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Introduction

Let Soo denote the infinite symmetric group. Let k| X]| = klz, x9,. ..
braically closed, characteristic 0 field. Similarly, denote k| X, Y| := k|, x9, . ..
S~ has a natural action on both k| X| and k| X, Y], via permuting the formal variables.
In the k| X, Y] case, S permutes the variables x; and y; simultaneously. A set S is S
stable if Sooc © 5 = S.

.|, for kK some alge-
7y17y27 ©c e 7]'

Goal

Classify certain Soo-stable ideals of k| X, Y]. In particular, we would like to classify the
S~o-stable analogue of prime ideals, or c-prime radical ideals.

c=-Prime Ildeals

First, we define the S -stable analogue of a prime ideal more explicitly. Let I C kX, Y]
be an S.-stable ideal.

Definition. For subsets A, B C k[X,Y],
we say I is a Prime Ideal if AB C I im-
plies that either A C I or B C 1.

Definition. For S -stable subsets A, B C
kI X,Y], we say I is a c-prime Ideal if
AB C I implies that either A C I or
B Cl.

Equivalently,
Equivalently, quIveiently

I is c-prime if and only if for any given
a,b € k|X,Y| where a(o - b) € I for all
o€ Sec,a€elOrbel.

I is prime if and only if for any a,b €
kIX,Y],abe I impliesthata € T orb € I.

Restricting specifically to Sy-stable ideals, we find that being c-prime is a weaker condi-
tion than being prime. In particular, being c-prime does not imply that the ideal is radical,
while it is known that all prime ideals are radical.

Example 1. The ideal I = (%,3,...) is c-prime, but not radical. I is clearly not radical,

since x1 € V1, but z1 ¢ I. We sketch our proof for I being c-prime.
Let f=a" +xi? + )%, g = )" + 23" + 2"

()" + 2y + a5 (o (xyt +ay® + ') e ] 2|m;

I is generated by squares

(xam + :1:72”2 -+ 513?3)(33214 + :z:?5 + xg%) cl f,gel

choice of o each x; is a power of a square

c=Irreducible Sets

Recall that there exists a bijection between prime ideals and their corresponding irre-
ducible sets. We would like a similar bijection; to do this, we define an S.-stable analogue
of an irreducible set. Let X C (A%)™ be a closed set under the Zariski Topology.

Definition. X js c-irreducible if it cannot
be written as the union of two proper So-
stable closed subsets.

Any S..-stable algebraically closed set
can be written as a finite union of c-
irreducible sets.

Definition. X /s irreducible if it cannot
be written as the union of two proper
closed subsets.

Any algebraically closed set can be writ-
ten as a finite union of irreducible sets.

Again, c-irreducibility is a weaker condition than irreducibility. We have a criterion for re-
lating the two below:

Lemma 1. Suppose X C (AQ)OO Is Sxo-Stable and closed. Let X = | X; denote its de-
composition into irreducible sets. If the S orbit of an irreducible component is dense in
X, then X Is c-irreducible.
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Relating c-Prime Ideals and c-Irreducible Sets

Theorem 1

From classical algebraic geometry, we have the following bijection:

{Prime Ideals of k|x1, ..., x,]} +— {Irreducible Sets in A"}

When only considering S.-stable ideals within the infinite variable polynomial ring
(with any number of collections of infinitely many variables), the following bijection
holds:

{c-Prime Radical Ideals of k| X7, ..., X, |} «— {c-Irreducible Sets in (A")>}
Where each X; corresponds to an infinite collection of variables xy ;, z9;,... for each
1, and S acts on each X; simultaneously. (We are studying the case where n = 2,
though our cofinal set can be extended to the general case.)

Just as the first bijection establishes a geometric picture of prime ideals, the second bi-
jection establishes a similar picture for c-prime radical ideals. This reduces our problem of
studying c-prime radical ideals to one about studying c-irreducible sets. We give examples
of c-irreducible sets below.

Example 2. Define
X ={(ay,a9,...,b1,b9,...) € (AQ)OO | lay,a9,...],|b1,ba,...]| are linearly dependent}

a; b;

Recall that the two vectors are linearly dependent if only if det [a. 5

]—ow,jeN. This
J 7]

Is equivalent to saying that each sequence satisfies the polynomial x;y; — x;y; for all i, j.
Thus, the S orbit of x1y> — xoy; has zero set X, so X is closed. Furthermore, x1y> — xoyq
Is prime in k| X,Y], implying that its corresponding zero set is irreducible. Irreducibility
implies c-irreducibility for S.-Stable sets, so X Is c-irreducible.

Example 3. Define
9 o
Zn.t = {(ae,be) € (A ) | f(ae,be) takes < n values}

For some fixed f € k|x,y| non-constant. We sketch a proof of why Z,, ( is closed below.

f(al,bl),...,f(an,bn) distinct

(ao, bo) S anf » i< n such thatf<an—i—1a bn—l—l) — f(aia bZ)

L

V(A,)={a.|<n distinct values}

e

VIAf(zi,yi) |t <n+ 1)) = Zp ¢

> Zp,f IS Closed

This shows that Z,, ¢ Is closed, so we now only need to sketch a proof of irreducibility.
Choose Ay, Ao, ..., Ay C N such that| |l | A; = [oc]. Using these, define

X4 :=A{(aj,a9,...,b1,b9,...

X 4 Is the set of sequences where the n distinguished values are taken in specific indices
in the sequence. X 4 C Z,, ¢, and X 4 is closed and irreducible.

) | f(az, b;) is constant on each i € Ay, ...,1 € Ap}

, , Choose all A=A J---L1A,,=[oco
X 4 closed, irreducible 1 | ] Zn s =UaX4

/

Choose A such that each |A;| = o

/ lemma 1

(X4)g. Isdense > Zy.t Is c-irreducible

On The Classification of Bivariate Symmetric Ideals

Constructing The Cofinal Set

Theorem 2

The set

o
Zn.d = 1(ae,be) € (AQ) | 3f € k|x,y| of degree < d such that
f(ae, be) takes < n distinct values}

is closed. Furthermore, for any S.o-stable closed set X C (A?)™, 3n,d € N such that
X C Z, (le. Z, 41s cofinal over Sx-stable closed sets).

Closure
To prove closure, we define the following (purported) projective variety:

and — {(CL., b., Oéo, “ . 7Oéd)

Where f, is a degree < d polynomial with coefficients «y, ..., a, . Observe that
o (A7) <P — (a2)7

falae, be) takes < n distinct values} C (AQ)OO x P

Zn,d — Zn,d
Since this projection map is proper, we can conclude Z,, , is closed via the closure of Z@’d,
which follows similarly to the closure proof of example 3.

Cofinality

Let X be an affine variety over (A%)™. It suffices to treat the case where X is the zero
set of the S, orbit of a fixed non-zero polynomial f. Since polynomials have finitely
many terms, we can assume that this polynomial has maximal terms z,,, y,, (with respect

to index), and thus f € klzy,...,xm,y1,-..,ynl. Choose (ay,...,am,...,,b1,...,bp,...) €
V(f). Separating the terms a;,b; and ao, ..., am, ba, . . . , by, we know that there exists some
polynomial F; such that Fi(a;,b;) = C, for C' € k written in terms of as, ..., am, ba, ..., by.

Note here that F| € k|x,y|. (Here, we ignore the case where I = 0, but this case can be
resolved via a shifting argument).
Now note that for ¢ > max(m,n), (a;, a9, ...,am,b;, bo, ..., by,) also satisfies f. This implies
that Fi(a;, b;) = C, for the same C as before. Thus, for any (ae, be) € V(f), we have that
C i =1
Fi(a;, b)) =4 C
other values otherwise

i > max(m, n)

Thus, Fi(a;, b;) takes on at most max(m, n) distinct values, so there exists N, D such that
X C ZN,D-

Future Directions

Question 1 Does there exist a classification of c-prime ideals? (i.e. without the radical
condition).

Question 2 Even more generally, if we have a finite dimensional variety (or scheme) X,
how do we characterize the Sy.-stable closed sets of (X)°°? The case where X = A was
completely solved in [1], and the case where X is a (finite-dimensional) affine variety is
nearly solved here. We conjecture that the projective case is nearly identical to the affine
case, though the map used to prove closure in Theorem 2 would no longer be proper. |,
as well as A. Snowden and R. Nagpal are working on a follow-up paper treating the most
general case, which is currently in preparation.
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