivalent.

(e) (*)

Problem 6. PROOF OF THEOREM ON ZERO DIMENSIONAL RINGS.

(a) Prove that (i) implies (ii) by using (4) applied to the zero ideal of R.

(b) Assume (R,m) is a Noetherian local ring of dimension zero. Show that m" = 0
for some m, and that {(R) = >_" ,dimg/,(m’/m*™). [Hint: Use (5b) and the chain
ROm>m2D -]

Conclude that (ii) implies (iii).

)
(d) Observe that (iii) implies (iv). Hint: This is quite general; see (5c).]
Show that if R is Artinian, so is every quotient ring.
g
)

Show that if R is Artinian, all primes are maximal. [Hint: If P is a non-maximal prime, take

non-unit non-zero element x € R/P. Use the stabilizer of (x) D (z2) D ... to show that x is a unit
in R/P.]

(g) Show that if R is Artinian, then R has only finitely maximal ideals. [Hint: Look at
mq Dmlmng....]

(h) Complete the proof of the theorem.
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Solution:

(a) If R is Krull dimension 0, then V(0) = Spec(R) consists solely of incomparable
primes. Thus, the zero ideal admits a decomposition as in problem 4, implying
that R = R/0 = R/q1 X ... X R/q;. R/q; has only m; as a maximal ideal, since
the only prime ideals in this ring are those that contain ¢;, which is just m;. Thus,
since there is only one maximal ideal, R/g; is local, and we can conclude.

(b) Notice that /O = m for m a maximal ideal, where m = (fi,..., f;), for f; all
nilpotent by construction. Choose r = > . a;f; € m. Since each f; is nilpotent,
there exists an N sufficiently large that, independent of the a;, annihilates the

entire sum, i.e. Y = (3, a; ;)" = 0. Tt follows that m™ = 0.

Following the hint immediately tells us that ¢(R) = £(m) + ((R/m) = {(m) +
{(m/m?) + £(R/m?) = .... Continuing this process until we hit N such that
m™ =0, we find that ¢(R) = Y7 Crjm(m'/m™t) =370 dimp, (m'/m'*)

(¢) we know that if R was a local ring of dimension 0, that it would have finite length
over itself. Since it is the finite product of local rings of dimension 0, we can
quotient one local ring off at a time and still guarantee finite length, allowing us to
conclude that (ii) implies (iii).

(d) We know that finite length modules are Noetherian and Artinian, and in particular
they are Artinian. It follows that (iii) implies (iv).

(e) If R is Artinian over itself, any descending chain R D R; D Ry D ... terminates.
In particular, for any ideal J, the chain R/J D Ry/(JNRy) D Re/(J N R2) D ...

also must terminate. This implies that any quotient of R is also Artinian.

(f) If R is Artinian, suppose we can pick a non-maximal prime P. Pick © € R/P
nonzero and non-unit (we can pick it non-unit because P is not maximal). We
follow the hint. Since the descending chain (z) D (x?) D ... halts, we know that
(z™) = (2"*1) for sufficiently large n. It follows that 2™ € (z"*!), which does not

make sense unless this is the unit ideal, implying that x is unit, a contradiction. It
follows that all primes are maximal.

(g) Suppose that R was Artinian, but had infinitely many maximal ideals. Following
the hint, there is a point in which that descending chain stabilizes. This implies
that m,.1 N ...Nmy = m, N ... N my, implying that m, ;. C my N ... N My,
contradicting maximality of m,,,. It follows that R has finitely many maximal
ideals.

(h) Since R is Artinian, it has finitely many (incomparable) maximal ideals, implying
it has finitely many prime ideals which are all incomparable. Thus, R is of Krull
dimension 0, and since all primes are maximal, it is also Noetherian, giving us (iv)
implies (i) and completing the proof of the theorem.

Problem 7. Consider the Zgy module Q/Zy,. Show that the classes of p—ln for all n € N

generate Q/Zy,, and that Q/Z, has DCC but not finite length. Why doesn’t this contradict
the Theorem?
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Solution: Choose r/s € Q/Z,. Notice that this equals r - (1/s) for r € Z,, so we just
need to generate terms of the form 1/s. Well, notice that s is unit in Z, unless s € (p),
implying that s = p™ for some n. It follows that the classes of 1/p"™ generate Q/Z,. This
clearly does not have finite length, as it is not finitely generated and we can take a chain
where we append each generator one by one. It remains to verify that Q/Z, has DCC.

Well, notice that any desecending chain is of the form (1/r) D (1/r2) D ... where
r1,Te,... are all (without loss of generality) non-negative integers. This relation implies
that r; > ro as non-negative integers. Since there exists a lower bound to non-negative
integers (namely, 0), any descending chain must terminate.

Q/Z, is an Artinian module over itself, but it has finite length as a Z, module, not as
an Q/Z, module, so it does not contradict the theorem.

Problem 8. PrRooOr OF KRULL PRINCIPAL IDEAL THEOREM.

(a) Show that if a counterexample exists to the Krull principal ideal theorem, then there
is a counterexample in which (R, m) is a local Noetherian domain of dimension at least
two and (f) is a principal ideal which has m as its unique minimal prime.

(b) With notation as in (a), prove that R = R/(f) is zero dimensional.
(c¢) Let @ C R be a non-maximal prime ideal. Show that the symbolic powers
QRO QPR> Q¥R > ---
eventually stabilize; say Q™R = Q™R for all m > n.

(d) Prove that QMW = Q™ + fQ™ in R. [Hint: You will need to use the fact that Q) is
Q-primary.]

Show that Q™ = Q™ for all m > n by applying NAK to the quotient Q™ /QU™.

)
) Show that if @ # 0, then ﬂmeN Q™ # 0. [Hint: Show that if y € Q, then y™ € ),y Q™ ]
) Use Krull’s Intersection Theorem to show ) = 0. [Hint: Q™ C Q™Rg.]

)

Complete the proof of Krull’s Principal Ideal Theorem.

Solution:

(a) If we have a counter example, it is still a counter example after localizing by a
prime, so without loss of generality the counterexample is local. We know that
the dimension is at least 2, since our counter example has an ideal of height 2. If
we have a chain Q)2 D Q1 D @y, we can quotient R to get R/(Qo, and get a chain
Q2/Qo D Q1/Qo D (0), implying that we can restrict to the case of R quotiented
by a prime ideal (i.e. in the case of the domain).

To be a counterexample, R is by hypothesis Noetherian. Thus, our counter example
is a local Noetherian domain of height at least 2.




(b) The ring R/(f) has only one prime ideal, in particular, m/(f). Therefore, it is a
zero dimensional local ring.

(¢) From our theorem, we know that zero dimensional local Noetherian rings (i.e. R)
are Artinian, i.e. their ideals satisfy DCC. Thus, the descending chain of ideals
given in the question must stabilize.

(d) lifting Q™R = Q™R to R gives us that Q™ + (f) = Q™*Y + (f), implying that
Q™ c QU 4 (f). Then, u = q + fr, for ¢ € QU*Y. Thus, fr =u —q € Q™,
but since f & @, as (f) has minimal prime m as the only miniomal prime and @
is a non-maximal prime, and since Q™ is Q-primary, if tollows that r € Q. It
follows that Q"™ = Q) + Q™ so QM = QD) 4+ Q™ = Q™ + Q™ for
m > n.

(e) This implies that (QM™/Q™)) = f(Q™ /Q™), By Nakayama’s Lemma,
(Q™/Q™) = 0, implying that Q™ = Q.

(f) Fix n as above. If Q # 0, then (1, Q™ = QM £ 0. This is because Q™ >

QY for any m, and this descending chain stabilizes as we saw from the previous
part.

(g) Since Q™ C Q™Rg, and QR is a maximal ideal in Rg, where R is a local
Noetherian ring, we have that

ﬂ Q(m) - ﬂ QmRQ =0

meN meN

By Krull’s Intersection Theorem. It follows that [, .y Q'™ =0, so by contrapos-
itive of the previous statement () = 0.

(h) We’ve just shown that all non-maximal prime ideals in R are 0, implying that R is
of height 1. This contradicts R having height at least 2, so we have a contradiction.
Thus, there can exist no counter example to Krull’s Principal Ideal Theorem, so it
must be true.

23-7
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Problem 1. NORMALIZATION COMMUTES WITH LOCALIZATION. Let R be a domain and
U C R any multiplicative subset.

(a) Be sure you understand why R and U 'R have the same fraction field. Call it K.

(b) Prove that if ¢ € K is integral over R, then ¢ is integral over U™ 'R.

(¢) Conclude that R C U-TR and also U™'R C U-IR as subsets of K.
(d) Show that if § € K satisfies an equation of integral dependence

Tn—1

Xn+EXn—1_|_+ X—i-r_nEU_lR[X]

Uy Up—1 Unp,
n

over U™'R, then 4 € K is integral over R where u = II}_  u;.

—_——

(e) Prove that U~'R = U-'R. That is, normalization commutes with localization.

Solution:

(a) The fraction field is taken by localizing by the ”biggest” multiplicative set, which
is R\0, which corresponds to inverting all nonzero elements. Inverting all nonzero
elements is the same as inverting some nonzero elements, then inverting the rest.
Thus, R, U~ R have the same fraction field.

(b) a/b being integral over R means it satisfies a polynomial over R. a/b is also in-
tegral over U 'R since R C U™'R, so we can just take the same polynomial that
annihlates a/b over R.

(¢) This gives us that & C U~'R. Notice also that U~} ¢ U~'R, so their product is
contained in U~'R, i.e. U"'R C U-'R.

(d) This works because we can just clear denominators by multiplying by u/u =
(T2 w;) /(117 u;) This yields a polynomial of ua/b that is still zero.

(e) We've just shown that satisfying integral dependence over U ' R implies satisfying

an integral dependence over R. This implies that U 1R > ﬁ?i}/%, and we’ve already
shown C, so it follows that U R = U-LR.
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Problem 2. NORMALITY IS A LOCAL PROPERTY. Prove the following are equivalent for a
domain R.

(i) R is normal.
(ii

(i

U~'R is normal for all multiplicative sets U C R.

)
)
) Rp is normal for all P € Spec R.

(iv) R, is normal for all m € MaxSpecR.

[Hint: For (iv) implies (i), check the triviality of the R-module R/R locally.]

Solution: We verify (i) implies (ii) first. Notice that if R is normal, then R = R, so

P

UlR=U"'R= U-'R, so U™'R is normal for all multiplicative sets U C R.

(iii) is a special case of (ii), and (iv) is a special case of (iii), so it follows that (ii) implies
(iii) implies (iv). Thus, it is sufficient to verify that (iv) implies (i).

Notice that E/R is an R-module. Recall that M = 0 if and only if M,, = 0 Vm €
MaxSpec(R). Thus, it follows that R/R = 0 <= (R/R)m = Ry/R, = 0 Vm €
R

MaxSpec( In other words, R = R <= R,, = R,, Ym € MaxSpec(R). This gives us
(iv) <= (i), so we can conclude.

).
).

Problem 3. Prove that a UFD is normal.

Solution: Let R be a UFD. Choose u/v € Frac(R) in lowest terms (which we can do,
as R is UFD). Suppose it satisfied some integral dependence over R.

(u/v)" + ap_1(u/v)" - +ag=0

= u" + ap " o4 4 agr™” =0

= u" = —v(a,_u" "+ agr™ )
Now, notice that in a UFD, every nonzero non-unit has a unique factorization into primes.
I claim that v is unit. If not, there exists a prime p that divides v. By above, it would

also divide u", and thus u. This is a contradiction, as we took u/v to be in its reduced
form.

Problem 4. Prove that an intersection of normal rings (with fraction field K) is normal.
Use Theorem 1 to deduce that if R is Noetherian and normal, then the ring (,,; pcspecr 1P
is normal. [In fact: for Noetherian rings, R is normal if and only if R =, pespecr Fop; See Hochster’s
Dec 4 lecture.]
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Solution: Let {R;};c; be a collection of normal rings with fraction field K. Recall that
for an extension of rings R C .9, if there exists an R-module map S — R which restricts
to the identity on R, then if S is normal than R is normal (this is from the worksheet on
going down and integral extensions).

Nic; Ri = R; is certainly an injection for each R;, and for each R; the projection map to

the intersection clearly restricts to the identity. Since each R; is normal, it follows that
ﬂie[ Rz — Rl

If R is Noetherian and normal, notice that Rp is normal for all P € Spec(R), in particular
just the ones of height 1 are normal. Thus, since each Rp is normal, (7, pe specr FoP 18
normal.

Problem 5. Let R be a Noetherian normal domain with fraction field K. Define a group
homomorphism K* — DivR so that the divisor class group of R is the cokernel.

Solution: The map ¢ : a/b+ >\, vp,(f/1)[P] for P; the minimal primes of (a) and
vp, the valuation on Rp, is a map from K* — Div(R). Notice that all elements of form

quotiented over Div(R) yield the class group. Since coker(y) = Div(R)/im(y), it follows
that coker(y) = CL(R).

Problem 6. Let R be a normal Noetherian domain. Let q be p-primary where p is height
one.

(a) Show that q = p™ for some n, where by definition, p(® = p"R, N R.
[Hint: Recall that q is p-primary if and only if \/q = p and qR, N R = q. You will also need Thm 1.]

(b) Show div(f) = nq[p1] + - - - + m[ps] where (f) = pgnl) N...Np!") is a primary decomp.

Solution:

(a) Theorem 1 tells us that R, is a DVR, and in particular, a local PID. Thus, p = ()
for some ¢, implying that ¢ = (¢"). Then, notice that

¢=qR,NR=({t")YNR=p"RpN R =p"

(b) We know that the radicals of all elements in the primary decomposition are precisely
the minimal primes of (f). Thus, all we need to verify is that v, (f/1) = n;. From
our worksheet on valuation rings, the method used to construct a discrete valuation
from a DVR immediately implies this fact, since for p = (¢) (the maximal ideal),

pn) =g = (t").
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Problem 7. DEDKIND DoOMAINS. A Dedekind domain is a normal Noetherian ring of
dimension 1. Show that the normalization of any finite integral extension of Z is a Dedekind
domain. Such a ring is a called a number ring. [You may assume that the normalization
of a finitely generated Z-algebra is Noetherian. This is a non-trivial fact.]

Solution: The ring is a normalization, so it is clearly normal. dim(Z) = 1, and since
dimension is preserved over integral extensions, the dimension of the integral extension is
still 1. Furthermore, finiteness of the extension (via the assumption) preserves Noetheri-
anity, implying we have a normal Noetherian ring of dimension 1 or a Dedkind domain.

Problem 8. Let R be a Dedekind domain. Let q and q" be non-zero primary ideals with
distinct radicals.

(a) Show qNq’ = qq’. [Hint: Observe q + g’ = R.]

) Explain why the primary decomposition of any ideal in R is unique.
(c) Show p™ # p™*! for all n € N and all non-zero p € Spec R. [Hint: NAK!]
)

Let q be p-primary. Show that q = p™ for some n. [Hint: Recall that q is p-primary if and

only if \/q = p and qR, N R = q. You will also need Theorem 1.]

(e) Prove ideals in a Dedekind domain factor uniquely as a product of prime ideals.

Solution:

(a)

It is clear that q¢’ C q,q’, so q¢’ C ¢ ¢'. We now verify that ¢ N ¢ C q¢'.

Choose z1 € ¢. Since ¢ + ¢’ = 1, we can choose x5 € ¢’ such that z; + x5 = 1.
Next, choose x € ¢ N ¢'. Notice that z(x; + x2) = z, but zzy € q¢',zz5 € ¢'q, so
r=x(r1 + 22) € qq.

In 1 dimensional rings, all primes over an ideal are minimal primes. Thus, an

Y )
primary decomposition is immediately a minimal primary decomposition, and is
thus unique.

Notice that in 1 dimensional rings, all primes are defacto maximal primes. Fur-
thermore, observe that p” is an R-module that is finitely generated over a local
ring. Thus, if p”* = p"*!, it follows that p - p* = p", and we could cite Nakayama’s
Lemma to tell us that p™ = 0, a contradiction to the fact that R is a domain.

We already know that ¢ = p™ = p"R, N R. Well, p" is clearly p-primary, and
we know p-primary ideals to be of the form p"R, N R = p™. Tt follows that

g=p" =p".

Let I be an ideal of R. Part (b) gives us a unique primary decomposition, and
from the (c¢) and (d) we know it is of the form I = pi* N ... N p, for pr,...,p
prime ideals. By part (a), we know that

I'=pi*N...Npt =pipy? - pit
(which, again, is unique is part (b)).

24-4
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Problem 9. Let R = K{z,y, z, w|/{zy — zw).

(a) Prove that R is a three dimensional domain.

(b) Prove that R is not a UFD.

(c) Prove that (z, z), (z,w), (y, 2), (y, w) are all height one prime ideals.

e

(
(

Compute the divisor of Z € R. [Hint: First find its minimal primes.]

)
)
)
(d) Show that R, .y = K|z,v, i,w]@) = Kz, y, w]e.
)
f) Show that all primes in (c) are equal in CI(R) up to sign.
)

(g) * Prove that CI(R) is isomorphic to Z.

Solution:

(a)

We know that Klz,y, 2z, w] is a 4 dimensional domain, and that xy — zw is prime
of height 1. It follows that any chain 0 C (zy — zw) C P, C P3 C P, can be lifted
to a chain 0 C Py/(zy — zw) C P3/(xy —zw) C Py/(xy — zw) of length 3, and since
this clear cannot have length > 4, this is a three dimensional domain.

This is not UFD because T -y =7y =zw = Z - w.

It is clear that these are all prime, so we just need to verify that they are 1 dimen-
sional. Notice that (z) is not prime, since zy = zw € (x), but z,w & (x). Similar
logic is used to show that (y), (2), (w) are all not prime. It follows that each of these
ideals, which are height 2 over K{z,y, z,w], are height 1 in the quotient, as any
ideal contained in it is either principally generated by x,y, z, w, and it not prime,
or is generated by a product of the generators, which is certainly not prime.

Localizing by (z) inverts y, so it is clear that K|z, v, i, w]iy = Kz, y,w]). Recall
that quotients commute with localization.

Rz = K(y,w)[z, 2]/ K(y,w)[x, 2](xy — 2w)

Notice that in here zy = zw, where both y,w are inverted. Thus, we have that
x/w = z/y, and in particular, z = zw/y. This implies that x can be writ-
ten in terms of z,y,w, and can be ignored. From this, we have that R ., =

Kz, y, %, w](z), S0 we can conclude.

We know that (z,z), (y,z) are both minimal primes, as they contain (z) and are
height 1. Furthermore, we can’t take powers, since z & (z,2)? (y,2)?. Thus, it
follows that the minimal primary decomposition of (z) is (x,z) N (y,2), so the
divisor of (z) is [(z, 2)] + [(y, 2)].

This follows immediately from the previous part, as the divisor of any ideal gener-
ated by an indeterminate is precisely the sum of two of the ideals in (c). Modding
out by these thus gives the desired result.
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Problem 10. Let V be a valuation ring with fraction field K. Prove that V' is normal.
[Hint: For A € K, consider an equation of integral dependence over V' and the possible values of v for its
terms.|

Solution: Suppose there exists A ¢ V satisfying an equation of integral dependence
A+ Ao g = 0, where each r; € V. Well, since A € V, we know that
A7t €V, and thus A\!™ € V| since V is a valuation ring. Multiplying our equation by
A" yields

ATy A AT =02 A= (o A AT

Thus, A is equal to a sum of elements all contained in V' by construction, so A € V, a
contradiction.

Problem 11. PoLyNOMIAL RINGS OVER NORMAL RINGS ARE NORMAL.

1. Let R be a normal domain. Prove that R[z| is a Normal domain. [Hint: Use the fact that
K|[z] is a UFD to reduce to considering elements of K[z] integral over R[z].]

2. Prove that a directed union of normal domains is normal.

3. Prove that a polynomial ring over any normal ring in any number (even infinite) of
variables is normal.

Solution:

(a) R is the intersection of DVRs V' C Frac(R), implying that R[z] is the intersection
of the rings V[z] C Frac(R)[z]. Since V is a UFD, V[z] is a UFD for each V, so

R|x] is normal.

(b) An element x in the fraction field integral over the union will be in the fraction
field of one of these domains, and likewise will be integral over one of them. But
some domain D in the family will contain both, and since D is normal, x is integral
over D and in the fraction field of D, and so must be in D.

(c) If R[z4] is normal, R[z1][xs] = R|x1,x2] is normal by the first part. Induction tells
us that any polynomial ring in finitely many variables over a normal ring is normal,
and part (b) tells us we can extend this to infinitely many variables.
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Problem 1. Show that the subset €/(R) of Cauchy sequences in RY is a subring.

Solution: Clearly the sequence of all Os and all 1, converge, so we have a multiplicative
and additive identity. Now, choose r,, s¢ € €;(R). We first verify that re + se € €;(R).
Fix t € N. There exists d; such that Vn,m > di, r,, — r,, € I'. Furthermore, 3d, such
that Vk, £ > dy, sp—sy € I'. Let D = max(dy,ds). Then Vn,m > D, r,— 7, $n—8m € I,
80 (rn, — Tm) + (80 — $m) € I'. Grouping terms, we find that (r, + s,) — (rpm + sm) € I,
so it follows that we have additive closure. If Furthermore, if 4d such that Vn,m > d,
Tn—Tm € It then —(r, —ry,) = =1, — (—1r,) € I', so we have additive inverses as well.

It is sufficient then to verify multiplicative closure. Take r,, s, as before, with ¢ fixed
and d;, ds, D as before. We want to show that s,,7,, — spm, € It. Well, $,,7m — SnTn =
S (T —70) =T (Sm—5n). Notice that 7, —7,, S;—5, € I', 80 S (rm—"0n), Tn(Sm—sn) € I,
SO S (T — 1) — Tn(Sm — Sn) = Sm¥Pm — Snrn € I' as desired, giving us multiplicative
closure.

Problem 2. Show that the map R — €;(R) sending r to the constant sequence (r) is a
ring homomorphism, making €;(R) into an R-algebra.

Solution: It is clear that rs — (rs)e = 7ese and that 7 + s = (1 + S)e = 76 + Se.
Furthermore, the all 1s sequence is the multiplicative identity, as the all Os sequence is
the additive identity, so identities are preserved. Thus, this is a ring homomorphism.

Problem 3. Let €9(R) be the set of sequences (7;);en that converge to zero, meaning that
for all n there exists m such that for all i > m, r; € I". Prove that €%(R) is an ideal of
¢ (R).

Solution: It is clear that the all Os sequence is in €%(R), since 0 € I* for any t. Suppose
that r,, s.in@?(R). We fix t € N for the rest of the problem. There exists dy, ds such that
\4) 2 dl,j 2 dQ, Tiy S5 € [t. Well, for D = maX<d1,d2), we have that Vi Z D, T, S; € [t,
so r; + s; € I, so we have additive closure. In addition, if r; € I, then —r; € I, so we
have additive inverses as well.

Now, suppose instead that r, € €;(R), and s, € €%(R). Choose i sufficiently large
enough that s; € I'. Notice that if s; € I, then r;s; € I, since I' is an ideal. It follows
that rese € €Y(R), so €Y(R) is an ideal of €;(R).
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Problem 4. Observe that a subsequence of a Cauchy sequence is Cauchy, and differs from
the original by a sequence converging to zero.

Solution: Suppose r, € €;(R). For fixed t, there exists a d such that n,m > d implies
that r, — r,, € I'. Notice that the choice of n,m is independent of sequencing, i.e.,
for any subsequence of r;, of r,, for any indices of the subsequence i; > d, the same
statement holds. Thus, any subsequence of a Cauchy sequence is Cauchy.

Furthermore, the difference between r; —r; and r,—r,, for ¢, = n,1,, = m is clearly zero,
so it follows that the difference between a sequence and any subsequence is a sequence
that converges to zero.

Problem 5. The elements of R are equivalence classes of Cauchy sequences that differ by
Cauchy sequences converging to zero. We call such an equivalence class a limit of a Cauchy
sequence in R. Compare this to the construction of the real numbers as the collection of
limits of Cauchy sequences of rational numbers.

Solution: Recall that R is constructed via taking the cauchy sequence completion with
respect to Q. The only ideals of Q are 0 and QQ, and completing with respect to Q is a
trivial action. Thus, completing Q in the new sense with respect to the zero ideal yields
R.

Problem 6. Discuss a natural map R — R!I. What is its kernel?

Solution: This is the map R — €;(R) — €;(R)/€Y(R), where the first map was defined
in problem 2, and the second map is the standard projection map. the only elements
that are zero in the image are sequences where terms of sufficiently high index live in I*
for any ¢. Since the image consists of only constant sequences, index is irrelevant, so the
kernel consists of elements that live in I* for any ¢. Concretely, ker = (1), I*.

Problem 7. Suppose (R, m) is Noetherian and local. Prove that R — R™ is injective.

Solution: It follows that (,.qm’ = 0 via Krull’s intersection theorem, so the map
R — R™ has trivial kernel.

Problem 8. et R =7 and I = (p). Show that

O P men= (L 14p, 14p+p* L+p+p +p°...)

i=0
is a Cauchy sequence for the p-adic topology on Z. Show also that it represents the inverse
of 1 — p in the completion Z” (also denoted Z,.)
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Solution: Let r; denote the ith element in this sequence. Notice that (for i < j)
ri—ri=pi+-+p;=pi(l+---+p~") € (p') = I'. Thus, this is a Cauchy sequence.
Notice that 1+p = >, p%; the fact that this Cauchy sequence represents the inverse of
this follows, as p"(1—p) = p" —p" ™!, reducing the infinite sequence to 1 via a telescoping
argument, an reducing a finite sum > | p’ via a similar telescoping argument to 1 — p".

Y2

Problem 9. Let R = K|[z,y] and I = (z,y).

(a) Show that
- el 2 _ 2 2 3 2 3 2,4
O ria'y ™ nen = (roy?s roy” + riay®, roy® +ray® + raa®yt, )
=0

is a Cauchy sequence in the I-adic topology.

(b) Write a Cauchy sequence different from the one in (a) but which has the same limit

at is, represents the same element of R!, or equivalently, differs a sequence
that i p ts th 1 t of R! quivalently, differs by q
converging to zero).

(¢) Describe a natural ring map? K|[[z,y]] — R’ taking a power series > oo Tty to an
equivalence class of Cauchy sequences. Can you show it’s injective? an isomorphism?

Solution:

(a) Notice that the difference between the ith and jth terms of the sequence (for i < j)
is of the form r;z'y"* + - -+ + r;z7y? 2. By factoring out terms, we see that

TﬂZi i+2 L zjjijrZ — (xiyi)nyQ 4o+ rjxjfiyj+2fi c (xl,yz) — (I,y)i — [i
It follows that this is Cauchy.

(b) Because being Cauchy is a criterion for terms of sufficiently large index, we can
change the first term of the sequence and still get a sequence that has the same
limit. Thus, just take the sequence exactly as above, but make the first 5 terms 1.
This is a different sequence, but one that has the same limit.

(c) We take the natural map ¢ which sends Y 75 ri;a'y’ (szzo rija;iyj>n€N. We
first verify that this is injective. Choose Y 75, 7i;x'y’ € ker(). It follows that for

sufficiently large N, > i1 rix'y? = 0 for each n > N. Well, since these terms are
all linearly independent (as r; € K, and all power series monomials have differing
degrees in x, y by construction) it follows that the whole sequence must be the zero

sequence. Thus, ¢ is injective.

3think: successive truncations
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To verify this is surjective, choose (p;(z,y))ien € R!. Notice that Yoo pi(z,y)
maps to the class of (p;(z,y))ien. Though the image of >">°, p;(x,y) is not exactly
(pi(x,y))ien, they have the same limit, and thus are members of the same class in
the completion (i.e. their difference is a sequence which converges to 0).

Problem 10. Explain how to think of an element of R! (non-uniquely) as an infinite power
series >~ x, where z,, € I".

Solution: Under this isomorphism, a sequence (z,).,en € R! can be thought of as a
power series » >, x,. This is not unique, as you can reparenthesize the z; terms in the
power series to get a "new” power series.

Problem 11. Assume the Theorem. Let R = R[z,y]/(y* — 2? — 23). Let m = (x,y).

a) Prove that R is a domain.

()

(b) Show that R™ is not a domain. [Hint: find a power series representing /1 + z.]

(c) Draw a picture of the curve in R? with coordinate ring R.
)

(d) There is a sense in which Spec R™ can be considered a very small neighborhood around
m € Spec R. How is this reflected in your picture?

Solution:

(a) By Eisenstein’s criterion on y, we know that y?—xz?—2? is an irreducible polynomial.

Thus, it generates a prime ideal, and the quotient by that ideal is a domain.

(b) First, observe that
\/1+x:iﬂx" € R™
— 2nn]!
(This is simply the taylor expansion, which makes sense over R.) It follows that
since in R™, y? — 22 — 23 = 0, we have that y2 — (zv/1 + )2 = 0. A sum of squares
can be factored as (y + zv/1+ z)(y — 2v/1 + ) = 0, implying that a product of

two nonzero things is zero, implying that there are zero divisors, and that R™ is a
domain.

(c) The graph of this curve looks like this in R?:
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(d) The maximal ideal (z,y) via the Nullstellensatz corresponds to the point (0,0),
meaning that our completion is centered around the center point as shown here:

.

Vi

/
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Zooming in, we see the picture looks more like this:

AT | - -
7 \ \ | | | N

Which geometrically shows how the whole picture is "smooth” and ”connected”
(implying that algebraically we have an irreducible object), but in this piece it is
not “smooth” (implying our space is reducible into multiple parts).

Problem 12. Let (r,)nen € €7(R) be a Cauchy sequence. Fix ¢ € N.

(a) Explain why the sequence of residues r, mod I* is eventually constant as n — oo.
(b) Use (a) to show there is a surjective ring homomorphism €; — R/I".
(¢) Use (b) to show there is a surjective ring homomorphism R! — R/I".

)

(d) Show that for any ¢ < ¢, the map for ¢ is the composition R/ — R/I* — R/I""

Solution:

(a) Fix t € N for the rest of the problem. For 4,j > d (sufficiently large), we have
that r; —r; € I'. This 1mphes that r; — r; = 0 in the quotient R/I*, implying that
7; = ;. Since this holds Vi, j sufficiently large, we can conclude that the sequence
is eventually constant in the quotient.




(b)

(c)

The map r, — 7; for ¢ > 0 is well defined, by the previous part. It is also clearly
surjective, as for any element in 7 € R/I*, the constant sequence (T7,7,...,) is a
possible preimage.

Let’s call the map above ¢. Suppose we choose r, € €%(R). For i > 0, r; € I,
soT; = 0 in R/I'. Tt follows that p(€%(R)) = 0, implying that by the universal
property of quotients, ¢ factors through €;(R)/€%(R) = R as follows:

¢/ (R) —=— R!

\ e
N L
R/I!

We now verify that this is surjective. Suppose for 7 € R/I*, Ja, such that ¢(a,) =

7. It follows by commutivity that @(m(a)) = ¢(a) = 7, implying that @ is still
surjective.

Choose 1o € RL. Suppose that this maps to7; € R/I" and 7; € R/It/. We just need
to verify that 7; — 7; under R/I* — R/I?. Since t' < t, it is clear that the natural
projection map 7’ : R — R/I" factors through R/I*, asw(I*) = 0. By similar logic
to the above, we know that since 7’ is surjective, the map R/I' — R/I" is also
surjective. Thus, we have maps R/ — R/I', Rl — R/I", and R/I* - R/I", and
it is clear by construction that the limit 7; € R/I* must map to the limit 7; € R/I*
under the projection map R/I* — R/I".

25-7




Lecture 26: December 10th 26-1

Math 614: Commutative Algebra IBL Lab Notebook
Class 26: December 10th
Name: Vignesh Jagathese Collaborators: Aniruddh Agrawal and James Yang

Problem 1. Let €;(M) denote the set of Cauchy sequences of M.

(a) Prove that €;(M) is a module over the ring €;(R).

(b) Prove that the set €%(M) of sequences converging to zero forms an €;(R) submodule
of Qt](M)

(c) Prove that the abelian group €;(M)/€Y(M) has a structure of a R’ module. We denote
this module M, and call it the completion of M at I.

Solution: Fix t € N for the rest of the problem. Whenever we say indices are ”suffi-
ciently” large, we are just supposing that ¢, 7 > d, where d is defined as in the definition
of being Cauchy.

(a) From similar logic to the last worksheet, we can see that €;(M) is an abelian
group. We just need to show that it is compatible with an €;(R) action. Choose
me € €(M), and re € €;(R). For 4, sufficiently large, we know that r; —r; € I*
and m; —m; € I'M. We want to verify that r;m; —rym; € I'M, well,

rim; —Trjm; = ri(mi — mj) — Tim; + rim; = Ti(ml‘ — mj) + (Tz‘ — Tj)mj < ]tM
Distributively follows from the fact that M is an R-module.

(b) Tt is clear that €%(M) C €;(M), so we just need to verify that €;(R) - €%(M) =
€Y(M). Choose mq € €Y(M), and 7o € €;(R). For 4, j sufficiently large, we know
that r; —r; € I', and m;, m; € I'M. Well, notice that r;m;,r;m; € I'M. It follows
that reme € €Y(M).

(c) Since €;(M),€Y(M) are €;(R), modules, it follows that their quotient is as well.
This tells us that €;(M)/€Y(M) has the structure of an abelian group. We just
need to show that there is a compatible €;(R)/€%(R) action. It is sufficient to
verify that acting by an element of €%(R) is trivial in the quotient. That is, we

want to show that €(R) - M c cU(M).

Well, choose m, € M! and r, € €Y(R). For sufficiently large i, notice that r; € I'.
It follows that rym € I' for any m € M. Thus, r;m; € I'M, implying that
reme € €2(R). Thus, there is a natural R action on M’ making it a R’ module.

Problem 2. Consider the inverse limit system maps of sets
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V12 V23 V34
X1 < XQ < X3 <

and let v;; be the resulting composition from X; to X;. Define the inverse limit lim X,, to be

the subset of the direct product [[;°, X; consisting of all sequences x, such that v;;(z;) = x;
for all 7, j.

(a) Prove that if the X; are abelian groups and the v are group homomorphisms, then
@Xn has a naturally induced structure as an abelian group.

(b) Prove that there are natural group homomorphisms 7, : 1# m X, — X, for all n such
that m,, = v,,,m, for all n > m.

(c) Verify that (a) and (b) also hold in the category of rings, as well as the category of
R-modules.

(d) Assume that (in the setting of (a)) G is an abelian group such that

e There exists a group homomorphism ¢, : G — X, for all n.

® Oy = Umnpn for all n > m.

Prove that there exists a unique group homomorphism G — LX making all the
relative diagrams commute.

(e) Think through (d) in the category of sets, rings, and R-modules.

Solution:

(a) Tomake part (c) easier, we verify this holds in the category of associative R-algebras
(with identity). Algebras are modules, and rings are just associative Z-algebras,
and abelian groups are just Z-modules. It follows that treating this case generalizes
to all the cases in part (c).

Suppose each X; is an associative R-algebra with identity. We verify that @Xn
has an Algebra structure. First, observe that any algebra homomorphism sends
0 — 0,1 — 1, so the sequences 0,,1, € l'Lan, as v;(0) = 0,15(1) = 1 for any
1, 7. Now, Choose x,, s € lann. We first check that x, + ye € 1&1

Notice that v;;(x; + y;) = vij(x;) + v45(y;) = x; + y; for any 4, j, implying additive
closure. Furthermore, notice that v;;(x;y;) = vi;j(z;)vi;(y;) = 2y, so by similar
logic zeys € lim X, 1mply1ng multiplicative closure. Finally, we verify that there
is a compatible R action.

Choose r € R, x4 € l’&an We want to show that rze € lann‘ Well, Notice that
for any i, j, v;;(ra;) = rv(x;) = ra;, so we can conclude.

the natural map is defined as m,(x,) = x,. By the definitions of addition and mul-
tiplication and R-actions above, it is clear that m, is an R-algebra homomorphism.

Tn(Te + Yo) = Ty + Yn = T (o) + 70 (Ye)
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7Tn($.y.) = TnYn = 7Tn(£'>7rn(y0)
Tn(rxe) = 1y, = rm,(z,)
We verify the identities below.
Wm(xo + ?/.) =Tyt Ym = an(xn) + an(yn) = an(xn + yn) = an(ﬂ_n(xo + yo))
7"-m(xoyo) = TmlYm = an(xn)ymn(yn> = an(xnyn) = an<7rn<xoyo))
T (TTe) =TTy = Vi (T20) = Vi (T (726
(c) Follows immediately from the work we did above.
(d) As before, we prove this in the context of associative R-algebras with unity, so (e)
falls out immediately, from the same logic as the previous time we did this. Notice
that in the category of sets, the morphisms are just set maps. Thus, any proof we

do here will hold in the category of sets, provided we forget the additional structure
of all the maps involved.

Putting this in a diagram gives us the following:

®1

X <« Xy ¢ X, ¢ Xp1 — ...

}/n,n+1

Give we have commutivity with the v;; maps, it is sufficient to verify that Ju : G —
@Xn such that m, ou = ¢, for each n. Well, consider the map

u(g) = (Spn(g))neN

It is clear that this would be an R-algebra homomorphism. Furthermore,

M © u(g) = T ((n(9))nen) = @n(9)

Thus, the diagram commutes, and we have existence. We now verify uniqueness.
Suppose that 4 another map that fits in the diagram, denoted ). Suppose for g € G,
W(g) =re € lim X, Well, notice that 7, o ¥(g) = dn(g), so since m, o Y(g) = ry,
we have that ¢,(g) = 7, S0 e = (¢Pn(9))nen, implying that ¢(g) = u(g). Since this
holds for all g, we have uniqueness.

We now go further, and show that if any object G satisfies the universal property
of inverse limits, then G = l'ngn. G satisfies this, then we have the following

commutative diagram:
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dm X,
[N
u/
\l/
G
™ I
u
g v
1 l£1
/ Tn+1
X, e Xy ¢ X, g’n,n-kl Xpiq — ...

Each dotted line represents the unique map that must exist, as both G' and @Xn
satisfy the unversal property. Notice that Id : lim X,, — lim X, satisfies the univer-

sal property, so by uniqueness that must be the map in the diagram. This implies
that w o v = Id. A similar argument (where G is replaced with @Xn and vice

versa, and with their corresponding maps switched) gives us that v’ o u = Id via
another uniqueness argument. It follows that G = @Xn.

(e) From how we did the previous part, every case follows.

Problem 3. Let x, € €;(M) be a Cauchy sequence. Fix ¢ € N.

(a) Explain why the sequence of residues x,, modulo I* M is eventually constant as n — oo.
(b

Use (a) to show that there is a surjective group homomorphism €;(M) — M/I*M

(d

)
)
(c) Use (b) to show that there is a surjective group homomorphism M= M JI'M.
) Show that for any ¢ < ¢, the map for ¢’ is the composition MT = M/T*M — M/IY M
)

(e
(f) Find a group homomorphism M= @M /I"M, and show that it is R!linear.

Find a ring homomorphism Rl — lglR/ .

(g) Prove the maps in () and (f) are isomorphisms. [Hint: Given an element in R’
arbitrarily lift elements of R/I" to a sequence in R. Show that it it Cauchy and well
defined up to €9.]

Solution:

(a) For sufficient large 4, j, z; — x; € I'M. It follows that z; — x; = 0 in the quotient
M/I'M, implying that Z; = Z;. Thus, for sufficiently large indices, the sequences
of residues is eventually constant module I*M.
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(b) The map z, — T; for this constant point at ¢ > 0 is clearly a surjective group
homomorphism, from similar logic to problem 12 in the previous worksheet.

(¢) Through the universal property of quotients, the map in the pervious part factors
through M, through similar logic to problem 12 in the previous worksheet.

(d) This holds through similar logic to problem 12 in the previous worksheet.

(e) We have maps ¢, : Rf — R/I" for each n from the previous worksheet. Problem
12(d) from the previous worksheet shows us that these maps are compatible with
the maps v, : R/I" — R/I™. Thus, it follows that ¢, = vy, for all n > m,

implying there is a unique homomorphism R — @R/ I" by 2(d) and 2(e).

(f) We have maps ¢, : M — M /I"M for each n from the previous part. Part (d)
shows us that these maps are compatible with the maps v, : M/I"M — M/I™M.

Thus, it follows that ¢, = Vmnp, for all n > m, implying there is a unique R
module homomorphism M’ — 1&1]\/[/[”]\/[ by 2(d) and 2(e).

(g) To verify that these maps are isomorphisms, it is sufficient to verify that both

M! and R! satisfy the universal property of inverse limits, as we've shown that
any objects that satisfy these properties are isomorphic to the inverse limit of the
system.

We treat the M case, as the R! follows immediately, since R!is an R! -algebra,
and thus a R’-module, over itself compatible with the more general case of M.

Suppose we have a module N such with maps ¢, : N — R/I"™ that are compatible

with the v maps. We want to show that there exists a map v : N — M that
makes the appropriate maps commute. It is sufficient to check that ¢, o u = ,,

11, th
v S u(r) = (Vi(2))ien

Still works. To show this, we just need to verify that ¢, ((¢;(z))ien) and 1, (x)
belong to the same class in M/I" M. Well, this follows because the sequences which
converge to zero are precisely those contained in (I7M. We've chosen ¢, such
that we map any sequence to its point of convergence modulo n. Thus, it follows

that, up to some sequence tending to 0, v, picks the nth term of a sequence. Thus,
©n((1i(2))ien) and ¥, (x) belong to the same class in M /1" M.

Problem 4. Let S = R[zy,...,x,] be a polynomial ring over R, and let I = (z1,...,x,) C
S.

(a) Explain why an element of S/I" is uniquely represented by a polynomial of degree less
than n in the z;.

(b) Use (a) to describe the sequences in [], . S/I" that represent an element of the inverse
limit lim S /17

(c) Prove that 1'&15/[" = Rl[z1, ...,z



Lecture 26: December 10th 26-6

Solution:

()

Choosing a polynomial f € S with arbitrary degree terms, we see that quotienting
by (z1,...,x,)" kills all monomials with degree > n. In other words, if we have
a monomial z{" ... z" where Y m; > n, then z" ... 2" € I". This implies
that for f to be a nonzero object in S/I", all monomials must be of degree < n,
implying f, its representative, itself must be a polynomial of degree < n, since all
of its monomial components have degree < n.

We first characterize the map S/I" — S/I"7'. If f € S/I" is a degree n —
1 polynomial, the map simply kills the n — 1th degree term of the polynomial.
Otherwise, the map is the identity.

Using this, we now can characterize elements of lim S/I™. The first term of the
sequence must be a monomial of degree < 1, so of degree 0 and thus a constant.
The next term must be a degree < 2 polynomial such that the degree 0 term
matches the first term of the sequence. This is because the map S/I* — S/I must
be compatible with the terms in the sequence. Continuing onwards, we see that
the nth term must be a polynomial f of degree n — 1, where the ith term for i < n
must be the sum of all terms in f of degree i — 1 or less.

We take the map lim S/I™ — R|[[x1, ..., x,]] where a sequence fo = >\ fns1 —
fm- Notice that ﬁl — fm is precisely the a term of degree m or is 0. This is
clearly a ring homomorphism, so we now just check that there exists an inverse.
Well, consider the map

mi mn mi Mn
E Ty ... T, — E Ty ... T,

Zmi:&ZGN Zmi:€,£<j jEN

This is well defined, as the nth term is a polynomial of degree at most n — 1, where
the ¢th term for ¢ < n is the sum of all the terms of the n — 1 degree polynomial of
degree 7 — 1 or less. It is also clear that this is a ring homomorphism, so we just
need to verify inverses. Notice that

S my=£,0< jen JEN Emi=te<il S mi=4,0<j

From our observation above, we see that this difference just cuts out the degree j
term, implying that

E E mi Mn E mi Mn, _ E mi Mp,
Il ...I‘n - xl ...I’n — xl ...I’n

JEN \ S mi=f0<j+1 S mi=L0<] S mi=C,LeN

This verifies that these two are inverses, and completes the proof.

Problem 5. Prove that if R is a Noetherian ring, then R is Noetherian.[Hint: Map the
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polynomial ring S = Rlz1, ..., x,| surjectively to R such that the z; map to generators of I.
Construct a surjection for the inverse limits R[[zy,...,z,]] = R!. ]

Solution: We follow the hint. Let I = (f1,. .., f»), and define the surjection R[z1, ..., x,]
R by z; — f;. We show in 7(c) that completion takes surjections to surjections, so we

cite that to verify that R[[z1, ..., x,]] — R’ is surjective. Since we know R[[z1, ..., 2]
is Noetherian, so is R’.

Kl[z1,...,zn]]

Problem 6. let R = 2ol proye that completing at (z1,...,x,) produces AR

(gl?"'7gt)

Solution: This follows via taking the same isomorphism in 4(c), as we know that Rl =~
@R/In. More concretely we can define the map R — K|[z1,...,2,]]/(91,...,9:) via

the isomorphism
(f)m=> f—F

jEN

This is still well defined, as is the inverse

m1 m mi m
g N S g b

Zmiig,ZEN zmi:€7f<j jEN

Since the quotient we are taking is identical on either side of the maps.

Problem 7. The completion functor.

(a) Prove that if M — N is an R-module homomorphism, then there is a natural induced
R!-module homomorphism M! — NT.

(b) Prove that completion defines a functor from R-modules to R! modules.

(c) Prove that the completion functor is right exact.

Solution:

(a) Let ¢ : M — N be some R-module homomorphism. The map m, — (p(m)), is

still a R! homomorphism which sends M to N?. To see why, notice that this is
definitely a map €;(M) — €;(N), and since o(I"M) C I"N, it follows that it

sends O-convergent series to O-convergent series, and extends to a map M! to N'.
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(b) We know this sends objects to objects from Problem 1. For morphisms ¢ : L —
M1y : M — N, notice that Their composition under the completion functor is
of the form 44 — (¢(¢))e — (¢ 0 ©(f))s, which is the same as composing then
completing, so it follows that completion is a (covariant) functor.

(c) First, we verify that completing in general (even with respect to two different
ideals) is surjective. In other words, for a surjective R-module homomorphism
M — N, I claim that M’ — N7 is surjective. Notice that each element of N! can
be represented as partial sums of a series s,, for s; € I"N. Since our surjective
morphism maps I"M — I"N, we can find r, € M! where r,, € I"M and 7, — s,
for all n, yielding surjectivity.
Thus, the completion functor takes surjections to surjections.
So here I actually cannot prove that completion is right exact in general, so I

googled around and found out it isn’t true in full generality. A counter example is
found on the Stack Project, Tag: 05JF.

Problem 8. Let N C M be Noetherian modules over the Noetherian ring R.

(a) Assuming the Artin-Rees Lemma, show that there is a constant ¢ such that for all
n>c, I"M NN CI"°N.

(b) Show that if a sequence of elements in NV is an [-adic Cauchy sequence in M, (respec-
tively, converges to 0 in M), then it is an [-adic Cauchy sequence in N (respectively,
converges to 0 in V).

(¢c) Prove that N' — M is injective.

(d) Conclude that the completion functor is exact on finitely generated R-modules.

Solution:

(a) I"M NN = I"¢(I°M N N)C I"(M N N) = I"“N.

(b) Fix t € N and choose i, j > 0 sufficiently large. If m, € €(M), then m; —m; €
I'M. If we presuppose that each m, € N, then it follows that m;—m; € I"'MNN C
I'=¢N for some c. Thus, m, € €;(N). Similarly, if m, € €%(M), but m, € N Vell,
it follows that m; € I'M NN C I'"°N for some ¢, so m, € €Y(N).

(c) We've shown that if a Cauchy sequence in [N converges to 0 in QZO(M ), then it is in
¢Y(N). In other words, if ne € ker(N! — M), then ny = 0 € NZ, as we quotient
by 0-convergent subsequences. It follows that N NI — M has trivial kernel, and is
injective.

(d) Since we’ve shown above that the completion functor (in the case of finitely gen-
erated modules) takes surjections to surjections and injections to injections, we
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just need to verify that it preserves exactness in the middle. To do this, con-
sider the exact sequence 0 - N — M — L — 0. It is sufficient to verify that
im(NT — MT) D ker(M! — L'), as the other case is immediate. Define these maps
¢, 1 respectively.

Choose m, € ker(¢)). We can assume that m;,; —m; € I'M by previous results,
so the image of my € L = M/N converge to 0, implying m, € I*(M/N), so
my € I'M + N. Supposing that m; = x, +y; for each ¢, it follows that the sequence
y; is contained in N, and converges in M, so y;41 —ys € I'M NN = I'""°N by
Artin-Rees, so it converges in N. It follows that me € im(¢p).

Problem 9. (a) Show that there is a natural map of R-modules M — MT who's kernel
is (),en 1" M.

(b) Show that there is a natural map of R/-modules R! @5z M — M.

(c) Show that if R and M are Noetherian, then R! ®@p M = M as R'-modules.

()
(b)

Solution:

This was already proven in the case of rings in problem 6 in the last worksheet,
and the case of modules is identical.

First, consider the map Rl x M — M! where ((ri)ien,m) +— (rym);en. This is
clearly well defined and a RI-module homomorphism. It is also bilinear.

From the universal property of tensor products, this extends uniquely to a map
Rl @r M — M.

First, we prove this in the case where M is a finitely generated free module. Notice
that completion clearly commutes with direct sums. Thus,

n n
~ ~ ~ —1
R'e R*" =~ (P Rr'@ R~ PR =~ Rem
i=1 i=1
We now tackle the general case. Notice that Noetherian modules are always finitely
generated, and over Noetherian rings are finitely presented, Thus, we can take a

presentation R™ — R"™ — M — 0. Tensoring is right exact, and completion is
exact, yielding the following exact sequences with maps between them:

RIoR™ — s RIQR*™ — s Rl@M —— 0

J ! |

Rém — 5 Ron > M! > 0

Since the first two are isomorphisms, it follows that the third is as well.
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Problem 10. (a) Prove that an R-module F is flat if and only if whenever N C M are
finitely generated R-modules, the map F'®@gr N — F ®r M is injective.

(b) Deduce that R’ is a flat R-algebra when R is Noetherian.

Solution:

(a) Tensoring is always right exact, so it is sufficient to verify that the functor F ® —
sends injective maps to injective maps. If that happens, then F' ® — is an exact
functor, implying that F' is a flat module. The converse is similar.

—1

(b) Over Noetherian rings, we know that the functor (—) is exact. In other words,
we know that for injections M — N, M! — N is also injective. From Problem
9(c), we know that R! ®Qr M — M! and R! ®Qr N — ]VI, implying that the map
Rl@ M — RI®@N is injective. It follows from the previous part that R! is flat.




